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Preface 


The importance of Electromagnetic Field Theory is well known in vorious 
engineering fields. Overwhelming response to our books on various subjects inspired us to 
write this book. The book is structured to cover the key aspects of the subject 
Electromagnetic Field Theory. 


The book uses plain, lucid language to explain fundamentals of this subject. The book 
provides logical method of explaining various complicated concepts and stepwise methods 
to explain the important topics. Each chapter is well supported with necessary illustrations, 
practical examples and solved problems. All chapters in this book ore arranged in a proper 
sequence that permits each topic to build upon earlier studies. All care has been taken to 
make students comfortable in understanding the basic concepts of the subject. 


The book not only covers the entire scope of the subject but explains the philosophy of 
the subject. This makes the understanding of this subject more clear and makes it more 
interesting. The book will be very useful not only to the students but also to the subject 
feachers. The students have to omit nothing and possibly have to cover nothing more. 


We wish to express our profound thanks to all those who helped in making this book a 
reality. Much needed moral support and encouragement is provided on numerous 
occasions by our whole family. We wish to thank the Publisher and the entire team of 
family Technical Publications who. have taken immense pain to get this book in time with 
quality printing. 


Any suggestion for the improvement of the book will be acknowledged and well 
appreciated. 


4G Authors 
U. A. Bakshi 
A. U. Bakshi 
Dedicated to Arjun, Apuroa, Gururaj and Pradnya 
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Features of Book 

ilt Use of clear, plain and lucid language making the understanding very easy. 

ig Use of informative, self explanatory diagrams, plots and graphs. 

ia Excellent theory well supported with the practical examples and illustrations. 
* Important concepts are highlighted using Key Points throughout the book. 

ia Large number of solved examples. 

T Approach of the book resembles classroom teaching. 

+ Book provides detailed insight into the subject. 


* Stepwise explanation to mathematical derivations for easier understanding. 
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Vector Analysis 


RAEN gà 


1.1 Introduction 


Electromagnetics is a branch of physics or electrical enginecring which is used to study 
the electric and magnetic phenomena. The electric and magnetic fields are closely related 
to each other. 


Let us see, what is a field ? Consider a magnet. It has its own effect in a region 
surrounding it. The effect can be experienced by placing another magnet near the first 
magnet. Such an effect can be defined by a particular physical function. In the region 
surrounding the magnet, there exists a particular value for that physical function, at every 
point, describing the effect of magnet. So field can be defined as the region in which, at 
each point there exists a corresponding value of some physical function. 


Thus field is a function that specifies a quantity everywhere in a region or a space. If 
at cach point of a region or space, there is a corresponding value of some physical 
function then the region is called a field. If the field produced is due to magnetic effects, it 
is called magnetic field. There are two types of electric charges, positive and negative. 
Such an electric charge produces a field around it which is called an electric field. Moving 
charges produce a current and current carrying conductor produces a magnetic field. In 
such a case, electric and magnetic fields are related to each other. Such a field is called 
electromagnetic field. The comprehensive study of characteristics of electric, magnetic and 
combined fields, is nothing but the engineering electromagnetics. Such fields may be time 
varying or time independent. 

It is seen that distribution of a quantity in a space is defined by a field. Hence to 
quantify the ficld, three dimensional representation plays an important role. Such a three 
dimensional representation can be made easy by the use of vector analysis. The problems 
involving various mathematical operations related to the fields distributed in three 
dimensional space can be conveniently handled with the help of vector analysis. À 
complete pictorial representation and clear understanding of the fields and the laws 
governing such fields, is possible with the help of vector analysis. Thus a good knowledge 
of vector analysis is an essential prerequisite fur the understanding of engineering 


(1 - 1) 
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electromagnetics. The vector analysis is a mathematical shorthand tool with which 
electromagnetic concepts can be most conveniently expressed. 


This chapter gives the basic vector analysis required to understand engineering 
electromagnetics. The notations used in this chapter are followed throughout this book, to 
explain the subject. 


1.2 Scalars and Vectors 

The various quantities involved in the study of engineering electromagnetics can be 
classified as, 

1. Scalars and 2. Vectors 


1.2.1 Scalar 

The scalar is a quantity whose value may be represented by a single real number, 
which may be positive or negative. The direction is not at all required in describing a 
scalar. Thus, 


A scalar is a quantity which is wholly characterized by its magnitude. 


The various examples of scalar quantity are temperature, mass, volume, density, speed, 
electric charge etc. 


1.2.2 Vector 

A quantity which has both, a magnitude and a specific direction in space is called a 
vector. In electromagnetics vectors defined in two and three dimensional spaces are 
required but vectors may be defined in n-dimensional space. Thus, 


A vector is a quantity which is characterized by both, a magnitude and a direction. 


The various examples of vector quantity are force, velocity, displacement, electric field 
intensity, magnetic field intensity, acceleration etc. 


1.2.3 Scalar Field 


A field is a region in which a particular physical function has a value at each and 
every point in that region. The distribution of a scalar quantity with a definite position in 
a space is called scalar field. For example the temperature of atmosphere. It has a definite 
value in the atmosphere but no need of direction to specify it hence it is a scalar field. The 
height of surface of earth above sea icvel is a scalar field. Few other examples of scalar 
field are sound intensity in an auditorium. light intensity in a room, atmospheric pressure 
in a given region etc. 


1.2.4 Vector Field 


If a quantity which is specified in a region to define a field is a vector then the 
corresponding field is called a vector field. For example the gravitational force on a mass 
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in a space is a vector field. This force has a value at various points in a space and always 


has a specific direction. 


The other examples of vector field are the velocity of particles in a moving fluid, wind 
velocity of atmosphere, voltage gradient in a cable, displacement of a flying bird in a 
space, magnetic field existing from north to south field etc. 


1.3 Representation of a Vector 


In two dimensions, a vector can be 


A represented by a straight line with an arrow in a 

IR un en plane. This is shown in the Fig. 1.1. The length of 
NA the segment is the magnitude of a vector while 
o the arrow indicates the direction of the vector in a 
[Starting given co-ordinate system. The vector shown in the 


point] Fig. 1.1 is symbolically denoted as OA. The point 


O is its starting point while A is its terminating 
point. Its length is called its magnitude, which is 
R for the vector OA shown. It is represented as 
[OA| =R. It is the distance between the starting point and terminating point of a vector. 


Fig. 1.1 Representation of a vector 


Key Point: The vector hereafter will be indicated by bold letter with a bar over it. 


1.3.1 Unit Vector 


A unit vector has a function to indicate the direction. 
Its magnitude is always unity, irrespective of the 


Unit vector, direction which it indicates and the co-ordinate system 

aog 7 under consideration. Thus for any vector, to indicate its 
17244 direction a unit vector can be used. Consider a unit 

IRI vector Zo, in the direction of OA as shown in the 

t ss Fig. 1.2. This vector indicates the direction of OA but its 


magnitude is unity. 
So vector OA can be represented completely as its 


Pig: Te OD VACIO magnitude R and the direction as indicated by unit 


vector along its direction. 


where Zo, = Unit vector along the direction OA and [ag,|=1 


Key Point: Hereafter, letter à 1s used to indicate the unit vector and its suffix indicates 
the direction of the unit vector. Thus a, indicates the unit vector along x axis direction. 


In case if a vector is known then the unit vector along that vector can be obtained by 
dividing the vector by its magnitude. Thus unit vector can be expressed as, 
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Unit vector ag, = = 


A] 


The idea and use of unit vector will be more clear at the time of discussion of various 
co-ordinate systems, later in the chapter. 


1.4 Vector Algebra 


The various mathematical operations such as addition, subtraction, multiplication etc. 
can be performed with the vectors. In this section the following mathematical operations 
with the vectors are discussed. 


1. Scaling 2. Addition 3. Subtraction 


1.4.1 Scaling of Vector 

This is nothing but, multiplication by a scalar to a vector. Such a multiplication 
changes the magnitude (length) of a vector but not its direction, when the scalar is 
positive. 

Let a = Scalar with which vector is to be multiplied 

Then if &»1 then the magnitude of a vector increases but direction remains same, 
when multiplied. This is shown in the Fig. 1.3 (a). If œ «1 then the magnitude of a vector 
decreases but direction remains same, when multiplied. This is shown in the Fig. 1.3 (b). 

If (2-1 then the magnitude remains same but direction of the vector reverses, when 
multiplied. This is shown in the Fig. 1.3 (c). 


A A A 
e————59»  —— ——— 
rr —— X P — 
aA Sa -A 
e 
(a)a>1 (b)o «1 (c) o. 2 -1 


Fig. 1.3 Multiplication by a scalar 


Key Point: Thus if œ is negative, the magnitude of vector changes by œ times while the 
direction becomes exactly opposite to the original vector, after multiplication. 


1.4.2 Addition of Vectors 


Consider two coplanar vectors as shown in the Fig. 1.4. The vectors which lie in the 
same plane are called coplanar vectors. 
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Lei us find the sum of these two vectors A 
A and B, shown in the Fig. 14. 


The procedure is to move one of the two 
vectors parallel to itself at the tip of the other 


A vector. Thus move À , parallel to itself at the tip 
of B. 
5 — : Then join tip of A moved, to the origin. This 
B vector represents resultant which is the addition 
of the two vectors À and B. This is shown in the 
Fig. 1.4 Coplanar vectors Fig. 1.5. 


Let us denote this resultant as C then 
C=A+B 
It must be remembered that the direction of 
Cis from origin O to the tip of the vector moved. 
Another point which can be noticed that if B 
is moved parallel to itself at the tip of A, we get 
the same resultant C Thus, the order of the 


Fig. 1.5 Addition of vectors addition is not important. The addition of vectors 
obeys the commutative law i.e. A+B=B+A. 


A+B 


Another method of performing the addition of vectors is the parallelogram rule. 
Complete the parallelogram as shown in the Fig. 1.6. Then the diagonal of the 
parallelogram represents the addition of the two vectors. 


Resultant 


Fig. 1.6 Parallelogram rule for addition 


By using any of these two methods not only two but any number of vectors can be 
added to obtain the resultant. For example, consider four vectors as shown in the 
Fig. 1.7(a). These can be added by shifting these vectors one by one to the tip of other 
vectors to complete the polygon. The vector joining origin O to the tip of the last shifted 
vector represents the sum, as shown in the Fig. 1.7 (b). This method is called head to tail 
rule of addition of vectors. 

Once the co-ordinate systems are defined, then the vectors can be expressed in terms 
of the components along the axes of the co-ordinate system. Then by adding the 
corresponding components of the vectors, the components of the resultant vector which is 
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Resultant 
R 


Ol 
Ol 


A 
m —MÓ 
B 
N 


(a) Four vectors (b) Sum of the four vectors 


Fig. 1.7 


o A 


the addition of the vectors, can be obtained. This method is explained after the co-ordinate 
systems are discussed. 
The following basic laws of algebra are obeyed by the vectors A, B and C: 


B (cA) »(Po)A 
(c. B)A 2a A * BA 


Commutative 
Table 1.1 


In this table œ and f are the scalars i.e. constants. 


A +(B+ C)=(A + B)« C 


1.4.3 Subtraction of Vectors 


The subtraction of vectors can be obtained from the rules of addition. If B is to be 
subtracted from A then based on addition it can be represented as, 


Č = A+(-B) 


Thus reverse the sign of B i.e. reverse its direction by multiplying it with -1 and then 
add it to A to obtain the subtraction. This is shown in the Fig. 1.8 (a) and (b). 


>| 


wi 


(a) Vectors (b) Subtraction of vectors 


Fig. 1.8 
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14.3.1 Identical Vectors 


Two vectors are said to be identical if there difference is zero. Thus A and B are 
identical if A —B =0 i.e. A = B. Such two vectors are also called equal vectors. 


1.5 The Co-ordinate Systems 


To describe a vector accurately and to express a vector in terms of its components, it is 
necessary to have some reference directions. Such directions are represented in terms of 
various co-ordinate systems. There are various coordinate systems available in 
mathematics, out of which three co-ordinate systems are used in this book, which are 


1. Cartesian or rectangular co-ordinate system 
2. Cylindrical co-ordinate system 

3. Spherical co-ordinate system 

Let us discuss these systems in detail. 


1.6 Cartesian Co-ordinate System 


This is also called rectangular co-ordinate system. This system has three co-ordinate 
axes represented as x, y and z which are mutually at right angles to each other. These 
three axes intersect at a common point called origin of the system. There are two types of 
such system called 


1. Right handed system and 2. Left handed system. 


The right handed system means if x axis is rotated towards y axis through a smaller 
angle, then this rotation causes the upward movement of right handed screw in the z axis 
direction. This is shown in the Fig. 1.9 (a). In this system, if right hand is used then thumb 
indicates x axis, the forefinger indicates y axis and middle finger indicates z axis, when 
three fingers are held mutually perpendicular to each other. 


l Rotation of y e of 
x into y Je x into y pu Downward 
c> 
Right handed 
screw 
(a) Right handed system (b) Left handed system 


Fig. 1.9 
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In left handed system x and y axes are interchanged compared to right handed system. 
This means the rotation of x axis into y axis through smaller angle causes the downward 
movement of right handed screw in the z axis direction. This is shown in the Fig. 1.9 (b). 


Key Point: The right handed system is very commonly used and followed in this book. 


In cartesian co-ordinate system x = 0 plane indicates two dimensional y-z plane, y = 0 
plane indicates two dimensional x-z plane and z = 0 plane indicates two dimensional x-y 
plane. 


1.6.1 Representing a Point in Rectangular Co-ordinate System 


A point in rectangular co-ordinate system is located by three co-ordinates namely x, y 
and z co-ordinates. The point can be reached by moving from origin, the distance x in x 
direction then the distance y in y direction and finally the distance z in z direction. 
Consider a point P having co-ordinates x}, y; and z;. It is represented as P(x,, y;, z1). It 
can be shown as in the Fig. 1.10 (a). The co-ordinates x,, y, and z, can be positive or 
negative. The point Q(3,—1, 2) can be shown in this system as in the Fig. 1.10 (b). 


It xx 


Piet | 


(a) (b) 


Fig. 1.10 Representing a point in cartesian system 


Another method to define a point is to consider three surfaces namely x — constant, 
y = constant and z = constant planes. The common intersection point of these three 
surfaces is the point to be defined and the constants indicate the coordinates of that point. 
For example, consider point Q which is intersection of three planes namely x = 3 plane, 
y 7-1 plane and z=2 plane. The planes x = constant, y = constant and z = constant are 
shown in the Fig. 1.11. The constants may be positive or negative. 
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z = Constant 
parallel to xy plane 


zT y 7 Constant 


X x= Constant x : 
parallel to xz plane 


parallel to yz plane 


(a) (b) (c) 


Q(3,-1,2) i 


y =— 1 plane ( 3*9 pene 


Intersection 
of x = 3 and y = —1 planes 


(d) 
Fig. 1.11 


1.6.2 Base Vectors 


The base vectors are the unit vectors which are strictly oriented along the directions of 
the co-ordinate axes of the given co-ordinate 
system. 


Thus for cartesian co-ordinate system, the three 
base vectors are the unit vectors oriented in x, y 


and z axis of the system. So a,, a, and a, are the 


y 
base vectors of cartesian co-ordinate system. These 


are shown in the Fig. 1.12. 

So any point on x-axis having co-ordinates 
(x,,0,0) can be represented by a vector joining 
origin to this point and denoted as x, a,. 


The base vectors are very important in 


Fig. 1.12 Unit vectors in cartesian representing a vector in terms of its components, 
system along the three co-ordinate axes. 
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1.6.3 Position and Distance Vectors 

Consider a point P(x,,y,,z,) in 
T cartesian co-ordinate system as shown 
in the Fig. 1.13. Then the position 
AE P vector of point P is represented by the 
f distance of point P from the origin, 
directed from origin to point P. This is 
also called radius vector. This is also 

shown in the Fig. 1.13. 


Now the three components of this 
position vector řop are three vectors 
í Position Top oriented along the three co-ordinate 

vector axes with the magnitudes x,, y, and z}. 
Thus the position vector of point P can 
be represented as, 


Pà 
vh 


SESS pPUOysz) 


Fig. 1.13 Position vector 


- (1) 
The magnitude of this vector interms of three mutually perpendicular components is 


given by, 
| [For | = Vea)? «Y +1)? | wwe (2) 


Thus if point P has co-ordinates (1,2, 3) then its position vector is, 


and |Top |= (1)? +(2)? +(3)? =v14 = 37416 


Many a times the position vector is denoted 
by the vector representing that point itself ie. for 
point P the position vector is P, for point Q it is 
Q and so on. The same method is used hereafter 

Q%2-¥222) in this book. Note the difference between a point 
y and a position vector. 


P(X4,¥4.24) 


EAEN Now consider the two points in a cartesian 
vector PQ coordinate system, P and Q with the co-ordinates 
x (X1,¥1,Z,) and (x2,y2,Z2) respectively. The 
points are shown in the Fig. 1.14. The individual 
position vectors of the points are, 


Fig. 1.14 Distance vector 


Ql 
Ii 


X2 ax *y»5 a, +Z a, 


Downloaded From : www.EasyEngineering.net 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 1-11 Vector Analysis 


Then the distance or the displacement from P to Q is represented by a distance vector 
PQ and is given by, 


PQ = Q-P=[x, —x,] a, +[y2 -yi]à *[z2 -z]à, -. (3) 
This is also called separation vector. 


The magnitude of this vector is given b 


PQ| = (x; Y +(y2-y1)" *(: -a Y - (4) 


This is nothing but the length of the vector PQ. The equation (4) is called distance 
formula which gives the distance between the two points representing tips of the vectors. 
Using the basic concept of unit vector, we can find unit vector along the direction PQ as, 


PQ w (5) 


apg = Unit vector along PQ = —— 
i [Po] 


Once the position vectors are known then various mathematical operations can be 
easily performed interms of the components of the various vectors. 


Let us summarize procedure to obtain distance vector and unit vector. 

Step 1: Identify the direction of distance vector i.e. starting point (x;, y,, z;) and 
terminating point (x2, Y2, Z2). 

Step 2 : Subtract the respective co-ordinates of starting point from terminating 
point. These are three components of distance vector ie. (x;—-x,)à,, 


(y2-y1) ay and (z2—z,) a, 
Step 3: Adding the three components distance vector can be obtained. 
Step 4: Calculate the magnitude of the distance vector using equation (4). 


Step 5: Unit vector along the distance vector can be obtained by using equation (5). 


mab Example 1.1: Obtain the unit vector in the direction from the origin towards the point 
P(3, -3, -2). 


Solution : The origin O (0, 0, 0) while P (3, — 3, — 2) hence the distance vector OP is, 
OP = (3-0)3, *«(-3-0)a, +(-2-0)8, -3a, -3a, -2à, 


(3)? +(-3)° +(-2)? = 4.6904 


Hence the unit vector along the direction OP is, 


Id 


7 OP 34, —3a,-2a, 


a =|  ——- —— —" —_aenane -— 
Of | OP] 46904 


0.6396 a, — 0.6396 a, — 0.4264 a, 
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mæ Example 1.2 : Two points A(2,2,1) and B(3,—4,2) are given in the cartesian system. 
Obtain the vector from A to B and a unit vector directed from A to B. 


Solution : The starting point is À and terminating point is B. 
Now A = 2a,+2a, +a, and B=3a, —4a,+2a, 
AB = B-A -(3-2)a, +(-4-2)a, *(2-1)a, 
AB = 4, -64, +4 
This is the vector directed from A to B. 
Now |AB| = Jay +(-6)? +(1)? = 6.1644 
Thus unit vector directed from A to B is, 


_ AB 4, -64, +8, 
^"^ = Tap) — 6164 — 


0.1622 à, — 0.9733 a, + 0.1622 a, 


It can be cross checked that magnitude of this unit vector is unity i.e. 


(0.1622)? +(— 0.9733)? +(0.1622)? = 1. 


1.6.4 Differential Elements in Cartesian Co-ordinate System 


Consider a point P(x, y, z) in the rectangular co-ordinate system. Let us increase each 
co-ordinate by a differential amount. A new point P' will be obtained having co-ordinates 
(x * dx, y * dy, z * dz). 


Thus, dx - Differential length in x direction 
dy - Differential length in y direction 
dz - Differential length in z direction 
Hence differential vector length also called elementary vector length can be 


represented as, 
dl = dxa, «dy ay *dza, -.. (6) 


This is the vector joining original point P to new point P". 


Now point P is the intersection of three planes while point P' is the intersection of 
three new planes which are slightly displaced from original three planes. These six planes 
together define a differential volume which is a rectangular parallelepiped as shown in the 
Fig. 1.15. The diagonal of this parallelepiped is the differential vector length. 
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Fig. 1.15 Differential elements and different length in cartesian system 
The distance of P’ from P is given by magnitude of the differential vector length, 


|ar| = (dx) *(dy)? «(dz 7) 


Hence the differential volume of the rectangular parallelepiped is given by, 


dv = dx dy dz ...(8) 


Note that dl is a vector but dv is a scalar. 


Let us define differential surface areas. The differential surface element dS is 
represented as, 


dS = dSa, ...(9) 
where dS = Differential surface area of the element 
a, = Unit vector normal to 


the surface dS 


Thus various differential surface 
elements in cartesian co-ordinate 
system are shown in the Fig. 1.16. 


The vector representation of 
these elements is given as, 


Fig. 1.16 Differential surface elements 
in cartesian system 
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dS. - Differential vector surface area normal to x direction 

- dydza, -. (10) 
dS, = Differential vector surface area normal to y direction 

= dxdv a, .- (11) 
dS, = Differential vector surface area normal to z direction 

= dxdy a, -.. (12) 


The differential elements play very important role in the study of engineering 
electromagnetics. 


ma Example 1.3 : Given three points in cartesian co-ordinate system as A(3,—2,1), 
B(-3,-3,5), C (2,6, —4). 


Find : i) The vector from A to C. 
ii) The unit vector from B to A. 
iii) The distance from B to C. 
iv) The vector from A to the midpoint of the straight line joining B to C. 
Solution : The position vectors for the given points are, 


A =3ā, -2ā, +ā,, B--3a,-3a,45a,, C=2ā, +6ā,-4ā, 
i) The vector from A to C is, 

AC = C-A=[2-3]a, +[6-(-2)]ā, *[- 4-1]a, 

= -a,+8a,-54, 

ii) For unit vector from B to A, obtain distance vector BA first. 

BA = A-B ... as Starting is B and terminating is A 
[3-(-3)]a, +[(-2)-(-3) Ja, +[1-5Ja, 

= 6a, +a, —4a, 

|BA| = (6)? «a»! +(-4)? = 72801 


L BA  6a,-«a,-4a 
^ īpa = oo = — se =0.8241 a, + 0.1373 ay — 0.5494 a, 


iii) For distance between B and C, obtain BC 
BC = C-B-[2-(-3)]a, +[6-(-3)]a, *[(74)-(5)]a, = 5a, +93, -93, 


Distance BC = (6)? +9)? +(-9)” = 13.6747 


iv) Let B(x,,y,,z,) and C (x;, y;, z;) then the co-ordinates of midpoint of BC are 
X *X? Yity2 zi +22 
2 C 2 5» 
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-. Midpoint of BC = (Cz mE oF ec 0.5, 1.5, 0.5) 


Hence the vector from A to this midpoint is 
= = [-05-3]a, + [1.5-(-2)]a, *[05-1] a,- -3.5 a, + 3.5 a, -0.5 a, 


1.7 Cylindrical Co-ordinate System 


The circular cylindrical co-ordinate system is the three dimensional version of polar 
co-ordinate system. The surfaces used to define the cylindrical co-ordinate system are, 
1. Plane of constant z which is parallel to xy plane. 


2. A cylinder of radius r with z axis as the axis of the cylinder. 


3. A half plane perpendicular to xy plane and at an angle $ with respect to xz plane. 
The angle ó is called azimuthal angle. 
The ranges of the variables are, 


.. (1) 
... (2) 
.. (3) 


The point P in cylindrical co-ordinate system has three co-ordinates r, $ and z whose 
values lie in the respective ranges given by the equations (1), (2) and (3). 
The point P(r, ¢ , z, ) can be shown as in the Fig. 1.17(b). 


x tene 


(a) Cylindrical co-ordinate system (b) Point P (r4, 64, z4) 


Fig. 1.17 
Key Point: Note that angle 4 is expressed in radians and for ọ, anticlockwise 
measurement is treated positive while clockwise measurement is treated negative. 
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The point P can be defined as the intersection of three surfaces in cylindrical 
co-ordinate system. These three surfaces are, 


r = Constant which is a circular cylinder with z axis as its axis. 


9 = Constant plane which is a vertical plane perpendicular to xy plane making angle 6 
with respect to xz plane. 


z = Constant plane is a plane parallel to xy plane. 


These surfaces are shown in the Fig. 1.18. 


6$ = Constant 
plane 


Cylinder ^^i 
* i 

h 1 y z = Constant y 

PQ y plane O 
z! 
pe Li 
i 
j n 
Va “x! x x 
x ‘ M 
t 
t 
(a) r = Constant (b) $ = Constant (c) z = Constant 


Fig. 1.18 


The intersection of any two surfaces out of the above three surfaces is either a line or a 
circle and intersection of three surfaces defines a point P. 


The intersection of z = constant and r = constant is a circle. The intersection of 
= constant and r = constant is a line. The point P which is intersection of all three 
surfaces is shown in the Fig. 1.19. 

Intersection z 


of r = Constant 
and z = Constant r = Constant cylinder 


is a circle P(r, 9, z) 
z = Constant plane 


Intersection of 
r = Constant and 
ẹ = Constant is 
a straight line 

€ = Constant plane 


9 


X 


Fig. 1.19 Representing point P in cylindrical system 
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1.7.4 Base Vectors 


Similar to cartesian coordinate system, there are three unit vectors in the r, > and z 
directions denoted as 4,,4, and a,. 


These unit vectors are shown in the Fig. 1.20. 


These are mutually perpendicular to each 
other. 


The a, lies in a plane parallel to the xy 
plane and is perpendicular to the surface of 
the cylinder at a given point, coming radially 
outward. 

The unit vector a, lies also in a plane 
parallel to the xy plane but it is tangent to 
the cylinder and pointing in a direction of 
increasing (y at the given point. 

The unit vector a, is parallel to z axis 
and directed towards increasing z. 


x 


Fig. 1.20 Unit vectors in cylindrical Hence vector of point P can be 
system represented as, 


P = P.a,+P,a, +P, a, . (4) 


where P, is radius r, P, is angle and D, is z co-ordinate of point P. 

Key Point: In cartesian co-ordinate system, the unit vectors are not dependent on the 
co-ordinates. But in cylindrical co-ordinate system a, and a, are functions of co-ordinate as 
their directions change as ọ changes. Hence in integration or differentiation with respect to à 
components in a, and a, should not be treated constants. 


1.7.2 Differential Elements in Cylindrical Co-ordinate System 

Consider a point P(r,,z) in a cylindrical co-ordinate system. Let cach co-ordinate is 
increased by the differential amount. The differential increments in r,ọ, z are dr, d$ and dz 
respectively. 

Now therc are two cylinders of radius r and r- dr. There are two radial planes at the 
angles ġ and 6-- d$. And there are two horizontal planes at the heights z and z-dz. All 
these surfaces enclose a small volume as shown in the Fig. 1.21. 


The differential lengths in r and z directions are dr and dz respectively. In 6 direction, 
d$ is the change in angle 6 and is not the differential length. Due to this change dọ, there 
exists a differential arc length in $ direction. This differential length, duc to dọ, in 6 
direction is r dó as shown in the Fig. 1.21. 


Thus the differential lengths are, 
dr = Differential length in r direction ... (5) 
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X 


r+dr 
Fig. 1.21 Differential volume in cylindrical co-ordinate system 
rdp = Differential length in 9 direction ... (6) 
dz = Differential length in z direction -- (7) 


Hence the differential vector length in cylindrical co-ordinate system is given by, 
di = dra, +r doa, «dz a, .. (8) 


The magnitude of the differential length vector is given by, 
| di] = J(dr)? +(r do)? «(dz (9) 


Hence the differential volume of the differential element formed is given by, 


dv = r dr dódz ... (10) 


The differential surface areas in the three directions are shown in the Fig. 1.22. 
z 


dS, dS, 
Flg. 1.22 Differential surface elements in cylindrical system 
The vector representation of these differential surface areas are given by, 


dS, - Differential vector surface area normal to r direction 


= rdodza, - (11) 
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dS, - Differential vector surface area normal to 6 direction 
= drdza, ... (12) 
dS, - Differential vector surface area normal to z direction 


= rdrdéa, ». (13) 


1.7.3 Relationship between Cartesian and Cylindrical Systems 


Consider a point P whose cartesian 

co-ordinates are x, y and z while the 

P(x, y. 2- P(r, €. z) cylindrical co-ordinates are r, $ and z, as 
shown in the Fig. 1.23. 


Looking at the xy plane we can write, 
x-rcosó and y-rsinó 


The z remains same in both the 
systems. 


Hence transformation from cylindrical 


Fig. 1.23 Relationship between cartesian © Cartesian can be obtained from the 
and cylindrical systems equations, 


x-rcosó, y-rsin $ and z-z -.. (14) 
It can be seen that, r can be expressed interms of x and y as, 


r = yx? +y 


While tan $ 


Thus the transformation from cartesian to cylindrical can be obtained from the 
equations, 


= Jx? +y? , o=tan "a nd z=z ... (15) 


Note : While using the equations (15) note that r is positive or zero, hence positive 
sign of square root must be considered. While calculating ó make sure the signs of x and 
y. If both are positive, $ is positive in the first quadrant. If x is negative and y is positive 
then the point is in the second quadrant hence $ must be within - 90? and +180° i.e. within 


-180° and —270*. Thus for x 2—2 and y «1 we get ó-tan'^! |-;]--265e but it should be 


taken as —26.56^4180* i.e. 154.43°. Hence when x is negative, it is necessary to add 180° to 
the 6 calculated using tan ! function, to obtain accurate © corresponding to the point. 
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When y is negative and x is positive then 6 is in fourth quadrant i.e. within 0? and —90° i.e. 
270? and 360°. Similarly when x is negative and y is also negative the point is in third 
quadrant and accordingly @ must be between -90° to —180° ie. 4180? and +270°. So 180° 
must be subtracted from the 9 calculated by tan ^! function, to get accurate $ when both x 


and y are negative. Thus if x=y=-3 then $ = tan”! EIS but actually it is 

45-180? = -135° i.e. ~135°+360° = 4225". 

me Example 1.4 : Consider a cylinder of length L and radius R. Obtain its volume by 
integration. 


Solution : The cylinder is shown in the Fig. 1.24. 
Consider a differential volume in the 
cylindrical co-ordinate system as, 
dv = rdrdodz 


For the given cylinder r varies from 0 to R, z 
varies from 0 to L while 6 varies from 0 to 27 
radians. These are the limits of gf iegration. 


-. Volume of cylinder = f j | r dr dódz 
000 


Alf 


0 


Fig. 1.24 


n 
! 

lI 
ctr 
— 
& 

C t 

a 
A 
N 


RETO 2 
an [7]; -xR?L 


Mab Example 1.5 : Calculate the total surface area of the cylinder having length L and radius 
R by the method of integration. 


Solution : Consider the upper surface area, the normal to which is a,. So the differential 
surface area normal to z direction is r dódr. Consider the Fig. 1.24. 
2n R 


S, J I r dódr 
0 0 


l 
| 


2n [278 R? - 
Bil da= xu d 


The bottom surface area S; is same as S, i.e. t R?. For remaining surface area consider 
the differential surface area normal to r direction which is r dodz . 
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2x 
J rdódz but r=R is constant 
0 


S4 = 


Shey o tá 


f Rdodz =R[ġ] 0" [z] j- 2r RL 
0 


Total surface area = S, +S, +S, - R2? +R? «2x RL 


= 2nR(R+L) 


1.8 Spherical Co-ordinate System 
The surfaces which are used to define the spherical co-ordinate system on the three 
cartesian axes are, 
1. Sphere of radius r, origin as the centre of the sphere. 
2. A right circular cone with its apex at the origin and its axis as z axis. Its half angle 
is €. It rotates about z axis and 0 varies from 0 to 180° 
3. A half plane perpendicular to xy plane containing z axis, making an angle $ with 
the xz plane. 


Thus the three co-ordinates of a point P in the spherical co-ordinate system are (r, 0, 4). 
These surfaces are shown in the Fig. 1.25. 


y 
x 
(a) Sphere of radius r 
with centre as origin (b) ne (c) Hair aris Poena 
Fig. 1.25 

The ranges of the variables are, 
O Sr <æ -.. (1) 
O<o s2n ws (2) 
0S0 < n as half angle ... (3) 


Downloaded From : www.EasyEngineeting.net 


Electromagnetic Field Theory 


x 


Downloaded From : www.EasyEngineering.net 


1-22 Vector Analysis 


The point P(r, 0, ¢) can be represented in 
the spherical co-ordinate system as shown in 
the Fig. 1.26. The angles 0 and 6 are 
measured in radians. 


The point P can be defined as the 
intersection of three surfaces in spherical 
co-ordinate system. These three surfaces are, 

r = Constant which is a sphere with 
centre as origin. 

0 = Constant which is right circular cone 
with apex as origin and axis as z axis. 

$ = Constant is a plane perpendicular to 
xy plane. 

The surfaces are already shown in the 


Fig. 125. The intersection of the sphere 
ie. r = Constant surface and right circular 


Fig. 1.26 Representing point P in spherical cone i c. 9 = Constant surface is a horizontal 


co-ordinate system 


cirde as shown in the Fig. 1.27. As seen 


from the Fig. 1.27, the radius of this circle is rsin @ 


r sin 6 


Intersection 
of two surfaces 
is horizontal 
circle 


7-4— — 0 = Constant surface 


-——— r = Constant surface 


Fig. 1.27 
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Now consider intersection of $ = constant plane with the intersection of r= constant 
and 0 = constant planes as shown in the Fig. 1.28. This defines a point P. 


0 = Constan 


f - Constant 


x 


oie raya a TE y 
m mw om om wp a utm Te s 
e e ER tetur 08 85 


- 
-- 
- 


Z 


¢ = Constant 
/ 


Fig. 1.28 Representing point P in spherical co-ordinate system 


1.8.1 Base Vectors 


Similar X to other two 
co-ordinate systems, there are 
three unit vectors in the r, 0 and 6 
directions denoted as a,, ag and 
ay. These unit vectors are 
mutually perpendicular to each 
other and are shown in the 
Fig. 1.29. The unit vector a, is 
directed from the centre of the 
sphere i.e. origin to the given 
point P. It is directed radially 
outward, normal to the sphere. It 
lies in the cone @=constant and 
plane $- constant. 


r4 


Fig. 1.29 Unit vectors in spherical co-ordinate 
systems 
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The unit vector ag is tangent to the sphere and oriented in the direction of increasing 
@. It is normal to the conical surface. 

The third unit vector a, is tangent to the sphere and also tangent to the conical 
surface. It is oriented in the direction of increasing $. It is same as defined in the 
cylindrical co-ordinate system. 

Hence vector of point P can be represented as, 


P = P,a,+Pyay+Py a, . (4) 


where P, is the radius r and P,,P, are the two angle components of point P. 


1.8.2 Differential Elements in Spherical Co-ordinate System 


Consider a point P(r,0,4) in a spherical co-ordinate system. Let each co-ordinate is 
increased by the differential amount. The differential increments in r, 0, are dr,d@ and 


dọ. 


Now there are two spheres of radius r and r+dr. There are two cones with half angles 
0 and 0-- d6€. There are two planes at the angles $ and »+d measured from xz plane. All 
these surfaces enclose a small volume as shown in the Fig. 1.30. 


Fig. 1.30 Differential volume in spherical co-ordinate system 


The differential length in r direction is dr. The differential length in © direction is 
rsin do. The differential length in 0 direction is rd 0. Thus, 


dr = Differential length in r direction ... (5) 
rd@ = Differential length in 0 direction -.. (6) 
rsin@do = Differential length in $ direction -. (7) 
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Hence the differential vector length in spherical coordinate system is given by, 


di = dr a, «trd0 ag +rsin @doa, ... (8) 


The magnitude of the differential length vector is given by, 
| al | = (dr)? +(r d0)? +(rsin eg)? ~ (9) 


Hence the differential volume of the differential element formed, in spherical 
co-ordinate system is given by, 


dv = r° sin 8dr dOdo ... (10) 


The differential surface areas in the three directions are shown in the Fig. 1.31. 


z 
r sino d$ 


i r sino do a. 
i dr 
rdo dr 
= rde 
ay 


Fig. 1.31 Differential surface elements in spherical co-ordinate system 
The vector representation of these differential surface areas are given by, 
dS, = Differential vector surface area normal to r direction 
= r* sin @d0do .- (11) 
dS, = Differential vector surface area normal to 6 direction 
= rsin @drdo ... (12) 


dS, = Differential vector surface area normal to > direction 


= rdrd0 ... (13) 


1.8.3 Relationship between Cartesian and Spherical Systems 


Consider a point P whose cartesian coordinates are x, y and z while the spherical 
co-ordinates are r, 0 and $ as shown in the Fig. 1.32. 
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P(x.y.z) = P(r.0,) 


X 


Fig. 1.32 Relationship between cartesian and spherical systems 
Looking at the xy plane we can write, 
x = rsin0cosó and y=rsinOsing 
While z = rcosO 


Hence the transformation from spherical to cartesian can be obtained from the 


equations, 
. (14) 


Now r can be expressed as, 
x? +y? ez? = r?sin?0cos? Qr? sin? 0sin? 64 r? cos? 0 


r? sin? O[sin? $-- cos? 4] r? cos? 0 


r? [sin? 0-* cos? 0] - r? 
r= yx? +y? ez? 
r y z 
While tano = — and cos 07 - 


As r is known, 0 can be obtained. 
Thus the transformation from cartesian to spherical coordinate system can be obtained 
from the equations, 


Remember that r is positive and varies from 0 to ~, 0 varies from 0 to r radians i.e. 0° 
to 180° and $ varies from 0 to 21 radians i.e. 0° to 360°. 


Key Point: While using above formulae, care must be taken to place the angles 0 and 6 in 
the correct quadrants according to the signs of x, y and z. 
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ma Example 1.6 : Calculate the volume of a sphere of radius R using integration. 


Solution : The differential volume of a sphere is, 
dv = r’sin@drd@ do 
The limits for r are 0 to R, as sphere is of radius R. 
The 0 varies from 0 to zx while $ varies from 0 to 27. 


Iu n R 
v= Í f J r? sinedrde de 
000 


2n r r3 R R? 2n 
=J] H sinodo de- E | [-cos@]% de 
0 0 0 0 


= =z [-cos 1-(-cos0)] f do=—-1{-1)-(-DI lo 
0 


3 


_ R _4 3 
= “3 Xx2x2r=7TR 


ma Example 1.7 : Calculate the surface area of a sphere of radius R, by integration. 


Solution : Consider the differential surface area normal to the r direction which is, 
dS, = r?sin0 dé do 


Now the limits of o are 0 to 2x while 0 varies from 0 to n. 
2n n 
S, = f f r^sine dedo 
0 0 


But note that radius of sphere is constant, given as r - R. 
2n n 


S, = R'j f sine de do=R?[-cos 0]; [412° 
0 0 


T 


= R?x[-cosx-(-cos0)x2r-R?[4-1)-(-1)]2x = 4n R? 
mb Example 1.8 : Use spherical co-ordinates and integrate to find the area of the region 
0 <<a on the spherical shell of radius a. What is the area if o. —2n ? 
Solution : Consider the spherical shell of radius a hence r =a is constant. 
Consider differential surface area normal to r direction which is radially outward. 
dS, = r?sin0d0dé-a? sin 0d0de ..asr-a 
But $ is varying between 0 to a while for spherical shell 0 varies from 0 to x. 
S. = a?[ J sin 0 d0do=a7[-cos 6], [0]; 
0 0 


a? -[-cosn-(-cos0)]a =2 a?a 


So area of the region is 2 a7a 
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If a=2n, the area of the region becomes 41a’, as the shell becomes complete sphere 
of radius a when € varies from 0 to 27. 


1.9 Vector Multiplication 


Uptill now the addition, subtraction and multiplication by scalar to a vector is 
discussed. Let us discuss the multiplication of two or more vectors. The knowledge of 
vector multiplication allows us to transform the vectors from one coordinate system to 
other. 


Consider two vectors A and B. There are two types of products existing depending 
upon the result of the multiplication. These two types of products are, 

1. Scalar or Dot product 

2. Vector or Cross product 

Let us discuss the characteristics of these two products. 


1.10 Scalar or Dot Product of Vectors 


The scalar or dot of the two vectors A 
and B is denoted as A * B and defined as 
the product of the magnitude of A, the 
magnitude of B and the cosine of the 
smaller angle between them. 


It also can be defined as the product 
of magnitude of B and the projection of A 
8 onto B or vice versa. 


Fig. 1.33 Mathematically it is expressed as, 


A*B-|A]|B | cos O4; .- (1) 


The result of such a dot product is scalar hence it is also called scalar product. 


A 


1.10.1 Properties of Dot Product 
The various properties of the dot product are, 


1. If the two vectors are parallel to each other i.e. 0 : 0? then cos 0,, =1 thus i 
A+B = |A| |B] for parallel vectors ~. (2) 

2. If the two vectors are perpendicular to each other i.e. 0 90? then cos 045 =0 thus 
A-B = 0 for perpendicular vectors -. (3) 


In other words, if dot product of the two vectors is zero, the two vectors are 
perpendicular to each other. 


3. The dot product obeys commutative law, 
i A*B = B-A ~. (4) 
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4. The dot product obeys distributive law, 
A-(B+C) = A-B+A-C . 6) 
5. If the dot product of vector with itself is performed, the result is square of the 
magnitude of that vector. 
AeA = |A| JA|cos0? -]A[? -.. (6) 
6. Consider the unit vectors a,, a, and a, in cartesian co-ordinate system. All these 
vectors are mutually perpendicular to each other. Hence the dot product of different unit 
vectors is zero. 
~- (7) 


... (8) 


8. Consider two vectors in cartesian co-ordinate system, 

A-A,a,*A,ü,*A,a, and B= B, a, +B, a, +B, 4, 

Now A*B =(A, a, +A, a, *A,2,) - (B. a, +B, a, +B, a, ) 

This product has nine scalar terms as dot product obeys distributive law. But from the 


equation (7), six terms out of nine will be zero involving the dot products of different unit 
vectors. While the remaining three terms involve the unit vector dotted with itself, the 


result of which is unity. 
z A*B = A, B, (a, -3,) A, B, (a, -a,) *A,, B, (a, -a,) 
A*B = A, B, +A, B, «A, B, .. (9) 


1.10.2 Applications of Dot Product 
The applications of dot product are, 
1. To determine the angle between the two vectors. 
The angle can be determined as, 


2. To find the component of a vector in a given direction. 

Consider a vector P and a unit vector a as shown in the Fig. 1.34. The component of 
vector P in the direction of unit vector à is P-a. This is a scalar quantity. This is shown in 
the Fig. 1.34 (a). 


o zs 
-m a - 
H— (P ea) a+} 
(b) 


Fig. 1.34 
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P-a - |P| Ja| cos 0=|P| cos 6 


The sign of this component is positive if 0 «0 «90? while the sign of this component is 
negative if 90° <0 «1807. If the component vector of A in the direction of unit vector a is 
required then multiply the component obtained by that unit vector, as shown in the 
Fig. 1.34(b). Thus (P+2) a is the component vector of P in the direction of a. 

Thus component of P in the direction of 
a, is P*a, ie P, while the component 
vector of P in the direction of a, is P, à,. 

This is the geometrical meaning of dot 
product, to find projection of P in the 
direction of unit vector a. 


Projection of E E 
PonQ If the projection of P on other vector Q is 
Fig. 1.34 (c) to be obtained then it is necessary to find 


unit vector in the direction of Q first i.e. a. 
Then the projection of P on Q is given by Pea. 


As ag = "i then the projection of P on Q can be expressed as, 
;.Q -P-O 
IQI IQI 


3. Physically, work done by a constant force can be expressed as a dot product of 
two vectors, 


Consider a constant force F acting on a body and it causes the displacement d of thai 
body. Then the work done W is the product of the force and the component of the 
displacement in the direction of force which can be expressed as, 

= |F|dcos 0-F*d 

But if the force applied varies along the path then the total work done is to be 
calculated by the uo of a dot product as, 

= | Fedi 


mb Example 1.9 : Given the two vectors, 
A =2ā, -5a, -4a, and B-3a, «5a, 42a, 
Find the dot product and the angle between the two vectors. 


Solution : The dot product is, 
A*B = A, B, +A, B, +A, B, 
= (2x 3)+(-5) (5) +(-4)(2) = 6—-25-8 
= -27 
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As A * B is negative, it is expected that the angle between the two is greater than 90° 


[AL = (2)? +(-5)? «cay 
JE 


(3)? +(6)? «(2? 


IB] 


: 


130.762? 


mm» Example 1.10 : Given vector field G-(y-1)a, *2xa,. Find this vector field at 
P (2, 3,1) and its projection on B 25a, -a, +2ā,. 


Solution : The field G at point P is, 
G at P = 2a, +4a, ... Substituting co-ordinates of P in G 
To find its projection on B, first find 4g, the unit vector in the direction of B. 
r B  53,-à, 423, 
pg — —— ————————— 
[By f(s)? +(-1)? «(2 
= 091283, - 0.18254, + 0.3651 à, 
Hence projection of G at P on the vector B is, 


(G at P) .a, 


(2x 0.9128) +(4x 0.1825) +(0x 0.3651) =1.0956 


1.11 Vector or Cross Product of Vectors 


Consider the two vectors A and B then the cross product is denoted as AXB and 
defined as the product of the magnitudes of A and B and the sine of the smaller angle 
between A and B. But this product is a vector quantity and has a direction perpendicular 
to the plane containing the two vectors A and B. But for any plane there are two 
perpendicular directions, upwards and downwards. To avoid the confusion, the direction 
of the cross product is along the perpendicular direction to the plane which is in the 
direction of advancement of a right handed screw when A is turned into B. Thus right 


hand screw rule decides the direction of the cross product. 
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Mathematically the cross product is expressed as, 


AXB=|A]| |B] sin@,,4n ... (1) 


where ay = Unit vector perpendicular to the plane of A and B in the direction 
decided by the right hand screw rule. 
The concept of ay is shown in the Fig. 1.35. 


an 
Advancement 4 1 
of screw Advancement , : 
(Upward) of screw 


(Downward) ' 


Move A into B 


yw 
a Move a 
& AintoB B 


4. 554 gag 4 4 


Plane of A and B 
(a) (b) 


Fig. 1.35 Direction of cross product 


1.11.1 Properties of Cross Product 
The various properties of cross product are, 
1. The commutative law is not applicable to the cross product. Thus, 
AXB z BXA -. (2) 
Consider the two vectors as shown in the Fig. 1.36 (a). Then AXB gives unit vector 
ay in the upward direction. But if BXA is obtained then direction of ay must be 
determined by rotating B into A which results into downward direction. This is shown in 
the Fig. 1.36 (b). 
Hence cross product is not commutative. 
2. Reversing the order of the vectors A and B, a unit vector ay reverses its direction 
hence we can write, 
BXA - -[AXB] -. (3) 
It is anticommutative in nature. 


If order of cross product is changed, the magnitude remains same, but direchon gets 
reversed. 


3. The cross product is not associative. Thus, 
AX(BXC) =+ (AxB)xC -.. (4) 
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an 


E 


N 


(a A xB (b) xA 
Fig. 1.36 


4. With respect to addition the cross product is distributive. Thus, 
Ax(B+C) = AXB+AxC . (5) 

5. If the two vectors are parallel to each other i.e. they are in the same direction then 
6=0° and hence cross product of such two vectors is zero. 

Thus if cross product of the two vectors is zero then those two vectors are parallel i.e. 
are in the same direction, assuming none of the two vectors itself is zero. 

6. If the cross product of a vector A with itself is calculated, it is zero as @=0° 

: AXA = 0 -. (6) 

7. Cross product of unit vectors : Consider the unit vectors a,,à 
mutually perpendicular to each other, as 
shown in the Fig. 1.37. 

Then, 


a,Xa,= |a,| Jay| sin(90°)ay 


y and a, which are 


z 


But if the order of unit vectors is 
reversed, the result is negative of the 
remaining third unit vector. Thus, 


... (10) 


This can be remembered by a circle indicating cyclic permutations of cross products of 
unit vectors as shown in the Fig. 1.38. 
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a rere eo NI 
a, a, a, a, 
Clockwise 
a, Anticlockwise a, 
(a) Positive result (b) Negative result 


Fig. 1.38 
While as cross product of vector with itself is zero we can write, 
-.. (11) 


Anticlockwise 
positive 


Anticlockwise 
positive 


(a) Cylindrical system (b) Spherical system 


Fig. 1.39 


From the Fig. 1.39 we can write, 
a, Xa, =a,, agXa, =a, and so on. 
Key Point: The clockwise direction gives negative result. 


8. Cross product in determinant form : Consider the two vectors in the cartesian 
System as, 


A=A,a,+A,4,+A, a, and B-B,a, «B, a, +B 
Then the cross product of the two vectors is, 
AxB = A, B, (a, Xa, )* A, B, (a, Xa, )+A, B, (a, xa,) 
+A, B, (a, Xa, )* A, B, (ay xa, )* A, B, (a, xa,) 
TA. B, CP Xa,)*A, B, (a, xa,)«A, B, (a, xa, ) 
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- (A, B, -A, By)a, +(A, B, -A, B,)a, +(A, B, -A, B,)a, 
This result can be expressed in determinant form as, 


a, à 
AxB = JA, A, A, ... (12(a)) 
B, B, B 


If A and B are in cylindrical system then 

a, à, à, 
r A $ A £ sas (12(b)) 
B, B 


If A and B are in spherical system then 


a, ae a. 
AxB = |A, Ae A, ~ (12(9) 
B, Be B, 


1.11.2 Applications of Cross Product 


The different applications of cross product are, 

1. The cross product is the replacement to -the right hand rule used in electrical 
engineering to determine the direction of force experienced by current carrying conductor 
placed in a magnetic field. 

Thus if I is the current flowing through conductor while L is the vector length 
considered to indicate the direction of current through the conductor. The uniform 
magnetic flux density is denoted by vector B. Then the force experienced by conductor is 
given by, 

F = ILXxB 

2. Another physical quantity which can be represented by cross product is moment of 
a force. The moment of a force (or torque) acting on a rigid body, which can rotate about 
an axis perpendicular to a plane containing the force is defined to be the magnitude of the 
force multiplied by the perpendicular distance from the force to the axis. This is shown in 

the Fig. 1.40. 


The moment of force F about a point O is M. 
Its magnitude is |F| |F] sin@ where | F| sin is 
the perpendicular distance of F from O i.e. OQ. 


F 


„M = TXF = | f| |F] sin@ a, where ay is 
the unit vector indicating direction of M which is 
perpendicular to the plane i.e. paper and coming 
out of paper according to right hand screw rule. 
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mæ Example 1.11 : Given the two coplanar vectors 


A= 3a, «4a, -5a, and B-—-6a, +24, *4a, 
Obtain the unit vector normal to the plane containing the vectors A and B. 


Solution : Note that the unit vector normal to the plane containing the vectors A and B is 
the unit vector in the direction of cross product of A and B. 


BE x y z 
Now AXB 13 4 -5 
42 4 

14 5 3 5j |34 

7 ?«|2 4| °y|6 4| ?*z|.6 2 


= 26, +184, +308, 
B AxB 264, -184, +303, 
|AxB| /(26)? +(18)? +(30)" 
= 0.5964 a, + 0.4129 ay + 0.6882 a, 
This is the unit vector normal to the plane containing A and B. 


1.12 Products of Three Vectors 


Let A, B and C are the three given vectors. Then the product of these three vectors is 
classified in two ways called, 


1. Scalar triple product 2. Vector triple product. 


1.12.1 Scalar Triple Product 
The scalar triple product of the three vectors A, B and C is mathematically defined as, 


.. (1) 
Thus if, A = A,a, +A,ayt+A,4, 
B = B,4,+B,a,+B,a, 
C = C,a, «C, a, «C, a, 
Then the scalar triple product is obtained by the determinant, 
A, Ay A, 
A*(BXC) = |B, B, B. "E 
CS G € 


The result of this product is a scalar and hence the product is called scalar triple 
product. The cyclic order a b c is important. 
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x 1. The scalar triple product represents 
Volume — : the volume of the parallelepiped with 
^*(BXC) s edges A, B and C, drawn from the same 
origin, as shown in the Fig. 1.41. 

2. The scalar triple product depends 
only on the cyclic order 'a b c' and not on 
the position of the * and X in the product. 
If the cyclic order is broken by permuting 
Fig. 1.41 two of the vectors, the sign is reversed. 


A-(BXC) = -B+(AxC) 
3. If two of the three vectors are equal then the result of the scalar triple product is 
zero. 
A-(AxC) = 0 
4. The scalar triple product is distributive. 


1.12.2 Vector Triple Product 
The vector triple product of the three vectors A, B and C is mathematically defined as, 
.. (3) 


The rule can be remembered as 'bac-cab' rule. The above rule can be easily proved by 
writing the cartensian components of each term in the equation. The. position of the 
brackets is very important. 


1.12.2.1 Characteristics of Vector Triple Product 
1. It must be noted that in the vector triple product, 
(A-B)T # A(B-C) 
but — (A-B)C = C(A-B) 
This is because A-B is a scalar and multiplication by scalar to a vector is 
commutative. 
2. From the basic definition we can write, 
Bx(CxA) = C(B-A)-A(B-C) 4) 
Cx(AXxB) = A(C-B)-B(C-A) (5) 
But dot product is commutative hence C* A = A * C and so on. Hence addition of (3), 
(4) and (5) is zero. 
< AX(BxC)+ Bx(CxA)+Cx(AXB) - 0 -.. (6) 


The result of the vector triple product is a vector. 
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neb Example 1.12 : The three fields are given by, 


A=24, -ā,, B-2a, -a,+2a,, C =2a, - 3a, *à, 


Find the scalar and vector triple product. 


Solution : The scalar triple product is, 


2 0 -1 
A-(BXC) = |2 -1 2]=14 
2 -3 1 


The vector triple product is, 
AX(BxC) = B(A. Q-C(A-*B) 
A*C = (2)(2)+(0)(-3)+(-1)(1) = 3 
A+B = (2)(2)+(0)(-1)+(-1)(2) = 2 
AXx(BXC) = 3B -2C = 3/24, -a, +24, ]-2[2a, —3a, *a,] 


2a, +34,+44, 


1.13 Transformation of Vectors 


Getting familiar with the dot product and cross product, it is possible now to 
transform the vectors from one cordinate system to other coordinate system. 


1.13.1 Transformation of Vectors from Cartesian to Cylindrical 


Consider a vector A in cartesian coordinate system as, 


A = A,a,+A,a,+A,4, . (1) 
While the same vector in cylindrical coordinate system can be represented as, 
A = A,a,+A,4,+A, 4, .. (2) 


From the dot product it is known that the component of vector in the direction of any 
unit vector is its dot product with that unit vector. Hence the component of A in the 
direction a, is the dot product of A with a,. This component is nothing but A,. 


A, = [A*8,] - (3) 
A, = [A,a, tA, ay tA, a,]-a, 
A, = A8, a, FA, 8, «a, +A, a, «a, -. (4) 


The magnitudes of all unit vectors is unity hence it is necessary to find angle between 
the unit vectors to obtain the various dot products. 


The Fig. 1.42 (a) shows three dimensional view of various unit vectors. 


Consider a xy plane in which the angles between the unit vectors are shown, as in the 
Fig. 1.42 (b). 
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Fig. 1.42 Transformation of vectors 


The angle between a, and a, is Q. 
The angle between a, and a, is 90-9. 
The angle between a, and a, is 90+ọ. 
PE angle between a, and à, is Q. 


a,°a, = (1)(1)cos(4) -cosó -. (5) 
a,°a, = (1)(1)cos(90* 0) 2 -sin$ -.. (6) 
a,*a, = (1)(1)cos(90-6) - sinó (7) 
ay*a, = (1)(1)cos(0)- cos ... (8) 
and a, +a, = a, «a, = 0 asa, is perpendicular to a, and a, .. (9) 
and a,ea, = 1 ... (10) 
Substituting in equation (4) we get, 
A, = A, coso+A, sing ... (11) 
Similarly finding A, as [A -à,] and A, as [A *a,] we get, 
A, = —A, sin Q*A, cos © ... (12) 
and A, = A, ... (13) 


The results of dot product are summarized in the tabular form as, 


Table 1.2 
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The results of transformations can be expressed in the matrix form as, 
cosd sino OJJA, 
A] = |-sinó cosd O Ay 
0 0 1|lA, 


1.13.2 Transformation of Vectors from Cylindrical to Cartesian 


Now it is necessary to find the transformation from cylindrical to cartesian hence 
assume A is known in cylindrical system. Thus component of A in a, direction is given 


by, 


> 
iu 


[A-a,]-[A, a, £A 2, +A, a,] -a, 
A, = A,a, +8, FAS B, 8, +A, a, «a, w. (14) 


As dot product is commutative 4,+a, = a, «a, =cosġ and so on. Hence referring 
Table 1.2 we can write the results directly as, 


A, = A,cosQ-A,sinó ... (15) 

Ay = A,singdt+Ay, cosd ... (16) 

A, = A, .. (17) 
The result can be summarized in the matrix form as, 

A, cos? -sing 0J||A, 

Ay! = [sind cosó O[|A, 

A, 0 0 1|[A, 


næ» Example 1.13 : Transform the vector field W =10a, -84, * 6a, to cylindrical co-ordinate 
system, at point P (10, —8, 6) . 

Solution : From the given field W, 

W, 210, W, =-8 and W, - 6 

Now W, = Wea, =[10a, -8a, +63,] + a, 

= 105, +4, -8ā, + ā, 46a, * à, 
l = 10 (cosQ) - 8(sin 9) - 6(0) ... Refer Table 1.2 
For point P, x = 10 and y -- 8 


6 = tan"! 7 -.. Relation between cartesian and cylindrical 


= tan”! Fa z— 38.6598° 


As y is negative and x is positive, dis in fourth quadrant. Hence $ calculated is correct. 
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cosó = 0.7808 and  sin$- — 0.6246 
W, = 10x(0.7808)-8x(- 0.6246) 212.804 
Now W, = W- a, =10a, + a, -83,- a, *62, «3, 
= 10(-sin $)—8cos +0 = 0 
And W, = Wea, =104, -4, -8a, «4, +62, -a, 
= 10x0-8x0+6x1=6 
W = 128044, +64, in cylindrical system. 
meb Example 1.14 : Give the cartesian co-ordinates of the vector field H =20a, -10a, + 3a,, 
at point P(x =5, y=2,z=—-1). 
Solution : The given vector is in cylindrical system. 


H, = H-a, -203,-a, -102, 4, +34, - à, 


x 


20 cos $-10(-sin Q) +0 ... Refer Table 1.2 
At point P, x - 5, y - 2 and z-- 1 


S2 


Now $ = tan” P =tan = = 21.8014 


cos $ = 0.9284 and sin $- 0.3714 
H, = 20x(0.9284)+10x 0.3714 — 22.282 

Then H, = H.a, -20a,-a, 10a, -a, * 3a, «a, 

= 20sin o6—10coso+0 

= 20x(0.3714)~-10~ (0.9284) =- 1.856 
And H, = H.a, =20a,-a,-10a,-a,+3a,-a, 

= 20x0-10x0+3x1=3 

H = 22.2824, - 1.8564, +34, in cartesian system. 


1.13.3 Transformation of Vectors from Cartesian to Spherical 
Let the vector A expressed in the cartesian system as, 
A = A,a,+Ayay+A,a, 
It is required to transform it into spherical system. The component of A in a, direction 
is given by, 
A, = A-a,-[A,a, «A, a, «A, 2,]- a. 


r 


a oa +A a ea +A a ea, ave (18) 
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Note : Though the radius representation r used in cylindrical and spherical systems is 
same, the directions a, in both the systems are different. Infact many times r is 
represented as p in cylindrical system. But p is used to represent other quantity in this 
book hence r is used in cylindrical system. Hence 3, -a, will be different when a, is of 
spherical system than the à, of cylindrical system and so on. 


While Ag = Aeag=1A, a, 4A, 8, +A, 3,]. āo 

= Aya, HS RA, ay eg tA, a, eH. was (19) 
And A, = Aca, =[A, 3, KA, a, +A, 2,]-3, 

= A, a, +a, cA, 8,-a tA, a, °a, -.. (20) 


The dot products can be obtained by first taking the projection of spherical unit vector 
on the xy plane and then taking the projection onto the desired axis. Thus for a, -a,, 
project a, on the xy plane which is sin 0 and then project on the x axis which is sin 0cosq 


- à, *à, = à,.à, = sinOcosQ 
In the similar fashion the other dot products can be obtained. The results of the dot 
products are summarized in the Table 1.3. 


[fe | 


Table 1.3 
Using the results of Table 1.3, the results of vector transformation from cartesian to 
spherical can be summarized in the matrix form as, 


A, sin@cosg@ sin@sing@ cos® ||/A, 
Ag] = |cosOcosh cosOsin$ -sin0 Ay 
Ay -sin $ cos > 0 A, 


1.13.4 Transformation of Vectors from Spherical to Cartesian 
To find the reverse transformation, assume that the A is known in spherical system as, 
A = A,8, FAgag t A, ay 


Hence component of A in a,,a, and a, are given by A-a,, A*a, and A-à 


i y y z 
respectively. 
Thus we get the results as, 
A, = A,a,°a, +Agagea, +A, ay oa, « (21) 
Ay = A,8,-8, +Agag+a, FA, ay eay ~. (22) 
A, = A,a,*8, +Agagea, FA, ay 2a, ... (23) 


Using the Table 1.3, the results can be expressed in the matrix form as, 
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Ay sin0cosó cos0cosó -sin$||A, 
Ay,| = [sin@sing cos0sinó coso || Ae 
A, cos 6 —sin 0 0 A, 


1.13.5 Distances in all Co-ordinate Systems 

Consider two points A and B with the position vectors as, 

A= X1 a, +y, ay +2, a. and B=x,4, *y; a, +zZ2a, 

then the distance d between the two points in all the three co-ordinate systems are 
given by, 


d = J(x; -x1 y +(y2 ~y,)’ +(Z2—-2, y ... Cartesian 


dz RE +17 -2r r, cos(6; -$ )* (z; ~z,) ... Cylindrical 


d = Jr2 +17 -2 r, r, cos0, cos0, -2 r, r, sin 0, sin 0, cos($, —9, ) ... Spherical 


These results may be used directly in electromagnetics wherever required. 


mmb Example 1.15 : Obtain the spherical coordinates of 10 a, at the point 
P(x=-3,y=2,z=4). 
Solution : Given vector is in cartesian system say F=104,. 


Then E = Fea, =108, «4, 


= 10 sin 0cos > .. Refer Table 1.3 
At point P, x 2-3, y=2, z=4 
Using the relationship between cartesian and spherical, 


x-rsin0cosQ y-rsinOsinó z=rcos@ 
Y stant 2 =- 33,69 
x -3 


But x is negative and y is positive hence à must be between -- 90? and +180°. So add 
180? to the $ to get correct $. 


$ = —33.69°+180°=+ 146.31? 
cos ¢ = — 0.832 and sin $= 0.5547 


And 0 = cos”! 2 eos"! KNEE NE 
T FE +y? +z? 
= cos : =42.0311° 


ABF +(2)? Ha 
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cos 0 = 0.7428 and sin @= 0.6695 

F. = 10x0.6695x(— 0.832) « — 5.5702 

E = Fea, =10a, -a, -10cos0cos$ 
= 10x 0.7428x (— 0.832) -— 6.18 

F, = Fea, =10a, a, =10(-sin@) 
= 10x(- 0.5547) =- 5.547 

F = — 5.5702 4, — 6.18 4g — 5.547 4, in spherical system. 

na Example 1.16 : Express B —r? a, +sin 0a, in the cartesian co-ordinates. Hence obtain B 
at P(1,2, 3). 


Solution : Given B is in spherical system as there is sin@ in it and its cartesian 
co-ordinates are to be obtained, Referring Table 1.3, 


B, = Bea, =r7a, -a, +sin@ a, «a, 
= r° sin @cos$+sin O(—sin 4) -. (1) 

Then B, = Bea, -r/a, a, +sin0 a, «a, 
= r?sinOsin $+sin cos $ -.. (2) 

And B, = Bea, —1r?a,.à3, +sin0 a, -a, 
= r?cos@+sin 0(0) = r° cos 0 .. (3) 


Now it is known that, 


r= Jx? +y? +z? , $7 tant 7 and @= cos! = 


d y j d 


/ 


x z 
Flg. 1.43 
From Fig. 1.43, 
sin $ - "EP CORES cos$ = ——— 
x? +y? x? y? 
f ay? 
sin 0 = A and cos 0 == 
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Using in equation (1), (2) and (3) we get, 


B 


x 


B 


z 


B 


fx? 2 
2 VX tY X 
T. = 

r 


x? «y? 
(o) = à +y? +z? (x)-—————— 
2 2 2 
p x+y y A x+y 


r [x2 +y? r 


(ry)+Ž =x? ty? +z? (y) ————— 
P x5 (r2) =x? ey! +z? (z) 


B, à, +B, a, +B, à, 


x 


ery? y 
r 
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yx? +y7+2? 
TE 
yx? +y? +2? 


Thus B at P (1, 2, 3) is, B = 3.207 a, + 7.7504 à, + 11.2248 à, 


1.13.6 Transformation of Vectors from Spherical to Cylindrical 


Let the vector A is known in the spherical co-ordinates. 


A 


The components of A in cylindrical system are given by, 


Now a. *à, 


A,8, t+AgagtAg ay 


A,8,* 8, Ag dg * 4, + Ay ay "3 


P 


A,8,*a,* Agüg*a, tA, a, * à, 


A,a,*a,+Agagea,+A,ag*a, 
sin; @)°a, =cos® a,°a, =0 
0, a, * a, = O, a,°a,=1 
cos0 a,g*a, =—sin® a,ea, = 0 
sin6 cos0 O|/A, 
0 0  1[[|Ae -. (24) 
cos0 -sin0 0|[A, 
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1.13.7 Transformation of Vectors from Cylindrical to Spherical 
Let the vector A is known in the cylindrical co-ordinates. 


A = Aja, *A, a, t A,à, 


The components of A in the spherical system are given by, 


A, = A,a,°a,+Ay ag°a,+A, a, °a, 

A, = A, a,°a,+A,a,°4,+A,a,°a, 

A, sin6 0 cos0 ||A, 

Ag| = [cos0 0 -sin8|lA, ... (25) 
A, 0 1 0 A, 


Key Point: To avoid the confusion between a, in cylindrical and spherical in the 
cylindrical system a, is used. 


Using equations (24) and (25), any vector can be converted from cylindrical to 
spherical or spherical to cylindrical system. 
mæ Example 1.17 : Express vector B in cartesian and cylindrical systems. 
Given, B = D, *r cos Oa, tà, 


Then find B at (— 3, 4, 0) and (5, 1/2, — 2) 


Solution : B = 105 + rcos08, +ã, 

r 
10 : ] 

B, - P Bg =rcos®, B,-1 -.. in spherical 
: è 10 

B, sinOcosÓ cos0cosÓ -sino — 

B,| = [sinOsino cosOsingd cosQ | |rcos0 

B, cos 0 —sin0 0 1 
10 . 2 z 

B, = n nO cos$+ r cos^0 cos $- sino ... (1) 
10 . : la: 

B, = | SnO sino+ r cos^0 sino+ cos ... (2) 
10 : 

B, - -y €050- r sin 6 cos0 ... (3) 


But r = J2 +y? xz, cos@ = ——— =, tang= 
Jo +y? +z? 


|< 
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£x y? y x 
sinü = —— —————, sin$- ————,  cosb-———— 
Using equations (1), (2) and (3), B in cartesian system is : 
B = B,a, *B,a,*B,a, where, 
10x 
B, - ... (4) 
x^ y? « z? Me rere i28 LX +y? +z? n ty? 
10 2^ 
BB. ... (5) 


xt eyez? "der yhoivyrez5 —5 *ty?^4z?) jc +y’ 
ay? 
B = — 0z Zyty .. (6) 


At C- 3, 4,0), x=-3, y=4, z=0 


B = -2a,*a, .. In cartesian 
For transforming spherical to cylindrical use, 
B, sin® cos® 0O||B, 
B, ai 0 0 1 Bg 
B, cos0 -sinO 0j|B, 
B, = sin@B, + cos®By = 109 +r cos 0 
B, = B, =1 
B, = cos0 B, -sin0 B, = Meos — r sin 8 cosó 
Now p = rsinO z=rcos@ $-6 r= p? tz, 9- tan“! P 
And tanO = P hence sin 0 = —PÉ cos @ = — 
z Ip? + 2? lp? + 2? 
B = B,4,+B, a, *B,à, where 
B. - 10p z- B, aa 1, B, = 10 z pz 


At given point (.5, -2 ) p =5,9=5 and z=-2 
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02 
B. = .10x5 , C2?  .249, B,-1 


P — 5*«(-2y 52 4 (- 29? 


10x (— 2) 5x (- 2) 


B, - -————— = 1167 
“5% +(-2)? 82. (227? 
B = 24674, +4, + 1.1674, ... In cylindrical 


1.14 Types of Integral Related to Electromagnetic Theory 


In electromagnetic theory a charge can exist in point form, line form, surface form or 
volume form. Hence while dealing with the analysis of such charge distributions, the 
various types of integrals are required. These types are, 

1. Line integral 

2. Surface integral 


3. Volume integral. 


1.14.1 Line Integral 


A line can exist as a straight line or it can be a 
distance travelled along a curve. Thus in general, 
from mathematical point of view, a line is a curved 
path in a space. 

Consider a vector field F shown in the Fig. 1.44. 
The curved path shown in the field is p- r. This is 


called a path of integration and corresponding 
integral can be defined as, 


Curved Eedi = f 
E JF di = |F| di cos e ...(1) 
P 


Fig. 1.44 Line integral ... Using definition of dot product 
where di = Elementary length 


This is called line integral of F around the curved path L. It represents an integral of 
the tangential component of F along the path L. 


The curved path can be of two types, 
i) Open path as p - r shown in the Fig. 1.44. 
ii) Closed path as p - q - r - s - p shown in the Fig. 1.44. 


The closed path is also called a contour. The corresponding integral is called contour 
integral, closed integral or circular integral and mathematically defined as, 
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$Fed! = Circular integral ...(2) 
L 


This integral represents circulation of the vector 
field F around the closed path L. 

If there exists a charge along a line as shown in the 
Fig. 1.45, then the total charge is obtained by calculating 
a line integral. 


L 


where p, = Line charge density i.e. charge per unit 
length (C/m) 
Key Point: In evaluating line integration, the dl direction 
is assumed to be always positive and limits of integration 
Fig. 1.45 Line charge decide the sign of the integral. 


1.14.2 Surface Integral 

In electromagnetic theory a charge may exist in a distributed form. It may be spreaded 
over a surface as shown in the Fig. 1.46(a). Similarly a flux $ may pass through a surface 
as shown in the Fig. 1.46(b). While doing analysis of such cases an integral is required 
called surface integral, to be carried out over a surface related to a vector field. 

For a charge distribution shown in the Fig. 1.46(a), we can write for the total charge 
existing on the surface as, 


Q = Jp, dS (4) 
S 


where P = Surface charge density in C/ m? 


dS - Elementary surface 


Süden a, Flux of vector 
P di field F 
a Y. ut 
Charge 
Surface 
S 
dS 
dS 
(a) Surface charge b) Flux crossing a surface 


Fig. 1.46 
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Similarly for the Fig. 1.46(b), the total flux crossing the surface S can be expressed as, 
.. (5) 


where a, = Unit vector normal to the surface S 
Both the equations (4) and (5) represent the surface integrals and mathematically it 
becomes a double integration while solving the problems. 


If the surface is closed, then it defines a volume and corresponding surface integral is 


given by, 
| n 
s 


This represents the net outward flux of vector field F from surface S. 
Key Point: 1. The closed surface defines a volume. 


2. The surface integral involves the double integration procedure mathematically. 


1.14.3 Volume Integral 


If the charge distribution exists in a three 
dimensional volume form as shown in the Fig.1.47 
then a volume integral is required to calculate the 


total charge. 
Charge 
Thus if p, is the volume charge density over a 


volume v then the volume integral is defined as, 


where dv = Elementary volume 


Fig. 1.47 Volume charge 


mm» Example 1.18 : Calculate the circulation of vector field, 
F- r cos 6a, +z sin $a, 


around the path L defined by 0 < r < 3, 0 < $ < 45° and z = 0 as shown in the 
Fig. 1.48(a). 
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x,.0-0? Path L 


(a) (b) 
Fig. 1.48 
Solution : Divide the given path L into three sections. 
Section I : r varies from 0 to 3, 6 - 0° and z = 0 


di = dra, ... Along radial direction 
3 — =m — 
[F-di = f (r^ cos ọ a, + z sin Qa;) * dr a, 
I r-Ü 
3 — -— — — 
= f r° cos 6 dr ata =l, a ea =O 
r=0 


373 
5] cos v-[2] [1129 
~ do 


Section II: r is constant 3, ọ varies from 0 to 45, z = 0 


di = doa, ... Along 6 direction 
— - 45" _ _ -— 
[F-at = f (r? cos o a, + Z sin $aj) * dóa, 
n o=0 
= 0 ve Bp 1 ag = a, ° ay =0 
Section III : r varies from 3 to 0, ¢= 45° and z = 0 
di = dr a, 


Note that di is always positive, limits of integration from r = 3 to 0 taking care of 
direction. 


0 
[F-at = [o cos à a, + z sin $a;) - dr a, 
H r=3 
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0 — — —- — 
= [ r^ cos 6 dr - aca,=l,a,+ a, =0 
rei 


37° = 
= cos 45° s - 0.7071 EA = — 6.3639 
3 


$F di = 9+ 0 - 6.3639 = 2.636 
L 


1.15 Divergence 


It is seen that $F. dS gives the flux flowing across the surface S. Then mathematically 

S 
divergence is defined as the net outward flow of the flux per urut volume over a closed 
incremental surface. It is denoted as div F and given b 


$F-d$ i 


lim S 
3v 0 AV 


= Divergence of F ...(1) 


where Av - Differential volume element 


Key Point: Divergence of vector field F at a point P is the outward flux per unit volume 
as the volume shrinks about point P i.e. lim Av — 0 representing differential volume element at 
point P. 


Symbolically it is denoted as, 


V-F = Divergence of F ...(2) 
where V = Vector operator = ia pea m 
ox * oy Y dz * 
But F = Fā, «Fya, +F,ā, 
...(3) 
This is divergence of F in Cartesian system. 
Similarly divergence in other co-ordinate systems are, 
19 19E OF, a 
ra UP LE 9 * dz Cylindrical ...(4) 


2 " 1 OF, m 
ux + and 9g n RUE rain 00 Spherical ...(5) 


1 9 1 ð 


Physically divergence at a point indicate how much that vector field diverges from that 
point. 
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Consider a solenoid i.e. electromagnet obtained by winding a coil around the core. 
When current passes through it, flux is produced around it. Such a flux completes a closed 
path through the solenoid hence solenoidal field does not diverge. Thus mathematically, 
the vector field having its divergence zero is called solenoidal field. 


V°A = 0 for A to be solenoidal 


Key Point: The concept and physical significance of divergence is elaborated in great detail 
in the section 3.10 of chapter 3. 


1.16 Divergence Theorem 
It is known that, 
pF dS 


" Lim $ 
V.F = Av—0 


AV ... Definition of divergence 


From this definition it can be written that, 


pF-dS = Jv-F dv ...(1) 


s 


This eqution (1) is known as divergence theorem or Gauss-Ostrogradsky theorem. 
The Divergence theorem states that, 


The integral of the normal component of any vector field over a closed surface is equal 
to the integral of the divergence of this vector field throughout the volume enclosed by 
that closed surface. 


The theorem can be applied to any vector field but partial derivatives of that vector 
field must exist. The divergence theorem as applied to the flux density. Both sides of the 
divergence theorem give the net charge enclosed by the closed surface i.e. net flux crossing 
the closed surface. 


Key Point: The divergence theorem converts the surface integral into a volume integral, 
provided that the closed surface encloses certain volume. 


This is advantageous in electromagnetic 
Closed surface S theory as volume integrals are more easy to 
evaluate than the surface integrals. 


The Fig. 1.49 shows how closed 


1 š 
Volume v surface S encloses a volume v for which 


enclosed by divergence theorem is applicable. 
closed surface S 


Key Point: The divergence theorem as applied 
with Gauss's law is included in the section 3.12 
of chapter 3. 


Fig. 1.49 
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»mb Example 1.19 : A particular vector field F = r 2 cos? $ a, + z sin $ ay is in cylindrical 
system. Find the flux emanating due to this field from the closed surface of the cylinder 
0 Sz <1, r = 4. Verify the divergence theorem. 


Solution : The outward flux is given by, 
> = $F. dS over a closed surface S 
s 


The cylindrical surface is shown in the Fig. 1.50. 


" Surface 
1 $1 
r=4 Pass ms 221 
: , 
1 
1 
: 1 
I 
[| 
^ - Surface 
- S 
i 2 
H 1 
4 1 < 
; i ^ 
Sy a lied eM 
Z| OE m n my 
x a Surface 
S3 
Fig. 1.50 


The total surface is made up of, 

1. Top surface S, for which z = 1, r varies from 0 to 4 and € varies from 0 to 2r. 

2. Lateral surface for which z varies from 0 to 1, $ from 0 to 2r and r = 4. 

3. Bottom surface S4 for which z = 0, r varies from 0 to 4 and 4 varies from 0 to 2r. 
For $,, dS = rdr dba, 


For So, dS = r dz doa, 
For S, dS = rdrdó(- aj) 
$F-dS = f(r? cos? $a, +zsin $a,) *(rdrdQa,) 
Sı $ 
= 0 4,08, =a, +a, =0 


$F- dS = $c cos? $a, *zsinóa,) *[r dr dọ (-8,)] 


$3 83 

= 0 a, ° a, =a,ea, =0 
$F-48 = f(r? cos? Qa, +zsin $a,) *(r dz d$a,) 
52 52 
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z=0¢=0 


1-55 


1 2x 
[ Jr cos? or dz dọ 


Vector Analysis 


= (4 |. fazeos? ò d= a faz [nga 


z=0%=0 


= 64x cda e 


= 64 x 1x 5 x 2n= 64n 


FedS = 


t -6m 


0 + 64r + 0 = 64r 


sin 26 " 
zi 


Let us verify divergence theorem which states that, 


$F-dS = $e. F) dv 
S v 


Now dv = r dr dódz 
oY a 10°F, dF 
VIE Sr Pee ux 
ane Or cos 242 D sing +0 
T or 
cos” [n] 2,2 2 zZcos o 
= Ta a +~(+c0s@) = 3 r cos u- 
E l osò 
$(V + F) dv = f j (ecos? Q4 9 p dr d$ dz 
v z=0 e-0r-0 


3 


p 


1 


- ff 


z=0 $-0 


- BEG 


sin 2 


o1” 
| +4z[sin qz | dz 
2 Jo 


cos? 6+7 cos e 


4 
do dz 
0 


fa [AFA |+ accen e do dz 


1 1 
= l] (32x [2n+0]+42[0]} dz = f 64r dz 


2=0 


= 64 nizi} = 64r 


z=0 


Z dS = "s F) dv and divergence theorem is verified. 


v 
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1.17 Gradient of a Scalar 


Consider that in space let W be the unique function of x, y and z co-ordinates in the 
cartesian system. This is the scalar function and denoted as W (x, y, z). Consider the 
vector operator in cartesian system denoted as V called del. It is defined as, 

ð- d. ð 
V (del) = ox t By y d 


Key Point: The operation of the vector operator del (V) on a scalar function is called 
gradient of a scalar. 


Grad W = vwal Sa s a EL 


Key Point: Gradient of a scalar is a vector. 


The gradient of a scalar W in various co-ordinate systems are given by, 


| Sr. No | Co-ordinate system Grad W = VW 
i = z oW. OW. 
KP auium YW 5 x Bt ay hia è 
Cylindrical = Wa, 12W av = aW r 
ben Ne 
EA 7t 


1.17.1 Properties of Gradient of a Scalar 


The various properties of a gradient of a scalar field W are, 
1. The gradtent V W gives the maximum rate of change of W per unit distance. 


r us * vsu É a, 


2. The gradient V W always indicates the direction of the maximum rate of change of 
W. 


3. The gradient V W at any point is perpendicular to the constant W surface, which 
passes through the point. 


4. The directional derivative of W along the unit vector a is V Wea (dot product), 
which is projection of V W in the direction of unit vector a. 


If U is the another scalar function then, 
5. V(U4 W) 
6. V(U W) 


VU4+VW 
UVW+WVU 
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(w) WVU-UVW 
Vf ee c 
w? 


mæ Example 1.20 : A particular scalar field œ is given by, 


a) œ = 20e^* sin (=) ... In cartesian 
b) ao = 25r sin$ -.. In cylindrical 
c) a = eee ... In spherical 


r? 


Find its gradient at P(0,1,1) for cartesian, rz. 5 j 5) for cylindrical and 


P(3,60°, 30°) for the spherical. 


Solution: a)  o«-220e' " sin EJ in cartesian 


aa _ 
Va = L 


At P (0, 1, 1) the V œ = —10a, + 9.0689 ay 
b) a= 25r sin ọ in cylindrical. 


Va = yat m «t3 s 
oa — ; om — 0a. 
a 25 sin 6 36^ Preosd, 5, 7 0 


Va = 25 sing a,+25coshay, 


At P (2, 25) the V a =25 4, 
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c) a= see in spherical. 
r 
Va = a ld, 1 da, 
~ or’ * roð 9 rsin@ dd ? 
ox — -3] _ _ gn COSO 
3p = Mcose[-2r-*] = - 80 -3 
De ee sing LN 
90 r ^ 0. 
Va = p ERE a, Nd sin® ag 
r r 


- At P (3,605, 30°) the V a = — 1.4814 a, -0.9362 a, 


1.18 Curl of a Vector 


The circulation of a vector field around a closed path is given by curl of a vector. 
Mathematically it is defined as, 


F. dl 
p — Lm $ 

Curl of F = svi iy AS. ... (1) 
where ASw = Area enclosed by the line integral in normal direction 


Thus maximum circulation of F per unit area as area tends to zero whose direction is 
normal to the surface is called curl of F. 


Symbolically it is expressed as, 
VXF = curl of F .. (2) 


Key Point: Curl indicates the rotational property of vector field. If curl of vector is zero, 
the vector field is irrotational. 


In various co-ordinate sysems, the curl of F is given by, 


= oF, OF,|_ for, aR] [9F oF, ]- 
a= eat PL ES a3 * 


z 


ie. ...(3) 
= _ [1323F OF |. [9E 9E]. f19(E) 19E]. 
id E a E ór iz eet ae |^" 
a, ra, a, 
ie VXF = 1 3 3 ——| Cylindrical 4) 
rior ð oz y a 
E R FE 
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9(rE 
et) r cannot be taken outside as differentiation is with respect to 


Key Point: In 


r. 


— 1 [0Fsin®@ dF]. 1f 1 OF XrE)]. 
ois in| 90 ES Sl aoe or |? 
1 a(r Fy) OF, = 
= “| or oo | > 
rag rsin@a, 
: m ð : 
ie. - > 38 ET Spherical 
E rH rsin@F, 


Key Point: The physical significance and concept of curl is discussed in detail in 
section 7.10 of chapter 7. 


1.19 Stoke's Theorem 


The Stoke's theorem relates the line integral to a surface integral. It states that, 
The line integral of F around a closed path L is equal to the integral of curl of F over 
the open surface S enclosed by the closed path L. 


Mathematically it is expressed as, 
-. (1) 


where dL = Perimeter of total surface S 


Open surface S Key Point: Stoke's theorem is applicable 

bounded by L only when F and V XE are continuous on 
the surface S. The path L and open surface S 
enclosed by path L for which Stoke's theorem 
is applicable are shown in the Fig. 1.51. 


E 


Key Point: The proof of Stoke's theorem is 


` included in the section 7.11 of chapter 7. 
dL Closed path L 
Fig. 1.51 


=> Example 1.21 : Verify Stoke's theorem for a vector field 
= r coso a, t z sin $ a, 


around the path L defined by O < r < 3, 0 < $ < 45? and z = 0 as shown in the 
Fig. 1.52. 
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X Q= 45° 


Fig. 1.52 
Solution : From Stoke's theorem, 
$F-dL = [(VxF)-dS 
L S 
The L.H.S. of Stoke's theorem is already evaluated in Ex. 1.18, which is 2.636. (Refer 


Page 1-50). 
To evaluate R.H.S., find V X F 


- [19K 9R] [dF 9E]. [1 rk) 19E]. 
“ior | f EE -ar rJ" 


F, = r’cos¢ Fp =0, F,=zsinọ 


<j 
x 
gz) 
li 


[xo-o]a. + 0-013, « [10 esi o], 


= rsin $a, 


dS = r dr do a, as surface is in x-y plane i.e. z = 0 plane for which normal direction is 


az. 


"EO as 3 373 
< [VXE)-dS = [(rsinga,)-(rdrdga, = | fr? sinodrdo= [5] [-cos a> 
S S 9-0 r=0 0 
= [9] [- 0.707 - (- 1)] = 9 x 0.2928 = 2.636 


Thus Stoke's theorem is verified. 
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1.20 Laplacian of a Scalar 


The divergence of a vector and gradient of a scalar are discussed earlier. The 
composite operator of these two is called Laplacian of a scalar. 


If V is a scalar field, then the Laplacian of scalar V is denoted as V?V and 
mathematically defined as the divergence of the gradient of V. 


Key Point: The operator V? is called laplacian operator. 


In cartesian co-ordinate system, 


V?v = VeVV= E + 


LE 2a LER 49V Na 
ox * dy Y Oz * ox Jy y oz 2 


...In cartesian system 


Key Point: The Laplacian of a scalar is always a scalar. 
In cylindrical co-ordinate system it is given by, 


1 d/_ov dV MY o 
2 (9 xj ae ...In cylindrical system 


9 ( in gov. 1 aV ...In spherical 
98] r?sin?0 o9 system 


— hH 
r? sin 0 E 


Harmonic Field : A scalar field is said to be harmonic in a given region, if its 
Laplacian vanishes in that region. 


Mathematically for a scalar field V to be harmonic, 


| 


This equation is called Laplace's equation. Its solution and applications are discussed 
throughly in the chapter 6. 


ma Example 1.22 : Find the Laplacian of the scalar fields and comment on, which fields are 
harmonic. 


i) W = x?y +xyz-yz? ii) U = rz sing +z? cos? ọ +r? 
iii) V = 2r cos 0 cosọ 
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Solution : i) W = x?y « xyz-yz? 


V?W = 


W FW W 
a + -—— + m 
ox? oy? əz? 


0 2 
a, xy yas oc TX2-Z )« S y- 2yz) 


2y+0+0+0+0-2y=0 


As V?W = 0, the scalar field W is harmonic. 


ii) U = rz sin $4z? cos? 


V?U = 


+r? 

1 2(,2U), 1 UU 

rot or} r? ææ oz 

1 3 Ir(zsings 20]. 3 Saltz cos $- —2z?sin 6$ cos $] 


lr sin ¢+2 z cos?$] 
.. 2 sin $ cos $= sin 20 


- z sin 64r]. [rz sin $-z?2cos 20] +[0+ 2 cos? 
r 


2 
Z sin 944-2 sin $—2. cos204 2cos? 6 
r r r 


2 
442 cos?o-27- cos2o 
r 


As V?U # 0, the scalar field U is not harmonic. 


iii) V = 2r cos 0cosó 


y?y = 


1 3[29V] 1 2 feing], ŽV 
ð dr | r? r? sing 38 00| r?sin?9 oe? 


10 1 o,. ; 
- lt (2 cos Bcosp]+ zo” 6(—2r cosp sin 6)] 
l 
EEF —2 
b: PET xc rcos sin $) 


1l. (4r cos 8cos €] = 1 [-2r cos ġx 2 sin 8 cos 6] 
r“ r^ sin Q , 


m cos 6cos 9] 


r? sin 

be 4cos@cos@  2cosO0cos -2 

nene —————-—.- = = — cot 6 cosec 6 cos > 
r r rsin* 0 r 


As V?V + 0, the scalar field V is not harmonic. 
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between A and B is 4 
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Examples with Solutions 


and B-4à, +B,a 


y then find B, 


such that angle 


5°. If B also has a term B, a,, what relationship must exist between B, 


and B, ? 
Solution: A =5 a, and B=44 x +Bya ay, 0 4p 745? 
Now A-B = A, B, +A, B, +A, B, 
(5x 4)-- (0) (0) -20 
But A.B |A] |B|cos8,g 
20 = J6% xka? «(By )^ x cos45° 
jl6+B2 = 5.6568 
2 
B? = 16 
B, = +4 
Now B = 4a, +B,a,+B,a, 
Still A-B 
20 = (5) xay! *(B,)^ +(B, Y xcos 45° 
J164B2 «B? = 5.6568 
Bj + BZ 16 


This is the required relation between B, and B,. 


mæ Example 1.24 : Find the unit vector directed towards the point (x,,y,,z,) from an 
arbitrary point in the plane y=-5 . 


Solution : The plane y = — 5 is pus to xz plane z 
as shown in the Fig. 1.53. 


The coordinates of point P are (x, — 5, z) as 
y 7—5 is constant. While Q is arbitrary point having, 1 
co-ordinates (x,,y1,2Z,). To find unit vector along 
the direction PQ. 


= PQ 

apg = [FO] Qo ez) 
P n.» y=- x 

Where PQ=Q-P plane 

PQ = (x -x)ā, *(y1 -(-5)à, *(z; -z)a, Fig. 1.53 


Downloaded From’: www.EasyEhgineering.net 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 1-64 Vector Analysis 


IPQ] = f(x, -xy «(y +5)" «(z; -z)? 


= E (xı —x) a, *(y1 *5)a, *(z1 -z)a, 


m (x -xy *(y: +5)" +(z, -zy 


ma Example 1.25 : Use spherical co-ordinates to write the differential surface areas dS, and 
dS, as shown and integrate to obtain the surfaces areas A and B as shown in the Fig. 1.54. 


4 
Ane 


Fig. 1.54 


Solution : Consider differential surface area dS,. The unit vector perpendicular to it is in 
the direction of increasing 6ie. a,. Hence d S, is dS,. 


dS, = rdrd0 a, 
A = ff rdrde 


Now r is changing from 0 to 1 while 0 is changing from 0 to 90°. (Note that 0 is 
measured from z axis.). 


90" 1 - 1 
A = IE r ar a=] [0]b 
0 0 0 
But for areas angles must be taken in radians. 


_ 1 al T_T 2 
A = 2* [90]25x75; 24 m 
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The differential surface area dS, is on the curved surface of sphere, the direction 
normal to it is from origin radially going outward ie. a,. 
dS, = r*sin@d@doa, 
Now r is constant as 1m. The 6 varies from 0 to 90° i.e. 


0 to 1/2 rad while is varying from 30° to 90° i.e. n/6 rad to m/2 rad. 


n/2n/2 n/2 
f J a” sin0d6edo-z J -cosel; ^ de 


n/6 0 ni6 


B 


[I-(-D] [ag 75-7573 m^ 


web Example 1.26 : Given points P(r =5,6=60°,z=2) and Q(r-2,0-1105,22-1) in 
cylindrical co-ordinate system. Find 
i) Unit vector in cartesian co-ordinates at P directed towards Q 
ii) Unit vector in cylindrical co-ordinates at P directed towards Q. 


Solution : Let us obtain the cartesian co-ordinates of P and Q. 
It is known that x =r cos¢ y=rsing and z=z 
 P(25,433,2) and Q (- 0.684, 1.8793, — 1) 
i) The unit vector from P to Q is, 
aro Eo A m where P and Q are position vectors 
IPQ] [PQI 
(-0.684-2.5)ā, +(1.8793—4.33)ā, +(-1-2)ā, 
E [PQI 
-3.184ā, -2.4507 ā, -3ā 


E3184} «(-24507Y. «(- 3)? 


apg = — 0.6349 a, — 0.4887 a, — 0.5983 a, 


ii) The vector PQ = — 3.184 a, — 2.4507 a, -3a, d ... As obtained earlier. 
Let us transform this into cylindrical coordinates. 
(PQ), = PQ.a, --3.184a, -a, -2.4507a, «4, —3a, +a, 
= — 3.184 cos $- 2.4507 (-sin q)+0 ... Refer Table 1.2 
At point P, $— 60? 
(PQ), = -3.184x0.5 - 2.4507 (— 0.866) = 0.5303 
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(PQ), = PQ.a, =- 3.1844, .à, — 24507 a, -3, —3a, *à, 
= — 3.184 (-sin 4) - 2.4507 cos $ 
AS (PQ), = - 3.184 (- 0.866) - 2.4507 x 0.5 = 1.5319 
and (PQ), = PQ-a, =-3 x S8,.8, -a,*à,20 
PQ = 0.5303 a, + 1.5319 a, 3a, 
PO _ 0.53034, 4153193, -3ā, 
IPG (0.5303)? +(1.5319)? -.(-3)? 


apo = 


= 0.155 a, + 0.449 a, — 0.88 a, 


mab Example 1.27 : Find the area of the curved surface using the cylindrical co-ordinates 
which lies on the right circular cylinder of radius 2 m, height 8 m and 40°<<90°. 
[UPTU : 2002-03] 


Solution : The surface is shown in the Fig. 1.55. 
r=2m 
A constant 
1 


-— 
- 


"-——-- 


The differential area normal to a, is, 
dS = r d$ dza, 


The surface is constant r surface and normal to it is unit vector a,. 


S = fds = ff r dọ az 
8 90° 
= f J r dġdz ..r=2m 
z=0 ġ=45° 
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= ria% [z]; 


= 2x[90°-45°]x TI —0] ...Use din radians 
_ 2x45?xnx 8. 2 
— 180 = 12.5663 m 


mæ Example 1.28 : Convert point P (1,3,5) from Cartesian to cylindrical and spherical 
co-ordinates. [UPTU : 2003-04] 


Solution : P(1, 3, 5) ie xz1, y=3, z=5 
In cylindrical system 


r= fx? +y? = 4143? = 3.1622 


D, a TT - 
$ — tan tan 1 71.56 


z= Zub 
- P(3.1622, 71.56", 5) in cylindrical 


In spherical system : 


yx? ey? +z? = V1? «32 45? = 5916 


0- tan“! = = cos"! Sams 32.31? 


r 


= ay. 2:3 o 
@ = tan = tan 1 71.56 


-. P( 5.916, 32.317, 71.569 in spherical. 
wb Example 1.29 : Given a vector function 
A = (3x &c42) d, +(cpx— 52) a, (4x- cy +042) 8, 
Calculate c,,C2,C3 and c, if A is irrotational and solenoidal. [UPTU : 2003-04] 
Solution : For A to be irrotational, VXA = 0 


- dA, PA,] fəa, 9A,] feAy OA, l 
ae [ER ea dy |°: 


A, =3x+q2 Ay =Cgx-5z  A,-4x-cC3y +4Z 

VXÀ =[-c +5] a, +[c, —4]a, *[c; —O]a, = 0 

c, =5, € =4 c, =0 ... For A to be irrotational 
For A to be solenoidal, V-A = 0 
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vex JA 9A, dA, _ 
ox ay 07 
c, =-3 ... For A to be irrotational 


ma Example 1.30 : Verify that vector field A=yza,+z2x@,+xya, is irrotational and 
solenoidal. (UPTU : 2005-06, 5 Marks) 


Solution : For A to be irrotational, VXA = 0 


— 0A 0A 
VxÀ = A_r |; Q[9^. 9A y OA, 
oy oz |^ | de ax | |óx dy d 
A, = yz Ay = 2x and A, = xy ...Given 
ðA, __ 9A, 9A, | OA, A, OA, | 
aie = Zz = Z, pe oe c Oy =X 


oy "z x 
VXA = [x-x]a, + ly Syl a, *[z-z]a, =0 
Thus A is irrotational. 
For A to be solenoidal, V «A = 0 
aA, JA, dA, 


‘go 7 xdi v EDDA 
OA 

DAs _ 9 Ar o 9^8 o 

ox oy Oz 

V.A = Ohence A is solenoidal 


mm» Example 1.31 : If A=aa, +24, +10 a, and 


B-4aa, 84, -20a4,, find out the value of œ for which the two vectors become 
perpendicular. (UPTU : 2006-07, 5 Marks) 


Solution : A = a3, 42a, *«102,, B= 4oa, «8a, -2oa, 
For perpendicular vectors, A+ B = 0 
-. (0) (40) + (2) (8) + 10 (-2 0) =0 
40 -200 416 = 0 


€ = dor1 


ma Example 1.32 : Given points A(x = 2, y = 3, z = — 1) and ( p = 4, 6 = — 50°, z = 2) 
find the distance A to B. (UPTU : 2006-07, 5 Marks) 
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Solution : A (x = 2, y -3,z--1) B(pz4$2-50,z-2) 
Converting point B to cartesian system, 

x = pcos $- 4 cos (- 50°) = 2.57115 

y = p sin >= 4 sin (- 50°) = — 3.0641 

z-zz-2 

dag = (xy -x4)* *(yp - YA) *tzg -zA)? 
(2.57115 -2)? +(-3.0641 -3)? +[2-(-1)]? 

J 0.326212 + 36.77331 +9 = 6.7896 


mw» Example 1.33 : Show that the vector fields 


v sin 20 (sin 0) 


3 
r^ 


and 


B =r cos0a, «ra are every where parallel to each other. — (UPTU : 2007-08, 5 Marks) 
Solution : For parallel vectors, AXB = 0 


Given A and B are in spherical co-ordinates. 


a, ag a% 
B, Be B, 
sin 20 2sin 0 
A. = y Ag = —7—, Ay =0 
r r 
B = rcosO ) Beg-r, By = 0 


AXB = a,[AgBy —BypAg]—aglA, By -B,A,]- a, [A,Bo -B,A o] 


m E sin 20 rcos 0x2sin 0] _ 
= 0a,-0a,- Xr-——————— |a, 


r? r? 


2sinO0cos0 2sin 0cos0] 
-| r nr 0 = 0 


As A XB = 0, the two vector fields are parallel to each other. 
ma Example 1.34 : Express the field E = ag in (i) rectangular components, ti) cylindrical 
r 


components. (UPTU : 2007-08, 5 Marks) 
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Solution : 

= Aà, . : 

E = — ...In spherical co-ordinates 


i) Spherical to rectangular 


E, sin8cosó cosO0cos$ -sin oll A / r? 

E, | = jsin@sing cosOsinó cosd 0 

cos Q -sin 0 0 0 

_ A cosQ 


A A. . 
E, = — sin 0cos $, E, = — sin sin , E, = 
p2 $ 22 $ E, r? 


Acos0 


a 
z 
r? 


[x2 2 

x^ " 
H estan 3 X 
z x 
z 

2 


But r- jx? +y?+z?, 0 = tan”! YZ 
y 


= A. = B o e 
E = -; sn 6cos$ a, +m Osinga, + 


x. 2 E 
yx + 
SSN I O cos 0 ——————— 
yx? +y? +2? Jx? ty? +2? 
x 


y 


———À3, cos $= ———— 


yx? +y? x? + 
2.—2 
A X ty' , x 


ME S v 7) xí E 
2m 2v 7 x 
x” +y“ +Z yx? +y? +27 yx? +y? 


[^] 
E 
e 
H 


sin > 


mi 
Ii 


A xo 4^: 93 


+ D Ma, 
X" ty +z" Jx yz yx? +y? 
"PEN -SEE T ae NN a 
bevise Ioa 25 
X +y +Z x? «y? +z’ 
z Ax E Ay " Az = 
= T7212 apn 2 xt aLL. Fy 13.3 Tha ?z 
(x^ *y^ *z^) (x^ *y^ z^) (x^ +y*+z*)° 


ii) Spherical to cylindrical 


E, sin cose O]lA/r? 
E,| = 0 0 1 0 
E, cos0 -sin@ 0 0 
A sin 6 A cos 0 
E, z= E , Ep =0, E = zi 
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r = yp?+z?, 0-tnlP 
sin 0 - E cos 0 = Z 
p? +z? p? +z? 
= _ Ap - Az = 
~ (p? $7 2)3/2 A PEST EL az 


ma Example 1.35 : Find the divergence and curl of the following function : 


4 - = 2.4 3z 
A = 2xy a, * x" zü, +274, 


(UPTU : 2007-08, 5 Marks) 
Solution : A = 2xy a, +x7za, *z?a, 


(09A 
Un eur OAs L 2y 404322 = 2y + 32 


QA = “amy ee 
ax a, a, ax ay a, 
A TENE | 
MOIS SW x 
A, Ay A, 2xy x?z z’ 


= a Oz? _dx?z -à 92? _02xy +E ox?z O02xy 


= a,[0-x^]-a,[0]*-a, [2xz -2x] 


= -x?a, + 2x (z-1)a, 


Review Questions 


1. What is a scalar and scalar field ? Give two examples. 
. What is a vector and vector field ? Give two examples. 
. What is a unit vector ? What is its significance in the vector representation ? How to find unit 
vector along a particular vector ? 
. Explain cartesian co-ordinate system and differential elements in cartesian co-ordinate system. 


. Explain cylindrical co-ordinate system and differential elements in cylindrical co-ordinate system. 

. Explain spherical co-ordinate system and differential elements in spherical co-ordinate system. 

. What is a dot product ? Explain its significance and applications. 

. What is a cross product ? Explain its properties and applications. 

. Explain the relationship between cartesian and cylindrical as well as cartesian and spherical 
systems. 

. How to transform the vectors from one coordinate system to other ? 
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- Given two points A (5, 4, 3) and B (2, 3, 4). 
Find: i) A+B i) A*B — ii)O,, iv) AXB 
v) Unit vector normal to the plane containing A and B. 
vi) Area of parallelogram of which A and B are adjacent sides. 
[Ans.:73, +74, +7a,, 34, 26.762", 0.41 4, — 0.824, + 0.414,, 17.1464] 
(Hint. : For area |A| |B| sin $5 =[A XB]] 


. If two positions vectors given are, A =-2ā, -5 a, 4a, and B=2a,+ 3, * 5 ni. then find, 
i AB ii) Gi ii) äg iv) ü,p v) Unit vector in the direction from C to A where C is (3,5, 8). 
[Ans. : 44, +84, + 92,, 0.298 4, — 0.745 3, — 0.596 a,, — 0.324 a, + 0.486 a, — 0.811 2,, 
0.315 a, + 0.63.2, + 0.71 a,, — 0.304 a, — 0.612, — 0.732 4,] 
. Find the value of B. such that the angle between the vectors A=2a,+a@,+4a@, and 
B --22,- 8, + B, à, is 45°. (Ans. : 7.9] 
. For the vectors, A =24,-24,+ à, and B -32,* 52, -22, find A+B , AXB and show that 
AXB- (Bx) SN. oi uei 
. Show that A -242,—28, — a. and B=a,+ 4a, — 4A are mutually perpendicular vectors. 
[Hint. : Show A ° B = 0] 
. Find the angle between the vectors, A-2a,* 4a,-a. and B-3a,*6,-44, using dot 
product and cross product. [Ans. : 18.217] 
. Consider two vectors P = 4a, + 10, and Q =27,+ 32,. Find the projection of P and Q. 
[Ans. : 3.328] 
. Given the points A (x = 2, y = 3, z = — 1) and B(r 2 4, - —50*.z —2) , find the distance of A 
and B from the origin. Also find distance A to B. [Ans. : 3.74, 4.47, 6.78] 
. Given the two points A (x = 2, y = 3, z = — 1) and B(r =4,0=25°,ġ=120°). Find the spherical 
coordinates of A, cartesian coordinates of B and distance AB. 
[Ans. : A (3.74, 105.5", 56.319, B (— 0.845, 1.46, 3.627, 5.64) ] 
20. Transform the vector 5 a, at Q (x = 3, y = 4, z = — 2) to the cylindrical co-ordinates. 
[Ans.:33, -43,] 
. What is Laplacian of a scalar field ? What is its significance. 
. Find the Laplacian of the following scalar fields : 
i) W = e?sin2xcoshy [Ans.:—2 e “sin 2x cosh y] 


ii) V = 10 r sin? 6 cos 6 [Ans. : 10€959 4 + 2 (052 6] 
r 
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University Questions 
1. What do you mean by Scalar and Vector Fields ? Show the difference between the two. 
[UPTU : 2002-03, 5 Marks] 
2. Give the physical interpretation of gradiant and curl of a vector. | UPTU : 2003-04(A), 5 Marks] 


. Represent the dot product of V with vector field in spheircal co-ordinate system. 
[UPTU : 2003-04(B), 5 Marks] 


. Give the physical interpretation of gradient, divergence and curl of a vector field. 
[UPTU : 2003-04(B), 5 Marks] 


. Discuss the Stokes' theorem and its application. [UPTU : 2003-04(B), 5 Marks] 
. Verify that vector field A = yza, «2xa, + xya, is irrotational and solenoidal. 
[UPTU : 2005-06, 5 Marks] 
. Write down gradient of any scalar pin divergence and curl of any vector. A in different 
co-ordiante system. [UPTU : 2006-07, 5 Marks] 
If A-a. a, * 2 a, * 10 a, and 
B-4a 2, 8 à, -20 a, find out the value of c for which the two vectors become perpendicular. 
[UPTU : 2006-07, 5 Marks] 
. Given ponts A(x = 2, y = 3, z = — 1) and B( p = 4, 6 = - 50°, z = 2) find the distance A to B. 
[UPTU : 2006-07, 5 Marks] 
. Show that the vector fields 
A -s SERE, an C9 and 


B =r cosa, ra are every where parallel to each other. [UPTU : 2007-08, 5 Marks] 


. Express the field E = fa, in (i) rectangular components, ii) cylindrical components. 
[UPTU : 2007-08, 5 Marks] 


Write down the word statement of divergence theorem and Stokes theorem. Find out the divergence 
and curl of the following function. 
A = 2xy ü, *x/zà, *z?a; [UPTU : 2007-08, 5 Marks] 

. Establish the following vector identities : 

i) Ax(BxC) = (A*OB-(A* BC 

ii) V-(VxA) = 0 [UPTU : 2008-09, 10 Marks] 
- Discuss the following terms as applied to vector fields : 

i) Gradient 

ii) Divergence f 

iii) Curl and its physical interpretation [UPTU : 2008-09, 10 Marks] 


uua 
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Electric Field Intensity 


2.1 Introduction 


Electrostatics is a very important step in the study of engineering electromagnetics. 
Electrostatics is a science related to the electric charges which are static ie. are at rest. An 
electric charge has its effect in a region or a space around it. This region is called an 
electric field of that charge. Such an electric field produced due to stationary electric 
charge does not vary with time. It is time invariant and called static electric field. The 
study of such time invariant electric fields in a space or vacuum, produced by various 
types of static charge distributions is called electrostatics. A very common example of such 
a field is a field used in cathode ray tube for focusing and deflecting a beam. Electrostatics 
plays a very important role in our day to day life. Most of the. computer peripheral 
devices like keyboards, touch pads, liquid crystal displays etc. work on the principle of 
electrostatics. A variety of machines such as X-ray machine and medical instruments used 
for electrocardiograms, scanning etc. use the principle of electrostatics. Many industrial 
processes like spray painting, electrodeposition etc. also use the principle of electrostatics. 
Electrostatics is also used in the agricultural activities like sorting seeds, spraying to plants 
etc. Many components such as resistors, capacitors etc. and the devices such as bipolar 
transistors, field effect transistors function based on electrostatics. Hence this chapter 
introduces the basic concepts of electrostatics. 


2.2 Coulomb's Law 


The study of electrostatics starts with the study of the results of the experiements 
performed by an engineer from the French Army Engineers, Colonel Charles Coulomb. 
The experiments are related to the force exerted between the two point charges, which are 
placed near each other. The force exerted is due to the electric fields produced by the 
point charges. 


A point charge means that electric charge which is spreaded on a surface or space 
whose geometrical dimensions are very very small compared to the other dimensions, in 
which the effect of its electric field is to be studied. Thus a point charge has a location but 
not the dimensions. A charge can be a positive or negative. A charge is actually the 
deficiency or excess of electrons in the atoms of a particle. An electron possesses a 


(2 - 1) 
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negative charge. So the deficiency of an electron produces positive charge while excess of 
an electron produces negative charge. The charge is measured in Coulombs (C). The 
smellest possible charge is that corresponding to the charge on one electron which is 
1.602x 107" C. Hence one Coulomb of charge is defined as the charge possessed by 
(1/1.602x107?) ie. 6x10! 5 number of electrons. There can be an isolated positive or 
negative charge which exerts force on other charge placed in its vicinity. It is well known 
that the like charges repel while unlike charges attract each other. The Coulomb's law 
formulated in 1785 is related to such a force exerted by one charge on the other. 


2.2.1 Statement of Coulomb's Law 
The Coulomb's law states that force between the two point charges Q, and Q,, 
1. Acts along the line joining the two point charges. 
2. Is directly proportional to the product (Q, Q;) of the two charges. 
3. Is inversely proportional to the square of the distance between them. 


Consider the two point charges Q, and Q, as 
shown in the Fig. 2.1, separated by the distance R. The 


22 ‘as charge Q, exerts a force on Q, while Q, also exerts a 
HR force on Q,. The force acts along the line joining Q, 
and Q;. The force exerted between them is repulsive 

Fig. 2.1 if the charges are of same polarity while it is attractive 


if the charges are of different polarity. 
Mathematically the force F between the charges can be expressed as, 


where Q,Q2 = Product of the two charges 
R - Distance between the two charges 


The Coulomb's iaw also states that this force depends on the medium in which the 
point charges are located. The effect of medium is introduced in the equation of force as a 
constant of proportionality denoted as k. 


F = Kaige ~ (2) 
where k = Constant of proportionality 


22.1.1 Constant of Proportionality (k) 


The constant of proportionality takes into account the effect of medium, in which 
charges are located. In the International System of Units (SD, the charges Q, and Q; are 
expressed in Coulombs (C), the distance R in metres (m) and the force F in newtons (N). 
Then to satisfy Coulomb's law, the constant of proportionality is defined as, 
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1 
k = Tne .. (3) 
where € = Permittivity of the medium in which charges are located 


The units of € are farads/metre (F/m). 


In general € is expressed as, : 

E 
where £o = Permittivity of the free space or vacuum 

€, = Relative permittivity or dielectric constant of the 


medium with respect to free space 


€ Absolute permittivity 


For the free space or vacuum, the relative permittivity e, 21, hence 


€ = Eg 
_ 1 QQ 
F = in. Re -. (5) 
The value of permittivity of free space £, is, 
"UE 09 ET 
Eg = 35:10 = 8.854x10-"* F/m -. (6) 
s I ELO vd D 895x102 2 9510 m/F NI, 
4n£g  4nx8.854x10^? 
Hence the Coulomb's law can be expressed as, 
F- Rigs: .. (8) 
ANER 


This is the force between the two point charges located in free space or vacuum. 
Key Point: As Q is measured in Coulomb, R in metre and F in newton, the units of €p 


are, 
2 2 
inverse, m ce aE LLL VUL 
(N) (m?) N-m* N-m m 
C? 
But Nom 7 Farad which is practical unit of capacitance 


Unit of £, = F/m 


2.2.2 Vector Form of Coulomb's Law 


The force exerted between the two point charges has a fixed direction which is a 
straight line joining the two charges. Hence the force exerted between the two charges can 
be expressed in a vector form. 
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Consider the two point charges Q, and Q, located at the points having position 
vectors r, and T, as shown in the Fig. 22. 


Fig. 2.2 Vector form of Coulomb's law 


Then the force exerted by Q; on Q, acts along the direction Ri? where à,, is unit 
vector along Riz. Hence the force in the vector form can be expressed as, 


z e 9 = 


Vector 


where an = Unit vector along Ry “Magnitude of vector 
ap, = Ry 2-4 = E -n . (10) 
| Ril | Ril |z 75 | 
where E = R = distance between the two charges 


The following observations are important : 


1. As shown in the Fig. 2.3, the force Ej is the force exerted on Q, due to Q,. It can be 


expressed as, 
F = Q1Q; asc Q1Q; x t- 


" ET ur ~. (11) 
4neoR}, ^ 4neoR3, |h 5| 
43 = -àap 
Hence substituting in (11), 
= Q,2, _ = 
Fir = ———(-a =-F2 ... (12 
Ane R2, ( 2) ( ) 


Hence force exerted by the two charges on each other is equal but opposite in 
direction. 
2. The like charges repel each other while the unlike charges attract each other. This is 


- Shown in the Fig. 23. These are experiement conclusions though not reflected in the 
mathematical expression. 
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Q, Q; 

------ 

1 (a) F2 
Q; Q2 

FÉ Fa 
(c) 
Fig. 2.3 


Electric Field Intensity 


Qi Q 
= 
F1 (b) 2 

Q, Q2 
— Or - * ees 

(d) 


3. It is necessary that the two charges are the point charges and stationary in nature. 
a 


4. The two point charges may be positive or negative. Hence their signs must be 
considered while using equation (9) to calculate the force exerted. 


5. The Coulomb's law is linear which shows that if any one charge is increased 'n' 


times then the force exerted also increass by n times. 


F2 = -F then 


where n = Scalar 


2.2.3 Principle of Superposition 


nF2 --nh 


If there are more than two point charges, then each will exert force on the other, then 
the net force on any charge can be obtained by the principle of superposition. 


Q, 
Pe 
1 
i wu Q 
Y. ^ 
Q 1^ J 
2e 2a ^ / 
I AL ua " 
! Frm el ; 
d "d z*Q 
= ^ - ` 
r2! Pd "d V 
! r -T ~ 
i rn -77 T N 
i p aste N - 
pL b t 
d E AER SEARERIC EE Q 
Origin T3 3 
O 
Fig. 2.4 
po. 99, 
QQ ^ 1Q 
4n£gRio 
- r-r 
where ai = ——2 
|T- 1 | 


Similarly force exerted due to Q, on Q is, 


Consider a point charge Q 
surrounded by three other point 
charges Q,, Q, and Q,, as shown in 
the Fig. 2.4. 

The total force on Q in such a 
case is vector sum of all the forces 
exerted on Q due to each of the other 
point charges Q,, Q, and Q}. 

Consider force exerted on Q due 
to Q,. At this time, according to 
principle of superposition effects of 
Q, and Q, are to be suppressed. 


-. (13) 
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z QI. 
F Q = ———, 420 sss (14) 
Q2 ANER o 
i-I 
where agp m L—— 
ds |r-z | 


And force exerted due to Q, on Q is, 


= QQ _ 7 
Eg -—3 a ... (15) 
B amRio ^" ( 
where ayg = 2 
|r- 3| 


Hence the total force on Q is, 
In general if there are n other charges then force exerted on Q due to all other n 
charges is, 


Eo = Fo, Q + Fog d. T Fo, m (17) 


Qu XT ... (18) 


2.2.4 Steps to Solve Problems on Coulomb's Law 
Obtain the position vectors of the points where the charges are located. 


Step 2: Obtain the unit vector along the straight line joining the charges. The 
direction is towards the charge on which the force exerted is to be 
calculated. 


Using Coulomb's law, express the force exerted in the vector form. 


Step 4: If there are more charges, repeat steps 1 to 3 for each charge exerting a 
force on the charge under consideration. 


^ 
Step 5: Using the principle of superposition, the vector sum of all the forces 
calculated earlier is the resultant force, exerted on the charge under 
consideration. 


m Example 2.1 : A charge Q, =—20 uC is located at P (— 6, 4, 6) and a charge Q, =50 uC 
is located at R (5, 8, — 2) in a free space. Find the force exerted on Q, by Q, in vector form. 
The distances given are in metres. 


Solution : From the co-ordinates of P and R , the respective position vectors are — 


P = -62, «4a, +63, 
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and R = 5a, 48a, -2a, 


The force on Q, is given by, 
p . QQ - 


12 
4n£o Ri, 


Rp = Rer -R-P-[5-(- 6] a, +(8—4) a, +[-2-(6)a, ] 


-11a, +44, -83, 


d (11)? +(4)? +(-8)? =14.1774 


E 
E. 
It 


(58-27 
Fig. 2.5 

=. . Rn 11a, +4a, -8a, 

2 [R| 14.1774 


ay = 0.7758 a, +0.2821 a, —0.5642 a, 
= —20x 10x50x10 


F2 = ————_——_ la 
2 “Gx 8.85410 x (14.1774)? Bal 


= —0.0447 [0.7758 a, +0.2821 a -0.5642 a] -. (0) 
= —0.0346 a, —0.01261 a, 0.02522 a, N . (2) 
This is the required force exerted on Q, by Qj. 
The magnitude of the force is, 


|F2| = {(0.0346)? +(0.01261)? +(- 0.02522)? = 44.634 mN 
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Key Point: Note that as the two charges are of opposite polarity, the force F2 is attractive 
in nature. As shown in the Fig. 2.5, it acts in opposite direction to a4,, which is indicated by 
negative sign in the equation (A). 


næ Example 2.2 : Four point charges each of 10 uC are placed in free space at the points 
(1, 0, 0), (-1, 0, 0), (0, 1, 0) and (0, — 1, 0) m respectively. Determine the force on a point 
charge of 30 uC located at a point (0, 0, 1) m. 


Solution : Use the principle of superposition as there are four charges exerting a force on 
the fifth charge. The locations of charges are shown in the Fig. 2.6. 


D 
Q; (0,-1,0) 


m 


Fig. 2.6 


The position vectors of four points at which the charges Q, to Q, are located can be 
obtained as, 


A=3,, B--a,, C=a, and D--a, 


while position vector of point P where charge of 30 uC is situated is, 


P-a, 
Consider force on Q due to Q, alone, 
Ei = QQ, ʻi = QQ, Rig 


— —— 7 8,9 = I 


where Rig = P-A-a,-a, and [Rio |=v1? +1? -J2 
NN 30x10 x10x 10 E z^ 
4nx 8.854x10 ?? x(42)* 


0.9533 [2, -a, ] . (1) 
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It can be seen from the Fig. 2.6 that due to symmetry, 


[Rio] = [Rzo| = |R| = |R| = v2 
= A ue » 
Now Ra = P-B = aj4a,,  8;9,-a2,«a8,/42 

Ro = P-C =a,-a,, 439 =4, —a,/V2 
Rig = P-D =4,+8,, ās =4, +4,/V2 

z QQ, 

F2 = Force on Q due to = 

2 Oo Q Q: Ane RÀ; 2Q 

E. tu _ QQ, . 

F3 = Force on Q due to Qs 7 eR 3Q 

Fa = Force on Q due to Q, ae. 

Ane gRig 
QQ: | 223 _ Qa _ 30x10% x10x107* 2 13481 
4n£gR$o 4n£gRáo — 4n£g Rio 4nx 8.854x 107? x (42)? 

a a, +a 

Fo = 13481|———. |=0.9533 (a, +3, n (2 

z || «05525 (i, 2.) Q 
Fs = 13481 |2: —"* |-09533 (a, -a (3) 

3 x 1. g [9 (3, -3,) T 
cr a,+a 

z z "Uy |. i 45 
Fy = 13481 | 5 |=03533 (a, +ā,) ~. (4) 


Hence the total force F, exerted on Q due to all four charges is vector sum of the 
individual forces exerted on Q, by the charges. 
FR = hGERERE 
= 0.9533 [a, -a, +4, +4, +4, -a, +a, +a, | = 3.813 a, N 
2.3 Electric Field Intensity 
Consider a point charge Q, as shown in Fig. 2.7 (a). 


Pe OR 
x 3 " 
bd Li Pon p 
E ORs 
v * 1 2 S. 
N H r à 
x 
` " m 
eX d am 
x z M 
z Qi, k 
"n EN 
i . y 


(b) 
Fig. 2.7 Electric field 
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If any other similar charge Q, is brought near it, Q, experiences a force. Infact if Q, 
is moved around Q,, still Q, experiences a force as shown in the Fig. 2.7 (a). 

Thus there exists a region around a charge in which it exerts a force on any other 
charge. This region where a particular charge exerts a force on any other charge located in 
that region is called electric field of that charge. The electric field of Q, is shown in the 


Fig. 2.7 (b). 
The force experienced by the charge Q, due to Q, is given by Coulomb's law as, 
= QiQ, ~ 


F2 = ay 
ANE, Rb 


Thus force per unit charge can be written as, 


E S m. (1) 


Q; ^ ane RZ 
This force exerted per unit charge is called electric field intensity or electric field 


strength. It is a vector quantity and is directed along a segment from the charge Q, to the 
position of any other charge. It is denoted as E. 


= Ch m 
E = —L-à w (2 
Ane Rj, lp : (2) 
where p = Position of any other charge around Q, 


The equation (2) is the electric field intensity due to a single point charge Q, in a free 
space or vacuum. 


Another definition of electric field intensity is the force experienced by a unit positive 
test charge i.e. Q, = 1C. 


Consider a charge Q, as shown in the Fig. 2.8. The unit positive charge Q, = 1C is 
placed at a distance R from Qj. Then the force acting on Q, due to Q, is along the unit 
vector ag. As the charge Q, is unit charge, the force exerted on Q, is nothing but electric 
field intensity E of Q, at the point where unit charge is placed. 


Fig. 2.8 Concept of electric field intensity 
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. (3) 


If a charge Q, is located at the center of the spherical coordinate system then unit 
vector ap in the equation (3) becomes the radial unit vector a, coming radially outwards 
from Q,. And the distance R is the radius of the sphere r. 


Pac 


4nt&or 


z à, in spherical system -.. (4) 


2.3.1 Units of E 
The definition of electric field intensity is, 


s. Force _(N) Newtons 
~ Unit charge (C) Coulomb 


Hence units of E is N/C. But the electric potential has units J/C i.e. Nm/C and hence 


E is also measured in units V/m (volts per metre). This unit is used practically to express 
E 


2.3.2 Method of Obtaining E in Cartesian System 
Consider a charge Q, located at point A(x,, y;,z;) as shown in the Fig. 2.9. It is 


required to obtain E at any point 
B(x, y, z) in the cartesian system. Then E 
at point B can be obtained using 


following steps : 


Step 1 : Obtain the position vectors 
of points A and B. 


Tt, =A while rg-B from 
their co-ordinates 


>| 


=x,a,+y,a,+2,a, and 


B = xa, +ya, *za,. 
Fig. 2.9 E In cartesian system Step 2 : Find the distance vector R 
directed from A to B. 


R = B-A = (x-x,)a, +(y-yi)a, +(2-21)8, 


Step 3 : Find the unit vector ap along the direction from A to B. 


ag = 


Downloaded From : www.EasyEhgineéring.net 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 2 - 12 Electric Field intensity 


Step 4 : Obtain the E at the point B as, 


Ecc ee LE. yin 
"ung RÀ: åre, R? |R| 
where R? = |R[? = Distance between the points A and B 


Step 5 : Magnitude of E is given by, 
Q 


E] = —=— V/m 
IEI 4n£ R? 
Substituting R and |R | interms of the cartesian co-ordinates of A and B, the required 
electric field intensity E at the point B can be obtained. 


2.3.3 Electric Field due to Discrete Charges 


Similar to a force exerted on a charge due to n number of charges is the vector sum of 
the individual force exerted by each charge, the electric field at a point due to n number of 
charges is to be obtained using law of superposition. 


Consider n charges Q,, Q; ... Qn as shown in the Fig. 2.10. The combined electric field 
intensity is to be obtained at point P. The distances of point P from Q,,Q; ...Q, are 
Ri; R3, ..R, respectively. The unit vectors along these directions are ag;,8g;......3g, 
respectively. 


Fig. 2.10 E due to n number of charges 


Then the total electric field intensity at point P is the vector sum of the individual field 
intensities produced j the various charges at the point P. 


= E, +E, +E, 4E, 
Qi = Q2 x Qa x 


— apg + — ap t...t ap 
Ane, R2 4x£g R2 4ne,R2 ^ 
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-. (5) 


Each unit vector can be obtained by using the method discussed earlier. 


= Ip-—H 
SuRpOU.1—— 3 
[rs] 
where fp = Position vector of point P 


"t1 
i 


2.3.4 Important Observations 


The important observations related to E are, 


Position vector of point where charge Q; is placed. 


1. E around a charge Q; is directly proportional to the charge Q}. 


2. E around a charge Q, is inversely proportional to the distance between charge Q, 
and point at which E is to be calculated. More is the distance less is the electric 
field intensity and less will be the force experience by a unit charge placed at that 


point. 


3. The field intensity E at,any point and force F exerted on a charge placed at the 


same point are always in the same direction. 


4. Placing unit charge is a method of detecting the presence of electric field around a 
charge. Without any unit test charge placed nearby, every charge has its electric 


field always existing, around it. 


5. The test charge placed must be small enough so that the electric field intensity E to 


be measured should not get disturbed. 


m Example 2.3 : Determine the electric field intensity at P(— 0.2, 0, — 2.3) m due to a point 


charge of +5 nC at Q(0.2, 0.1, — 2.5) m in air. 


Solution : pEnonc 
Are )R? 


_ e 


ae 


P-Q = (-02-02)a, «(0-01)a, *[-2.3-(-25)]a; 


-04a, -01a, +028, 
-04a, -014, «023, 


(047 +(01)? «(02) 


04a, -01à, +028, 
0.45825 


" s 
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= -08728a, -02182a, +0.4364a, 
R = |P-Q| = 0.45825 


= 5x10? " " 
gE = OX"  —.[a.-2a 
4nx 8854x 107"? x (045825)? Ba] j 


Substituting value of ag, 
E = -186.779 4, —46.694a, «93.389 a, V/m 
This is electric field intensity at point P. 
me Example 2.4 : Calculate the field intensity at a point on a sphere of radius 3 m, if a 
positive charge of 2 uC is placed at the origin of the sphere. 


Fig. 2.12 


/ 
Solution : Let us use spherical co-ordinate system. 


The sphere of radius r = 3 m. 
R= r=3m 


And E acts radially outwards along the unit vector 4, in spherical co-ordinate system. 


ag = à, in this case. 

E = €— 9 
Aner 

B -6 

E = 2x10 


i m 2" 
4nx8.854x10^ ^ x(3) 


1.9972 a, kV/m 


Note that in this case a, is specifically unit vector in spherical co-ordinate system, 
which is special case of general ap. 
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w Example 2.5 : A charge of 1 C is at (2, 0, 0). What charge must be placed at (- 2, 0, 0) 
which will make y component of total E zero at the point (1, 2, 2) ? 


Solution : The various points and charges are shown in the Fig. 2.13. 


Fig. 2.13 


The position vectors of points A, B and P are, 
A = aa B2:24, 
_P = ā,+2ā,+2ā, 
E, is field at P due to Q}, and will act along aap. Eg is field at P due to Q, and will 
act along agp. 


z ("AT Q P-A 

E = d E MART II —— 
TE Rip Ame, Rip |P-A| 

5 Q: = Q2 P-B 


= —————— 2 — X —— —— 
4nto Rip ^ 4ntgRip |P-B| 


1 E P-A „Q ri 


aac ala rro R2 |P- A| Rép |P- B| 


(v9)? I fa? «a « +O! +(2)? n 7)? (3) "E (2)? +(2)? 


1 -ā, +2a,+2a, Q;[3a, +2a, +2a,]} 
7 T 70.0927 . 


1 1[-a, +2a,+2a z] Q;[3a, «2a, +2a y *2a,]- 
= ARE, 


T ARE 


The y pss of E must be zero. 


L2, 1 
5 * 50.0927 
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2 . 70.0927 
Q: = —4X——--2596 C 


This is the required charge Q; to be placed at (-2,0,0) which will make y component 
of E zero at point P. 


2.4 Types of Charge Distributions 


Uptill now the forces and electric fields due to only point charges are considered. In 
addition to the point charges, there is possibility of continuous charge distributions along 
a line, on a surface or in a volume. Thus there are four types of charge distributions which 
are, 


1. Point charge 2. Line charge 3. Surface charge 4. Volume charge 


2.4.1 Point Charge 


It is seen that if the dimensions of a surface carrying charge are very very small 
compared to region surrounding it then the surface can be treated to be a point. The 
corresponding charge is called point charge. The point charge has a position but not the 
dimensions. This is shown in the Fig. 2.14 (a) The point charge can be positive or 
negative. 


2.4.2 Line Charge 

It is possible that the charge may be spreaded all along a line, which may be finite or 
infinite. Such a charge uniformly distributed along a line is called a line charge. This is 
shown in the Fig. 2.14 (b). 


Q4 
+0 
Qz 
E 
Q 
+0 2 
(a) Point charges (b) Line charges 


Fig. 2.14 Charge distributions 
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The charge density of the line charge is denotcd as p; and defined as charge per unit 
length. 


_ Total charge in coulomb 


— . Total length in metres tomi 


L 


Thus p, is measured in C/m. The p, is constant all along the length L of the line 
carrying the charge. 


2.4.21 Method of Finding Q from p, 


In many cases, p; is given to be the function of coordinates of the line ie. p; =3x or 
pı =4y? etc. In such a case it is necessary to find the total charge Q by considering 
differential length d? of the line. Then by integrating the charge dQ on dl, for the entire 
length, total charge Q is to be obtained. Such an integral is called line integral. 


Mathematically, dQ =p, d! = charge on differential length dl 
Q = f dQ=f pdl - (1) 
L L 


If the line of length L is a closed path as shown in the Fig. 2.14 (b) then integral is 
called closed contour integral and denoted as, 


L 


A sharp beam in a cathode ray tube or a charged circular loop of conductor are the 
examples of line charge. The charge distributed may be positive or negative along a line. 


næ Example 2.6 : A charge is distributed on x axis of cartesian system having a line charge 
density of 3x? uC/m. Find the total charge over the length of 10 m. 
Solution : Given p; 23x? uC/m and L = 10 m along x axis. 


The differential length be d! = dx in x direction and corresponding charge is 
dQ -p, d/-p,; dx 


Oo 
I 


10 3 10 
f pu dts f 3x? dx = EM 
L 0 " Jo 


1000 pC = 1 mC 


2.4.3 Surface Charge 


If the charge is distributed uniformly over a two dimensional surface then it is called a 
surface charge or a sheet of charge. The surface charge is shown in the Fig. 2.15. 


The two dimensional surface has area in square metres. Then the surface charge 
density is denoted as pg and defined as the charge per unit surface area. 
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thtttettet 
Reb tetets 
FEE EH eet GA 
FHeE ee eats 
CREBRA 
RR RR B GBA 
eo 


Ps 


Fig. 2.15 Surface charge distributions 


Total charge i lomb 
j: otal charge in coulom (C/ m?) 


= Totalarea in square metres 
Thus p, is expressed in C / m?. The pg is constant over the surface carrying the charge. 


24.31 Method of Finding Q from ps 


In case of surface charge distribution, it is necessary to find the total charge Q by 
considering elementary surface area dS. The charge dQ on this differential area is given by 
ps dS. Then integrating this dQ over the given surface, the total charge Q is to be 
obtained. Such an integral is called a surface integral and mathematically given by, 


S S 


The plate of a charged parallel plate capacitor is an example of surface charge 
distribution. If the dimensions of the sheet of charge are very large compared to the 
distance at which the effects of charge are to be considered then the distribution is called 
infinite sheet of charge. 


2.4.4 Volume Charge 


If the charge distributed uniformly in a volume then it is called volume charge. The 
volume charge is shown in the Fig. 2.16. 


Fig. 2.16 Volume charge distribution 
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The volume charge density is denoted as p, and defined as the charge per unit 
volume. 


o ds Total charge in coulomb C 


~ Total volume in cubic metres | m3 


Thus p, is expressed in C/ m?. 


24.4.1 Method of Finding Q from p, 

In case of volume charge distribution, consider the differential volume dv as shown in 
the Fig. 2.16. Then the charge dQ possessed by the differential volume is p, dv. Then the 
total charge within the finite given volume is to be obtained by integrating the dQ 
throughout that volume. Such an integral is called volume integral. Mathematically it is 
given by, DT 


vol 


The charged cloud is an example of volume charge. 

Key Point: In all the integrals line, surface and volume a single integral sign is used but 
practically for surface integral it becomes double integration while to integrate throughout the 
volume it becomes triple integration. Similarly ps and p, can be functions of the co-ordinates 
of the system used e.g. ps = 4xy Cin’, P, =20ze 029 Cm? etc. 


mab Example 2.7 : A volume charge density is expressed as p, =10z? xsin ny. Find the total 


charge inside the volume (-1 <x <2), (0 <y <1), (3€z < 3.6) 
[UPTU, 2003-04, 5 Marks] 


Solution : p, =10z°xsin ny C/m? 
Consider differential volume in cartesian system as, 
dv = dx dy dz 
dQ = p, dv = l0z?xsin zy dx dy dz 


36 1 2 


Q= fo. dv= f [ f 10z°xsin ny dx dy dz 


z? 3.6 x2? 2 -cos ny 1 
= 03| |7 
a al FT Jo 


36? 33]f4 1 cost cos0 
s 1d 3 EJ 3-3-3 | 


= 62.57 C 
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2.5 Electric Field Intensity due to Various Charge Distributions 
It is known that the electzic field intensity due to a point charge Q is given by, 
É Q 


= — a 
4ne,R? " 
Let us consider various charge distributions. 


2.5.1 E due to Line Charge 

Consider a line charge 
distribution having a charge density 
p, as shown in the Fig. 2.17. 

The charge dQ on the differential 
length di is, 


dQ =p, dl 


Hence the differential electric 
field dE at point P due to dQ is 


p Line charge 


iveiby, 
Fig. 2.17 dim 
- di 
dE - 4-20. 2d oat Sag. A (1) 
4ne, R 4n£, R^ 


Hence the total E at a point P due to line charge can be obtained by integrating dE 
over the length of the charge. 


ap ~ Q) 
The ag anc dl is to be obtained depending upon the co-ordinate system used. 


2.5.2 E due to Surface Charge 


Consider a surface charge distribution 
having a charge density p; as shown in the 
Fig. 2.18. 


The charge dQ on the differential surface 
area dS is, 


dQ = ps dS 


Fig. 2.18 
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Hence the differential electric field dE at a point P due to dQ is given by, 


dS 
IPs = . (3) 


Hence the total E at a point P is to be obtained by integrating dE over the surface area 
on which charge is distributed. Note that this will be a double integration. 
E = Ps =. ag 
S 4 T£ R 


.. (4) 


The a, and dS to be obtained according to the position of the sheet of charge and the 
coordinate system used. 


2.5.3 E due to Volume Charge 


Consider a volume charge distribution having 
a charge density p, as shown in the Fig. 2.19. 


The charge dQ on the differential volume dv 


is, 
dQ = p, dv 
Hence the differential electric field dE at a 
Fig. 2.19 point P due to dQ is given by, 
dE = -Ba Sa Ep ap .. 6) 
4ney R 4nr£y R^ 


Hence the total E at a point P is to be obtained by integrating dE over the volume in 
which charge is accumulated. Note that this integration will be a triple integration. 


. (6) 


The ap and dv must be obtained according to the co-ordinate system used. 

Thus if there are all possible types of charge distributions, then the total E at a point is 
the vector sum of individual electric field intensities produced by each of the charges at a 
point under consideration. 

Eis = E, +E, +E, +E, see (7) 

where Ep. Ej, Es and E, are the field intensities due to point, line, surface and volume 
charge distributions respectively. 

Let us discuss and learn the method of obtaining electric field intensities under widely 
varying charge distributions. 
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2.6 Electric Field due to Infinite Line Charge 


Consider an infinitely long straight line carrying uniform line charge having density p, 
C/m. Let this line lies along z-axis from —+ to œ and hence called infinite line charge Let 
point P is on y-axis at which electric field intensity is to be determined. The distance of 
point P from the origin is 'r' as showh in the Fig. 2.20. 


Consider a small differential length dl carrying a charge dQ, along the line as shown 
in the Fig. 2.20. It is along z axis hence dl = dz. 


Flg. 2.20 Field due to infinite line charge 


-.dQ =P. di = PL dz - (1) 

The co-ordinates of dQ are (0, 0, z) while 
the co-ordinates of point P are (0, r, 0). Hence 
the distance vector R can be written as, 


R = Tp —Tyy -[rà, —-zà,] 


Bye = (2 
* IRI 4g. (2) 
d E= 4 © 74R 
TE, R 
Pı dz E zu @) 
Equal and opposite z E 73 
henca canc Aneo ( r +z vr? +z 
Fig. 2.21 
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Note : For every charge on positive z-axis there is equal charge present on negative 
z-axis. Hence the z component of electric field intensities produced by such charges at 
point P will cancel each other. Hence effectively there will not be any z component of E at 
P. This is shown in the Fig. 2.21. 


Hence the equation of dE can be written by eliminating a, component, 


— PL dz rā 


dE = y . (4) 


axe (rhet Yr ez 


Now by integrating dE over the z-axis from —« to œ we can obtain total E at point P. 


z_ f PL = 
io J ane, (1? +z?) rem 


Note : For such an integration, use the substitution 


zZ 


= ie  r=——— 
z rtenO ie tan 


dz = r sec? 0 dO 
Here r is not the variable of integration. 
zoo = (o) = ~ = —90° 
For zz-e, @ = tan" (-e) n2 90 | Changing the limits 
For z =+, © = tan" (%)=n/2 - 490? 


E = ia PL 


2 = 
— É— — — 7. rxrsec* 0 d0 a 
ca} 2 3/2 y 

n2 SME [r^ *r^ tan’ 6] 


0- 


P. T r° sec? 0d8 : 
ar Betan?0]2 7 


But 1+tan?6 = sec?0 


= ————— à 
Ane ;ec? y 
0 x2 TSEC“ 0 


£i n/2 1 
= nee jee) sec 0= — 
= EL [sin 0972, a, = P. [sin T sin E E 
4n£g Fr —UAÜY " ARET 2 5 y 
. PI (Ma -PL x23 
~ Am£ di (Da, Ine r”? 9v 
z- PL x B 
d RE, r Y V/m ... (5) 
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Key Point: If without considering symmetry of charges and without cancelling z 
component from dE, if integration is carried out, it gives the same answer. The integration 
results the z component of E to be mathematically zero. 


The result of equation (5) which is specifically in cartesian system can be generalized. 
The à, is unit vector along the distance r which is perpendicular distance of point P from 
the line charge. Thus in general a, - a,. 


Hence the result of É can be expressed as, 


E - e a V/m soe (6) 


where r = Perpendicular distance of point P from the line charge 


Di 


; = Unit vector in the direction of the perpendicular distance of point P 
from the line charge 


Very important notes : 1. The field intensity E at any point has no component in the 
direction parallel to the line along which the charge is located and the charge is infinite. 
For example if line charge is parallel to z axis, E can not have a, component, if line charge 
is parallel to y axis, E can not have a, component. This makes the integration calculations 
easy. 


y 


2. The above equation consists r and a, which do not have meanings of cylindrical 
co-ordinate system. The distance r is to be obtained by distance formula while à, is unit 
vector in the direction of r. 

Key Polnt: This result can be used as a standard result for soloing other problems. 


mæ Example 2.8 : A uniform line charge, infinite in extent with p, = 20 nC/m lies along the 
z axis. Find the E at (6,8,3) m. 


Solution : The line charge is shown in the Fig. 2.22. z 
Any point on the line is (0,0,z). 
` ] ; ._ = P(6,8.3 
Key Point: As line charge is along z axis, E can "T e eos 
not have any component along z direction. So do not 20 nC/m 
consider z co-ordinate while calculating r. 
y 


F = (6-0)a, +(8-0)ā, 


ee a A = X y x 
|r| J6? +82 10 
= 0.64, +0.8 ay Fig. 2.22 
Thus, E = PL à, 
2n£gr 
20x10? 


= ————— — ——- [0.6a, +0.8 a,] = 107853a .38 a 
nx 8854x 10 E x10 | a, *08 a,] = 1078532, 14.38 a, V/m 
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2./ Electric Field due to Charged Circular Ring 


Consider a charged circular ring of radius r placed in xy plane with centre at origin, 
carrying a charge uniformly along its circumference. The charge density is p; C/ m. 
The point P is at a perpendicular distance 'z' from the ring as shown in the Fig. 2.23. 


Consider a small differential length dl 
on this ring. The charge on it is dQ. 


rz pud! . 
dE = ———— ^. (1 
Ane RI ^" a) 


where R = Distance of point 
P from di. 

Consider the cylindrical co-ordinate 
system. For d! we are moving in ọ 
direction where d! = r d$. 


Fig. 2.23 


ES dl = r dọ .. (2) 
Now R? srt ... from Fig. 2.23 

While R can be obtained from its two 
components, in cylindrical system as shown in the 
Fig. 2.23(a). The two components are, 

1) Distance r in the direction of —a,, radially 
inwards i.c. —rà,. 

2) Distance z in the direction of a, ie.za, 

R=-ra,+za, ... (3) 

Key Point: This method can be used conveniently to 
obtain R by identifying its components in the direction 
of unit vectors in the co-ordinate system considered. 


Fig. 2.23(a) 


IR] = q(-r)! «(z 2 4r? +z? - (4) 

" R -ra,-za 

So de Lu ET (5) 
"o [REI Vr 42? 

JE p; dl -rà, +zā, 


— ——————— X 
Fx: i r? +z? 
Aneo( r^ +z ) 
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dE SPEOSP S. zz rā, *zà,] . (6) 
4 2 £ 
4n£o(r* +2 ) 


Note : The radial components of E at point P will be symmetrically placed in the plane 
parallel to xy plane and are going to cancel each other. This is shown in the Fig. 2.23 (b). 
Hence neglecting a, component from dE we get, 


z component of E dE = P. (r do) za (7) 
Radial components ANE, (e +z? ) 3/2 z 
are symmetrical 
cancelling + " 
each other e E p, rdo _ 
yn vs ut E = — —— VOIE ^ 37 za * 
Ec p) AA 6-0 4NE, (r +Z ) 
PLT = 2 
m M35 za, lAo 


pp 


g 4n£o(r? +z 


... Integration w.r.t. > 


~. (8) 


Fig. 2.23 (b) 


where  r = Radius of the ring : 
z = Perpendicular distance of point P from the ring along 


the axis of the ring 
This is the electric field at a point P (0, 0, z) due to the circular ring of radius r placed 
in xy plane. 
mab Example 2.9 : Prove that the electric field intensity at a point P located at a distance r 


from an infinite line charge with uniform charge density of p, C/m is, E = E 3 a, in 
0 


cylindrical co-ordinate system. 


Solution : Consider that the line charge is 
located along z axis as shown in the 
Fig. 2.24 (a). 

Consider the differential length di 
carrying the charge dQ. 

Now dl = dz ... Along z axis 

- dQ =p; di 2p, dz 


oo 


z 
4 
I 
| 


Fig. 2.24 (a) 
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In cylindrical co-ordinate system the distance vector R has two components as shown 
in the Fig. 2.24 (b). 

1) The component along negative z 
direction ie.— z a, 

2) The component along 3, which is 
r à,. (Radial component). 


R = ra,-za, 
IR] = (r)? +(-z)? =vr? +z? 
Z R  rā,-ză, 
^4 ap = PL a > E 
Fig. 2.24 (b) IRI r2. 
ak = p, dz E zx 
= +, | 4 
Ane, (vr? +z? ) vr? +z? 


Hence E can be obtained by integrating dE along z axis from -æ to =. It can be noted 
that due to symmetry z component will cancell in E but let us prove it mathematically. 


— eoo 


= Er í TTA immi dia ... Separating variables 
(r? +z?) 


Put z = rtanO ie. r= 


dz = r sec? 0 dð 


For z-2-«e, 0-tan -1 (79) = EL —90? 


z . Change of limits 
For z= e, @= tan! (ə) = +5 = 4909 
op, |F? rxrsectedea, "77 rtanOrsec? 0d0a, 
Em 4ne 3/2 DN c SERERE TCR 


"e (r? +r? tan? e) Q=—n/2 (7? +r? tan? e) 


0-12 


p. jp r sec? @d0a, -. rtanOrsec? 0d0 a, 
EL r? sec? 0 r? sec? 0 


.. 1«tan? 0 2 sec? 0 
e--xn/2 
6=n/2 060—172 é 
9 
er | —1_dea,- E s.) 


e-z-r!2 


^ ANE rsec@ 
0z-n/2 =-8/ 
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O=n/2 y 0-82 4 
=-PI f z«o59d03,- f —sinedea, . = cos 0 
4T£g r r sec 6 
6=-n/2 @=-n/2 
B ioc : [s in 0)77, a, -[-cos0]" 7, a z} 
pb. E sin z —sin E a, -|-cos z-| -cos—— [la 
ATE, 2 2 | i 2 275 
1 x -n 
m m = {{1-(-1)] a, -[0]} e) aS COS =Ccos 57 0 
.. Proved. 


Note : Mathematically also z component is getting cancelled. Hence looking at the 
symmetry and cancelling the terms, makes the mathematical exercise much more easier. 


ma Example 2.10 : A uniform line charge p, = 25 nC/m lies on the line x=-3 m and 
y=4 m in free space. Find the electric field intensity at a point (2, 3, 15) m. 
Solution : The line is shown in the Fig. 2.25. The line with x = — 3 constant and y = 4 
constant is a line parallel to z axis as z can 
Fes 19) take any value. The E at P (2, 3, 15) is to be 
calculated. 


The charge is infinite line charge hence E 
can be obtained by standard result, 


To find r, consider two points, one on the 
line which is (3, 4, z) while P (2, 3, 15). But as 
line is parallel to z axis, E can not have 
component in a, direction hence z need not 
be considered while calculating r. 


Fig. 2.25 


r= 


[2- C3). +[3-4]a, =5a, -a .. Z not considered 


[z=] = JY +(-1)? =v% 
pe ks Ser A 
[rT 426 
p, 1 [923,-8,] | 25x10? Ba, -a,] 
2REo J26| v26 “Dax 8 854x107 x 26 


= 86.42 4, - 17.2844, V/m 


ril 
i 
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2.8 Electric Field due to Infinite Sheet of Charge 


Consider an infinite sheet of charge 
having uniform charge density Ps 
C/ m?, placed in xy plane as shown in 
z= 0, xy plane a 2 : 
the Fig. 2.26. Let us use cylindrical 
coordinates. 


The point P at which E to be 
calculated is on z axis. 


Consider the differential surface area 
dS carrying a charge dQ. The normal 
direction to dS is z direction hence dS 


Fig. 2.26 normal to z direction is r dr do. 
Now dQ = ps dS = Ps T dr dó asa (1) 
= dr d 
Hence, dE - IU arg = panar ar .. (2) 
RE R 4ngo R 


. The distance vector R has two components as shown in the Fig. 2.27. 


Fig. 2.27 


1. The radial component r along -a, ie. —ra,. 

2. The component z along à, ie. z å. 

With these two components R can be obtained from the differential area towards point 
P as, 


R = -rà, *zà, ~- (3) 
IR| = 4C? *(z) 24r? +z? w (4) 
ER R _ 7a, +24, . (5) 
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For infinite sheet in xy plane, 
r varies from 0 to œ while 6$ 


ps varies from 0 to 27 


Note : As there is symmetry 
about z axis from all radial 
direction, all 4, components of E 
are going to canccll each other 
and net E will not have any 
radial component. 

Hence while integrating dE 
there is no need to consider a, 
X component. Though if considered, 

Fig. 2.28 after integration procedure, it will 
get mathematically cancelled. 


Put r?+z? =u? hence 2rdr - 2u du 


For r«0, u=z and r=%, u=% ... Changing limits 


r 

2x 
e-f 

0 


T Ps du = 
J ine, 2 002 a2) 


= Ps 2n 3 ds E _ Ps = 
= BS In eso C] 

E = PS a, V/m ... For points above xy plane 
Now a, is direction normal to differential surface area dS considered. Hence in general 


if a, is direction normal to the surface containing charge, the above result can be 
generalized as, 
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E Ps = 
E = =a, V/m ... (6) 
£o 
where à, = Direction normal to the surface charge 


Thus for the points below xy plane, 3, =- a, hence, 


EG PS. a, V/m ... For points below xy plane. 
0 


Note : The equation (6) is standard result and can be used directly to solve the 
problems. 


Key Point: Thus electric field due to infinite sheet of charge is everywhere normal to the 
surface and its magnitude is independent of the distance of a point from the plane containing 
the sheet of charge. 


Important Observations : 


1. E due to infinite sheet of charge at a point is not dependent on the distance of that 
point from the plane containing the charge. 


2. The direction of E is perpendicular to the infinite charge plane. 
. 3. The magnitude of E is constant every where and given by |E| =p; / 2€p. 


mb Example 2.11 : Charge lies in y = — 5m piane in the form of an infinite square sheet 
with a uniform charge density of p; =20 nC/m^. Determine E at all the points. 


Solution : The plane y = — 5 m constant is parallel to xz plane as shown in the Fig. 2.29. 


z 


yaa 


Fig. 2.29 
For y > - 5, the E component will be along +4, as normal direction to the plane 


y--5misa,. 
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E = Ps a, = Ps a 
£o Eo Y 
20x10? 


= 2x8854x10 € ^» = 1129.43 ay V/m 


For y < — 5, the E component will be along “ay direction, with same magnitude. 


E = Y (72, ) =- 1129.43 a, V/m 


- 


At any point to the left or right of the plane, |E| is constant and acts normal to the 
plane. 


mæ Example 2.12 : Find E at P (1, 5, 2) m in free space if a point charge of 6 uC is located 
at (0,0,1), the uniform line charge density p, = 180 nC/m along x axis and uniform sheet 
of charge with ps =25 nC/m? over the plane z=-1. 


Solution : Case 1 : Point charge Q, = 6 uC at A (0, 0, 1) and P (1, 5, 2) 


p/p s Qı Rar 
E, E 2 aar = 
4n£g Rip 4n£g R2» || Rapl 
Rap = (1-0)a, 4(5-0)a, +(2-1)a, = a, 45a, +4, 
[Rael = (1)? «Gy «ay =V27 
E- 6x10 E *5a, T 
Anx 8.854x 1071? x( V7) J27 
E, = 384.375 4, + 1921.879 a, + 384375 a, V/m 


Case 2 : Line charge p; along x axis. 


It is infinite hence using standard result, 


E =- PL 5 = P Ft 
£ 2neyr'' 2nt,r |r| 


Consider any point on line charge i.e. (x, 0, 0) while P (1, 5, 2). But as line is along x 
axis, no component of E will be along a, direction. Hence while calculating F and a,, do 
not consider x co-ordinates of the points. 

f = (5-0)a, +(2-0)a, =5ā, 42a, 
|: = (6)? +(2)? =/25 
= Pi 5a,42a,]  180x10 ?pa, +24,] 
2ngyx/29 | 429 |  2nx8854x10-? x29 
557.859 a, + 223.1444, V/m 
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Case 3 : Surface charge ps over 
the plane z = — 1. The plane is 
parallel to xy plane and normal 
direction to the plane is 4, —a,, as 
point P is above the plane. At all the 
points above z = — 1 plane the E is 
constant along a, dircction. 

E = Ps a 
E, je. an 
_ 25x10 
2x 8.854x 107" 
1411.7913 a, V/m 


Hence the net - E at point P is, 
E = E, +E, +E, = 384.375 à, + 1921.879 à, + 384.375 a, + 557.859 4, 


+ 223.144 à, + 1411.7913 à, 
= 384.375 a, + 2479.738 a, + 2019.3103 4, V/m 


z 


x Ps 


Fig. 2.30 


ma Example 2.13 : The charge lies on the circular disc r<4 m, z-0, with density 
ps 2 [10/7] C/n?. Determine E at r = 0, z = 3 m. 


Solution : The sheet of charge is shown in the Fig. 2.31. 


Fig. 2.31 


Consider the differential area dS carrying the charge dQ. The normal direction to dS is 
a, hence dS, = rdrdo. 
y dO = p, dS=p< r dr do 


E 
" A. dr de 
dQ = 10” dr dọ 
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E 
dE = 10~ dr d$ x 
4n£, R? 


Consider R as shown in the Fig. 2.32, which has two components in cylindrical system, 


Fig. 2.32 
1. The component along —a, having radius r i.e. —ra,. 


2. The component z = 3 along a, ie. 3 a,. 


R = -ra, *3a, 
IRI = JC! «3» = vr? +9 
d R -ràa,43à, 
ap = SF 
IR| r? 49 
dE - 


10+ dr d$ E. 3a, | 


ANE, CE vr? «9 


It can be seen that due to symmetry about z axis, all radial components will cancell 
each other. Hence there will not be any component of E along a,. So in integration à, 
need not be considered. 


- = 1 10? dr dé 
E = ee 3 
J, J Anco (1? «9) ^ GH) 


As there is no r dr in the numerator, use 


r = 3tan@ dr=3 sec? 0 de | < Clunge oí linüls 
For r=0, 6, =0 
For r=4, 6, =tan'4/3 
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2n 05 - 2 
= 10~* 3sec* 0 d0 do _ 
E = po o (3a,) 


e-0 0-0 4TEp [9tan? 0+9] 


: 2n 0? 299,5914x10? sec? 0d0 dò _ 


©=0 0 =0° [1+tan? e] ^^ 2 


^"^ € 2995914x10? 


-o — d0 doa, 


6-00; z0* 


2n e 
- f f 299.5914x10? dO do[cos 0]a, 
6-0 6 =0 i 


= 299.5914 x 10? [4]?* [sin op e. à, .. Separating variables 


= 1.8823 x 10° sin 0, a, .. sin 0° = 


4 4 
= fot hE = 
Now 6, = tan 3 ie tan 0, 3 


: 4 
sin@, = Aa 0.8 
E = 1.8823x105 x0.8 a, 
= 1.5059 x 10° a, V/m 


- 1.5059 a, MV/m 


Fig. 2.33 


Examples with Solutions 


wb Example. 2.14 : Q, and Q, are the point charges located at (0, —4, 3) and (0,1,1). If Qi 
is 2nC, find Q, such that the force on a test charge at (0, —3,4) has no z component. 


Solution : The charges are shown in the Fig. 2.34. 


Fig. 2.34 
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The position vectors of the points A, B and C arc, 
A = -4a,+3a, * 


B = a,+a, 


C = -34,+44, 


Rig = C-Aca, +a, 
and Roy = C-B--4a, «3a, 


[Rol] = yO)? «ay =v2 
and |R] = (4)? «3? 25 


B Force on Q due to Q, =-2QQ Aig 
4n£, Rig 


and E = Force on Q due to Q =e? 3 
a g UR 


| Q E *a,| Q: (mE 


REg (42) NN 6% 5 
E ixl [7071x107 (s, +a JH -4à, 43a .)| 


*. Total z component of F, is, 


- l 071x107 4.3 EAE 
4NE_ 


o 


a, 


To have this component zero, 


3 
7.071x10-10 m = 0 as Q is test charge and can not be zero. : 
-10 
Q, = -ZO071x10%125 — ag 469 nC 


3 LI 


mmb Example 2.15 : In a Millikan oil drop experiment, the weight of a 1.6x10™ kg drop is 
exactly balanced by the electric force in vertically directed 200 kV/m field. Calculate the 
charge on the drop in units of the electronic charge (e =1.6x10-" C). 


Solution : Given E = 200 kV/m, m = 16 x10^* kg 
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| F| 
E| = — 
MEME 
| F| 
200x107 = — 
Q 
|F| = 200x10°QN -.. (1) 


This is balanced by the weight mg 
|F! = mg = 16x10 *x9.81 
= 1.5696x19 7? N ... (2) 


Equating (1) and (2), 


200x10? Q = 1.5696 x 107? 
Q = 7.848 x10" C ... Charge on drop 
Now e=1.6x107!9 C hence Q in terms of c is, 
Q = 7.848x10-" 
1.6x107? 
= 4.905e C 


næ Example 2.16 : The charge is distributed along the z axis from z = — 5 m to —«» and 
z=+5m to +œ with a charge density of 20 nC/m. Find E at (2,0,0) m. Also express the 
answer in cylindrical coordinates. 


Solution : The charge is shown as in the Fig. 2.35. 


Key Point: If p; is not distributed all along the 
length then standard result can not be used. The 
basic procedure is to be used. 


As charge is not infinite, let us use basic 
procedure of considering differential charge. 


Consider the differential element d/ in the z 
direction hence, 


dl = dz 
"^ dQ = M di =p, dz 
ap OG E 
ÅTTE R 4ng& R 


Any point on z axis is (0, 0, z) while point P at 
which E to bc calculated is (2. 0, 0). Fig. 2.35 
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R = (2-0)a, +(0-z)a, 22a, -za, 
IRI = KGY +(-2)? +(-z)? 2 44«z? 
" R 2a,-za, 
ar = ——cm 
IR| 442? 
dE = P, dz E = 
2 
ANE, (Vez ) 4r z? 
Pi dz _ 


297? (2a, -za,) 


4neg(4*z 
Now there is no charge between — 5 to 5 hence to find E, dE to be integrated in two 
zones -œ to — 5 and 5 to ~ in z direction. 
-5 m 
[ dE« f dE 
- 5 


Looking at the symmetry it can be observed that z component of E produced by 
charge between 5 to œ will cancel the z component of É produced by charge between 
-5 to —«. Hence for integration à, component from dE can be neglected. 

E- ? Pi dz(2a,) +f P, dz(2a, ) 
2 4NEg (4+27)*? 5 4mtg (4422)? 


Put z 2 tan 0 and hence dz = 2 sec? 0 dO 


For z--e, 0--mz/2, For z=-5, @=tan™ -3 = — 68.19° 


For z24e, QO=+7/2, For z=+5, Q=tan! == 68.19° 


N| U 


2P, a, {A — 2sec0d0 °=?” — 2sec? dO 
v=- (4+4tan? 0)? 0-619 (4+4 tan? e)" 


4 cannery nd 
REg o 4372 sec? 9 j 43/2 sec? 9 


2P, a, [°° 2sec? 0d0 °°” 2sec? 6d0 
0-68.19* 


sec O sec 
0--907 0—-68.19" 


= 201a, NM -l aes T 1 «| 
0 


ye + [sin D. 


. 20x10*a, 
=y {sin(— 68.19°)— sin(— 90°) + sin(90°) - sin(68.199)) 


~ Bax 8.854x10 
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= 12.874, -13a, V/m 
To find cylindrical co-ordinates find the dot product of E with a,,a, and à,, at point 
P, referring table of dot products of unit vectors. 


E, = E-a, =13a,- a, =13 coso 
E, = E-a, -13a, +a, =-13 sind 
E, = Ea, =13a,°a, = 


At point P,x =2,y =0,z=0 


r= yxt+y? =2 and 67 tan © = tan? 0=0° 
cos@ = 1 and singo=0 
E, = 13, E,=0, E =0 
Hence the cylindrical co-ordinate systems E is, 
E = E, a, +E,a, +E, a, 
E = 134, Vim 


na Example 2.17 : A circular ring of charge with radius 5 m lies in z = 0 plane with centre 
at origin. If the pj; = 10 nC/m, find the point charge Q placed at the origin which will 
produce same E at the point (0, 0, 5) m. 

Solution : The ring is shown in the Fig. 2.36 (a), in z = 0 i.e. xy plane. 

The point P (0, 0, 5) m. 
Consider the differential length di 
of the ring. It is in the 6 direction 
hence dl = r do. 

The charge on dl is dQ -P, d! 


dQ = P, rdo 
dE = E 
4negR 
= Pi rdo _ 
O Ang R2 '" 
Now az = Rand Rean be 
OW aR "IRI and R can \ . Fig..2.36 (a) 
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resolved into two components as shown 
in the Fig. 2.36 (b). 


The two components in cylindrical 
co-ordinate system are, 


1. Along —a, direction i.e. —ra,. 


2. And z component in a, direction i.e. 


za,. 
R =-ra, +24, ` 
hence |R| = (r)? +z? 
— R n Fig. 2.36 (b) 
ja “TRI ^w r? +2? 
at < P, rd mA 
ARE, (verz) Jr? +z? 


Note : The E at P will have two components, in radial direction and z direction but 
radial components are symmetrical about z axis, from all the points of the ring and hence 
will cancel each other. So there is no need to consider a, component in integration. 
Though if considered, mathematically will get cancelled. 


or-2n 
a d 
E = b r eS za, ... Limit for $ = 0 to 2x 


o=0 4 T£ (r? +22)? 
Pr rz E : 
= ———4, | f delà. I = Sm, z = 5m 
ANE (r? «z?) a 
PLrz 10x10? x5x5x2n 


= ———————Qnua,- 


; ee 
Ang (1 +27)" 4nx8.854x 1071? x [25 4 25] 7? " ^ 


E = 39.9314 a, V/m .. (1) 


Let Q be the point charge at the origin. From Q to point P, the distance vector 
R-5a,. 


E due to Qat P= —9 a, 


4r£g R? 
= R 5a 
where ag = RIT s 
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. E 0 +>- 
-. E due to Q at P = ———— .. (2) 


zz 
ine, (5) 
Equating (1) and (2), 


Q » 
4n£gx25 — Vido 


Q 111.071 nC 


ne Example 2.18 : A line charge density P, is uniformly distributed over a length of 2a with 
centre as origin along x axis. Find E at a point P which is on the z axis at a distance d. 


Solution : The line charge is shown in the 
Fig. 2.37 (a). As the charge distribution is not 
uniform, let us use the basic method of 
differential length. Consider differential 
length di along the line charge. As it is along 
x axis, dl = dx. 


dQ 


P, di 
PL dx 


Now dE = NN il 
4n£y R 


P, dx m. 
ZAR 
4 TE R 


To find R, consider any point on the line 
charge which is say (x, 0, 0). And point Fig. 2.37 (a) 
P (0, 0, d). 


R 


(0-x)ā, *(d-0)a, =-xā, +dā, 


|R| = yx? +d? 
PE R  -xàa,-*da, 
"Ug Qn 
dE < P; dx Ed 
— ——3X| J.a) 
Anco (vx? +d?) x? +d? 


But as charge is along x axis, E at P can not have any component in the direction of 
a,. Hence a, component need not be considered in integration. 
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x7*? — pi dx da, 


3/2 


E = wel c E 
m 4ng (x? +d?) 


The limits of x = — a to + a, as charge length is 2a. 
Put x=dtan® hence dx= d sec*@ d0 


af a 
For x =-a, 6, =tan (=a) 
For x = + a, 0, =tan7! (a) 


9| P, dsec? 0 de(da,) 
à 4nEo (d? tan? 8d?) 


P, °?  d'sec?0d0a, 


.. l+tan? 02 sec? 0 


ANEy a d3(1+tan? ej^^? 
M eus - 
= Guay | azeco P 
6 
05 , 
ot a RA f cose doa, 
NE, d à 
Pi in 0192 
= dnt, d [sin 0 a, 
— PL i ; =. 
Tand [sin 6, -sin 0, Ja, , 
a a 
Now tan 0, me and tan 0, =q are shown 
in the Fig. 2.37 (b). 
sin 0, = 2 
i = Ta. aT 
Ja? +d? 
and sin@, = ui. 
a? +d? 


-E= PL a d. Zâ = 
(0 aneod |Jaz+a? [Va +a? |f” 


Fig. 2.37 (b) 
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PI 2a 


£ 


4ne) dva? +d? 


ma Example 2.19 : A circular flat ring of inner radius 1 m, and outer radius 2m has 
Ps =[100/r] nC /n?. Determine E on the axis of the ring 10 m away from the center. 


Solution : The ring is shown in the Fig. 2.38 (a) 
and kept in the xy plane with center as the origin. 
The z axis is the axis of the ring. Hence point P at 
which E to be calculated is (0, 0, 10). 


Consider the differential surface area dS normal 
to z direction, i.e. normal to xy plane in which ring 
is placed. 


dS = rdr d$ 


Using cylindrical co-ordinate system. 


2 dQ = P, ds -D [rar ag -100 dr do 


. dE = ..9Q a& 100 dr dó = 


Ane R? " 4ne,R2 * 
À Fig. 2.38 (a) 
The R has two components as shown in the 


Fig. 2.38 (b). 
1. Along —a, direction having radius r ie. —ra,. P 
2. Along a, direction having component 10 i.e. 10 a,. 
R = -ra,«10a, 10 


[R] Jo»? +(10)? 2/12 +100 a, 
" 100 dr dò - ra, 2:2 S 


4neg(r? +100)” vr? +100 


The radial components of E which are in xy plane 
from all directions are going to cancel. Hence a, 
component of E will be zero. Hence in integration a, need 
not be considered. Fig. 2.38 (b) 


al 
m 


7 Ur. 100drdó(10a,) 


„E = 
6-0 r-r] Ane (r? 4100) 


... Limits of r are r, to r, 
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Put r- 10tan 0, hence dr - 10 sec? 0 dO 
For n -im, tan0,- 1/10 6, =5.7105° 
For r, -2m, tan 0, = 02, 6, = 11.309? 
2x €? 100(10sec? 0 dé) dé(102, ) 
eo & Ant (10)? (14 tan? 6)? 


2n 6 
= f iu - cos6d6 doa, ... Using trigonometry results 
0-08; 9 


10 
4 TE 


a, 


= CH [sin ef? x 


= -10 v2 nx[sin 11.309*-sin 5.71057] a, 
4NE_ 


= 5.455 x100 a, pV/m 
Note that p, given is inj C/ m? hence E inpV/m. 
E = 5455x10?3, V/m 


mæ Example 2.20 : It is required to hold four equal point charges each in equilibrium at the 
corners of a square. Find the point charge which will do this, if placed at the centroid of the 
square. 


Solution : Let the sides of square be of 
length 'a' and each point charge is of 
magnitude Q coulombs. The square is 
shown in the Fig. 2.39. 


The four corners of square arc A, B, 
C and D while E is the centroid of the 
square. Let point charge 'q' is placed at E 
in order to hold the four charges in 
equilibrium. Let us calculate the force 
exerted on the charge at A placed at * 


origin, due to all the charges. Fig. 2.39 
A (0, 0, 0) B (0, a, 0) C (a, a, 0) D (a, 0, 0) 
“B=aa,, C=aa,t+aa,, D=aa, 


: : : a a 
while point E is at (5-3-0) 


E = 05aa,+05a4, 
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Net force F« on charge at point A due to all the charges is, 


Fe = Fs+Fc+Fp+Fe 


OO Q- 


== 5 a 
Ane Ria 4n£g R24 


Qq A-E 
A-B = -aa, hence Rpa =|A-B|=, (-a)? =a 
A-C = -aà, -aa, hence Rc, =|A-C|=V a? +a? - 2a 
A-D - —aa, hence Rpa =|A-D|= (-a)? =a 
A-E = -05a4,-0.5aa, hence Req =|A-E|=, (-0.5 a)? +(-0.5 a)? 
z4 05a 
= Q^|1,-aa, 1 |,-aa,-aa, 1 -aa, 
| = ane, zs E j2.2 7 wb Ww den s 
> A Qq r 1 | -0.5aà, -0.5aà, 
4n£g Q.5a? J0.5a 
" Q? [a 1 \ ay 1 Qq 1 a 
EG L^ ee | Se -à, -à 
t Fal A a? 22 4n£g ERE y] 
F, = L9 .[-1355a, -135352, ] + _;[-3. -3,] 
ám£ga 4n aug a? 


B= aes [o rds p «(sos | 


To hold all the charges in equilibrium, the net force exerted on any of the charges due 
to other charges must be zero. i.e. F, = 0. 
Q 


4An£ga 


But can not be zero. 
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-13535 Q-—3. = 0 
40.5 
q = - 13535 x V0.5 Q 
= -0.9571Q0 C 


This is the charge required at the centroid to hold all the charges in equilibrium. 
Thus if Q = 1 pC then q = - 0.9571 uC and so on. 
mmb Example 2.21 : Two small identical conducting spheres have charges of 2 nC and -1 nC 
respectively. When they are separated by 4 cm apart, find the magnitude of the force between 
them. If they are brought into contact and then again separated by 4 cm, find the force 
between them. 
Solution : Case 1 : Before the charges are brought into contact 


Qı Q2 


4n£g R2 


2x10? x(-1x10?) 
=| = 11234 uN 
4ngox(4x1072) 


Case 2 : The charges are brought into contact and then separated. 


|F| = where Rp -4cm-4x10? m 


When charges are brought into contact, the charge distribution takes place due to 
transfer of charge. The transfer of charge continues till both the charges attain same value 
due to equal division of the two charges. 


2 -9 a -9 
-. Charge on each sphere = moe TOMAS S 


, -9 
aperies gear 
2 
IF = | Qi Q2 |. 0.5x10^? x 0.5x10? 
4n£p Rip anxeox(4x10?)* 


= 1404 uN 


Note : that initially before charges are brought together the force between them was 
attractive as charges are of opposite polarity. But when they brought in contact and then 
seperated, the force is repulsive in nature. 

10? 


"wb Example 2.22 : Two infinite sheets of uniform charge densities P; = ax C /m? are 


located at z - m and y -—5m. Determine the uniform line charge density P, necessary to 
produce same value of E at (4, 2, 2) m if the line charge is at y = 0, z = 0. 
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Solution : The two sheets are shown in the Fig. 2.40. 


Zz 


Ps 


Fig. 2.40 


The line charge P, is to be located along y = 0, z = 0 line i.e. x axis. 
For z = - 5 plane, the normal direction is a,, =a, as the plane is parallel to xy plane. 


For y = - 5 plane, the normal direction is a, = a, as the plane is parallel to xz plane. 
E = pian =g i, 
and E, = 7h Fa =F, 
EatP = E, +E, - (a, *2,] V/m .. Q) 


Consider line charge along x axis. As it is infinite, 
t. Pi = Py r 
BE 2ntgr t T negr [iai 
For r, consider a point on the line charge (x, 0, 0) while P (4, 2, 2). But as line charge 


is along x axis, E will not have component in à, direction so the x coordinate should not 
be considered while calculating r. 
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7 = (2-0)a, +(2-0)a, =2a, +24, 


= Jay «ey =v8 


aT 
l 


= p 2a,+2a P 
E = oo m a a,| VZ we (2 
2n€y (V8) | J5 | BTEg [a, *a,] V/m (2) 


To have same E at P (4, 2, 2) equate (1) and (2) 


Ps _ Py 

2&)  8KEp 
10^? 

P, = 4nx—— = 0.666 nC/m 
6n 


This is the rcquired line charge density. 


ma Example 2.23 : An infinite sheet with surface charge Q = 12 €) Cnt ? is lying in the 
plane x — 2y + 3z = 4. Find an expression for the field-intensity on the side of the plane 
containing the origin. (UPTU : 2005-06, 5 Marks) 


‘Solution : The plane is shown in the Fig. 241. The plane can be defined uniquely from 
three points which can be obtained from the equation of plane x — 2y + 3z = 4. 


ForxeQ ys z-2 


 P(0,0, 3] 
For x=0,z=0,y=-2 
o^  sQ-20 
Fory-0,z-0,x-4 
-. (4, 0, 0) 


The three poionts P, Q and R define a 
plane. 


The plane is infinite sheet of charge. Fig. 2.41 
= . Ps. _12&_ 7 _ 
E = 2e, * = TREE =6a, V/m 


a, Unit vector rormal to the plane. 
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Note : If plane is defined as Ax + By + Cz = D then the unit vector normal to the 
plane is, 


F E *Ba, 2 


JA? B? +C? 


Positive sign for front side of the plane. 


Negative sign for back side of the plane. 


In this case, A = 1, B- -2, C=3, D=4 

E a, -2a, +34, . E _ 

a, = £|—-—— |= + (0.2672 4, — 0.5345 a, + 0.8017 a,] 
V1? +2? +3? 


The origin is on the back side of the plane so use negative sign. 


6 [- 0.2672 a, — 0.5345 a, + 0.8017 a,] 


E 


mi 
tl 


— 1.6035 a, — 3.207 a, — 4.8102 à, V/m 


mæ Example 2.24 : Three point charges qı = 107 P Ci 92 =-10 É C and 93 = 0.5 x 107 NC 
are located in air at the corners of an equilateral triangle of 50 cm side. Determine the 
magnitude and direction of the force on q3. (UPTU : 2006-07, 5 Marks) 


Solution : The arrangement is shown in the 
Fig. 2.42. The triangle is placed in x-y plane 
with three corners at O(0, 0, 0), Q (0.5, 0, 0) 
and P. 


The distance PR can be obtained as, 


d V. 

» EN 2,“ 

. PR = Jd (2) 
_ 43d 
: \ Fig. 2.42 

..Co-ordinates of P E Eje (0.25, 0.433, 0). 
Force on qs due to q; is, af 

| = da aoe Where Ro, = 025 a, + 0.433 a, + 0a, 

4r £y Rop | 
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0.5x107$ x107$ Ror 


| ECCE ERMEE. ici ei a E 
a 4nx 8.854x 1071? x[(0.25)? +(0.433)?°] | Rop| 
[0.25 à, +0.433 a, +0ā,] 


= 0.01797 x 05 


8.985 x 10°? a, + 0.01556 a, +0ā, N 


x 


Force on q3 due to q; is, 


E, = —3332 ag, where Ro» = (025 — 05) à, + (0433 - 0) a, +03, 
4n £g Rop 
Ror = -025a, +0493 a, +04,, [Ropl - 05 
z 05x10 x{—10) [-0.25 a, +0.433a, +0ā,] 
= MEER N ia 
52 Ax 1 8.854107? x 05? 0.5 


+ 8.985 x 10 ^a, — 0.01556 4, + Oa, N 


E 


LU 


E, -E,-0.01797a, N, |E| = 0.01797 N 


Mb Example 2.25 : Two uniform line charges of density p, = 4 nC/m lie in the x = 0 plane 
aty=2+4m. 


Find E. at (4, 0, 10) m. [UPTU : 2006-07, 5 Marks] 


Solution : The line charges are shown in the Fig. 2.43. The line charges with x = 0 and 
y =+4 arc parallel to the z-axis, as z can take 
any valuc. 


Key Point: As line charges are parallel to z 
axis, E at P can not have any component in z 
direction hence while calculating f and @,, the 
z co-ordinate need not be considered. 


z 
p; = 4 nC/m | 
0 


E due to p, at y = + 4 m : (0, 4, z) and 
P(4, 0, 10) 


- f-(4-0)a, + (0— 4) a, 


hin iin d Fig. 2.43 


- Pi 4x10 4a, —4a 
Esc 2 010 FE 
2R£gXr 2nx8.854x10^ x 4/32 4J32 
= 8.9877 a, - 8.9877 ay V/m 
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E, due to f, at y 2 — 4 m : (0, — 4, z) and P(4, 0, 10) 


mæ Example 2.26 : 


Solution :p, = cos 29 
Q 
Considcr I 


It 


It 


(4-0)a, +[0-(-4)] a, 2 42, +44), |F] = v32 


r 4a, +4a, 


[z] 4/32 
Pi = um — 4x]?  — x 
2n&£gXr ' 2mx8.854x107? x 32 


8.9877 a, + 8.9877 a, V/m 
E, + E, = 17.9755 a, Vim 


Jo. dv where dv = r° sin 0 dr dO do 


vol 


nM nm 2 
[ j [[r? sin 8dr d0dgl cos?0 
6500-0 r-0 


r? 7 m| f 8 
BH [do J sin @cos? @d0) = zx2nxI 
0 6-0 


* 
[sin 0cos? 6d6 
6-0 


Put cos 0 = t i.c. — sin Od0 = dt 


x 3097F 
[-atxe? =- is 
3 
9-0 


0-0 


 [cos?e| | [cos? n-cos* 0 
3 |, i 3 


.c»*-^|. [1 1]1.,2 
3 ~ 33] 3 

8 2 32m _ 

3% 20x32 Wr Des 11.1701 C 
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4a, +4a, 


432 


A sphere of radius 2 cm is having volume charge density of p, given by 
p, = cos ? © Find the total charge Q contained in the sphere. [UPTU : 2007-08, 5 Marks] 
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Review Questions 


. State Coulomb's law of force between any two point charges and state the units of force. 
. Define electric field intensity. Obtain an expression for the electric field intensity at a point which 
is at a distance of 'R' from a point charge Q. 
. State the units of electric field intensity E and explain the method of obtaining E at a point in 
cartesian system, due to a point charge Q. 
. Obtain an expression for total electric field intensity at a point due to infinite number of point 
charges. 
. Obtain an expression for total force experienced by a point charge due to infinite number of point 
charges around it. 
. Which are the various types of charge distributions ? Explain. State the units of line charge 
density, surface charge density and volume charge density. 
. A charge is distributed on y axis of cartesian system having a line charge density of 5y% p C/m. 
Find the total charge over the length of 15 m. [Ans. : 0.2178 C] 
. Find the total charge inside a volume having volume charge density as 
1523 e^ P sinny (nc / m? ) The volume is defined between -1 < x <1, O< y <1 and 2 <z £5. 
c [Ans. : 2.9515 C] 
. Explain the procedure of obtaining E due to the line charge, surface charge and volume charge. 
. Obtain an expression for an electric field due to infinite line charge having density P, C/m, placed 
along z-axis, at a point P on y axis at a distance of d from the z axis. 
[Ans. : (P. IRRE d)a,V Inl 


. Obtain an exression for an electric field due to charged circular ring of radius ‘h’ placed in xy 
plane, at a point P (0, 0, z), having uniform line charge density of P, C/m. 


. A charge of + 10 C is located at the point x = O and y = 1 and charge of — 5C is at the point 
x = 0 and y = — 1. Find the point on y axis at which net E - 0. 
[Ans. : (0, — 5.828, 0) or (0, — 0.1716, 0)] 
. A point charge of 20 nC is located at the origin. Determine the magnitude and direction of E at 
point P (1, 3, —4) m. [Ans. : 1.357 7, + 4.073 a, ~ 0.784 Z, V/m] 
. A circular disc of 10 cm radius is charged uniformly all over the surface with total charge of 
100p C. Find È at a point 20 cm away from the disc along its axis. 


[Hint : Find p, — Q/surface aren and then E.] [Ans.: 18.98 x1052, V/m] 


. Derive the expression for the electric field due to infinite sheet of charge placed in xy plane, having 
surface charge density of p,C / ni^. [Ans. : PS- a. V/m] 
255 
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16. Calculate the force on a point charge of 50 uC placed at a point (0, 0, 5) m due to a charge of 
500 uC that is uniformly distributed over a circular disc of radius 5 m and placed in the xy plane. 
[Ans. : 5.26 «t. N] 
17. Four point charges, each 20 uC are on the x and y axes at X 4m. Fnd the force on a 200 uC point 
^. charge at (0, 0, 3) m. [Ans. : 3.456 z N] 
18. A charge Q, 2 121x10? C is located in vacuum at P, (— 0.03, 0.01, 0.04) m. Find the force on Q, 
due to Q) 2110 pC at F, (0.03, 0.08, — 0.02) m. [Ans. : 5.44 1, — 6.33 a, + 5.44 c. N] 
19. Eight 25 nC point charges in free space are located symmetrically on a circle of radius 0.2 m 
centered at the origin in the z = O plane. a) At what point on the z axis is |E | is mopa 
b) What is the magnitude of maximum E ? [Ans. : (0, 0, + 0.1414), 17.3 kV/m] 
20. A ring of radius 6 m is placed in yz plane. It is centered at origin. Find electric field intensity at 
point (8, 0, 0) m. The line charge density is 18 nC/m. [Ans. : 48.75 à, V/m] 
21. A charge is distribuled along z axis between * 6 m with uniform charge density 25 nC/m. 
Calculate E at a point (2, 0, 0) m in free space. [Ans. : 213.16 a, V/m] 
22. A uniform line charge of infinite length with P, = 20 nC/m lies along z axis. Find E at (6,8,3) m. 
[Ans. : 21.57 a, + 28.76 a, Vim] 
23. On the line x = 4 and y = — 4, there is a uniform charge distribution with density P, = 25 nC/m. 
Determine E at (-2, -1, 4) m. : [Ans. : - 59.92 7, + 29.96 i, Vim] 
24. The infinite line cherge parallel to z axis is at x = 6, y = 10. Find E at the general point P(x, y,z) 
in cartesian system. 
Pr 
2n] (x--6). + (y -10) 


25. Find E at (10, 0, 0) due to a charge of 10 nC which is distributed uniformly along x axis between 
x =-5 to + 5m in free space. [Ans. : 1.8 a, V/m] 


[Ans. : 


JEJE vU Vi an] 


26. A line charge density 24 nC/m is located in free space on the line y = 1, z = 2. 
a) Find E at P (6, -1, 3). 
b) What point charge Q, should be located at (-3, 4, 1) to cause y component of E to be zero at 
P? [Ans. :— 172.56 ài, + 86.28 à. Vim, 4.43 uC] 


27. Find E at P (0, 0, 2) m due to the infinite sheet of charge in xy plane with density 10 nC / n?. 
[Ans. : 564.71 a. V/m] 


28. Two infinite sheets of charge each with density Ps are located at x =+2 m. Determine E in all 


directions. [Ans.: Forx « 2 m a,For-2«x«2 : 0, Forx»2: z a, in V/m] 


29. Four infinite sheets of charges with uniform charge densities 20 pC/n?, — 8 pC/n?, 6 pCÁn? and 
-18 pC/n? are located at y = 6, y = 2, y = — 2 and y = — 5 respectively. 
Find Eat 4) (2, 5, -6) b) (0, 0, 0) c (- 1, - 2.1, 6) d) (10°,10°, 10”). 
[Ans. : - 2.26 ay Vim, - 1.355 7, Vim, — 2.03 a, V/m, 0 Vim] 
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30...A sheet of charge with P =2nC / im^ is in the plane x = 2 in free space and a line charge 
P, = 20 nC/m is located at x 2 1, z = 4. 
a) Find È at P (0, 0, 0). b) E at (4, 5, 6). 
c) What is the force per unit length on the line charge ? 
[Ans. : - 134 7, — 85 à, Vim, 196 ài, + 55.31 Æ, V/m, - 2:26 à, u Nim] 


University Questions 


1. If Q}, Qz are carges located at distances r4, rz, ... from the point P, then the electric-intensity E 
at point P will be : 


T " 1 r-n A= 
E = gpg Din Qi Dis (UPTU : 2005-06, 5 Marks) 
. An infinite sheet with surface charge Q = 12 £, Cm ? is lying in the plane x — 2y + 3z = 4. Find 


an expression for the field-intensity on the side of the plane containing the origin. 
(UPTU : 2005-06 , 5 Marks) 
- State the word statement of Coulomb's law of forces. Three ponit charges qi 
q27--10 °C and g3 = 05 x 10 6 C are located in air at the corners of an equilateral triangle of 
50 cm side. Determine the magnitude and direction of the force on q3. (UPTU : 2006-07, 5 Marks) 
4. Two uniform line charges of density p, = 4 nC/m lie in the x = O plane at y = + 4m 
Find E at (4, 0, 10) m. (UPTU : 2007-08, 5 Marks) 
5. A sphere of radius 2 cm is having volume charge density of p, given by p, = cos 26 Find the 
total charge Q contained in the sphere. (UPTU : 2007-08, 5 Marks) 


6. An infinite long line charge of uniform density p, coulombs/cm is situated along the z-axis. Obtain 
electric field intensity due to this charge using Gauss's law. 
(UPTU : 2007-08, 5 Marks) 


OO) 
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Electric Flux Density and 


Gauss's Law 


3.1 Introduction 


Uptil now Coulomb's law and electric field intensity are discussed. The various 
possible charge distributions and corresponding electric field intensities are also discussed 
in the last chapter. Another important concept in electrostatics is electric flux. If a unit test 
charge is placed near a point charge, it experiences a force. The direction of this force can 
be represented by the lines, radially coming outward from a positive charge. These lines 
are called streamlines or flux lines. Thus the electric field due to a charge can be 
imagined to be present around it interms of a quantity called electric flux. The flux lines 
give the pictorial representation of distribution of electric flux around a charge. This 
chapter explains the concept of electric flux, electric flux density, Gauss's law, applications 
of Gauss's law and the divergence theorem. 


3.2 Electric Flux 


In 1837, Michael Faraday performed the experiment on electric ficld. He showed that 
the electric field around a charge can be imagined interms of presence of the lines of force 
around it. He suggested that the electric field should be assumed to be composed of very 
small bunches containing a fixed number of electric lines of force. Such a bunch or closed 
area is called a tube of flux. The total number of tubes of flux in any particular electric 
field is called as the electric flux. 

Key Point: Thus the total number of lines of force in any particular electric field is called 
the electric flux. It is represented by the symbol w. Similar to the charge, unit of electric flux is 

also coulomb C. 


3.2.1 Properties of Flux Lines 


The electric flux is nothing but the lines of force, around a charge. Such electric flux 
lines have following properties. 


(3 - 1) 
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1. The flux lines start from positive charge and terminate on the negative charge as 
shown in the Fig. 3.1. 


Fig. 3.1 Flux lines 


2. If the negative charge is absent, then the flux lines terminate at infinity as shown in 
the Fig. 3.2. (a). While in absence of positive charge, the electric flux terminates on the 
negative charge from infinity. This is shown in the Fig. 3.2 (b). 


Flux lines Flux lines 


Sr BS PA 


To ee -4——— -4——— From oo 


G0 — 
AN ARN 
(a) (b) 

Fig. 3.2 
3. There are more number of lines i.e. crowding of lines if electric field is stronger. 
4. These lines are parallel and never cross each other. 
5. The lines are independent of the medium in which charges are placed. 


6. The lines always enter or leave the charged surface, normally. 


7. If the charge on a body is + Q coulombs, then the total number of lines originating 
or terminating on it is also Q. But the total number of lines is nothing but a flux. 


Electric flux y = Q coulombs (numerically) 


This is according to SI units. Hence if Q is large then flux y is more surrounding the 
charge and vice versa. 


The electric flux is also called displacement flux. 


The flux is a scalar field. Let us define now a vector field associated with the flux 
called electric flux density. 
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3.3 Electric Flux Density (D) 


Consider the two point charges as shown in the Fig. 3.3. The flux lines originating 
from positive charge and terminating at negative charge are shown in the form of tubes. 


Unit surface area 


Fig. 3.3 Concept of electric flux density 
Consider a unit surface arca as shown in the Fig. 3.3. The number of flux lines are 
passing through this surface area. 


The net flux passing normal through the unit surface arca is called the electric flux 
density. It is denoted as D. It has a specific direction which is normal to the surface arca 
under consideration hence it is a vector field. 


Consider a sphere with a charge Q placed at its centre. There are no other charges 
present around. The total flux distributes radially around the charge is y=Q. This flux 
distributes uniformly over the surface of the sphere. 


Now, w - Total flux 
While, S 


Total surface arca of sphere 


then electric flux density is defined as, 


D= £ in magnitude . (1) 


As y is measured in coulombs and S in square metres, the units of D are C/m?. This 
is also called displacement flux density or displacement density. 
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Electric Flux Density and Gauss's Law 


3.3.1 Vector Form of Electric Flux Density 


Consider the flux distribution, due to a certain charge in the free space as shown in 


the Fig. 3.4. 


Consider the differential surface area dS at 
point P. The flux crossing through this 
differential area is dy. The direction of D is 
same as that of direction of flux lines at that 
point. The differential area and flux lines are 
at right angles to each other at point P. Hence 
the direction of D is also normal to the surface 
area. in the direction of unit vector a, which 
is normal to the surface area dS. Near point P, 
all the lines of flux dy are having direction of 
that of a, as the differential area dS is very 


Fig. 3.4 Flux through dS 


small. Hence the flux density D at the point P can be represented in the vector form as, 


p=. oY; 2 
D = as an C/m oes (2) 
where dy = Total flux lines crossing normal through the 


differential area dS 


dS = Differential surface area 


a, = Unit vector in the direction normal to the differential 


surface area 


3.4 D due to a Point Charge Q 


Consider a point charge +Q placed at the centre of the imaginary sphere of radius r. 


This is shown in the Fig. 3.5. 


The flux lines originating from the point charge + Q are directed radially outwards. 
The magnitude of the flux density at any point on the surface is, 
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WIL Total flux y 
| D| — Total surface area $ ~ @) 
But y = Q = Total flux 
and S = 4mr? = Total surface area 
= Q 
Di = .. (2 
| | 4nr? ( ) 


The unit vector directed radially outwards and normal to the surface at any point on 
the sphere is à, =3,. 

Thus in the vector form, electric flux density at a point which is at a distance of r, 
from the point charge + Q is given by, 


.. (3) 


3.5 Relationship between D and E 
In the last chapter, it has been derived that the electric field intensity E at a distance of 
r, from a point charge + Q is given by, 
E = a 


4n£or? 


Dividing the equations of D and E due to a point charge + Q we get, 
r Qz 

D _ _4nr AE 

E TEN: 

4n£or? 


-. For free space -0 


Thus D and E are related through the permittivity. If the medium in which charge is 
located is other than free space having relative permittivity £, then, 
D = ££ E 
i.e. D = £E ... (2) 
The following are the important observations : 
1. The D and E , both act in the same direction. 


2. The D and E are related through the permittivity of the medium in which the 
charge is located. 


3. Though the relationship is derived considering a point charge, the result is equally 
applicable for any general charge distribution. 


4. The electric field E due to any charge configuration is a function of the 
permittivity £, while the electric flux density D is not. 
The relationship is very advantageous while solving the problems on multiple 
dielectrics. 
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3.6 Electric Flux Density for Various Charge Distributions 


Let us obtain the expression for D considering various types of charge distributions. 


3.6.1 Line Charge 


Consider a line charge having uniform charge density of pı, C/m. Then the total 


charge along the line is given by, 


Q = f pidi 
L 
Im 
But D=- ut a 
Anr? " 4nr?^ ^' 


If the line charge is infinite then E is derived as, 


xo PL 
EE 2nepr " 
and D = £gE 
D- Ska 
Ds 2nr?! 


3.6.2 Surface Charge 


-.. (1) 


. (2) 


... Infinite line charge. 


Consider a sheet of charge having uniform charge density of pg C/m?. Then the total 


charge on the surface is given by, 


Q= J ps ds 
s 
pase a, 
4nr? 
IE 
= 3 a 
4n? ' 


The integration is over the surface S and is a double integral. 


If the sheet of charge is infinite then E is derived as, 


E = Ps 5 
pum 2£g an 
m. Ps — 

D = ae 


. (3) 


... (4) 


... Infinite sheet of charge 
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3.6.3 Volume Charge 


Consider a charge enclosed by a volume, with a uniform charge density of p, C/m?. 
Then the total charge enclosed by the volume is given by, 


vol 


[p.dv 
and E = yore a oes (6) 
and D = eg E 


a. (7) 


mæ Example 3.1 : Find D in cartesian co-ordinate system at point P (6, 8, — 10) due to a) a 
point charge of 40 mC at the origin, b) a uniform line charge of pj, =40u C/m on the z-axis 
and c) a uniform surface charge of density p; =57.2 u C/m? on the plane x 212 m. 


Solution : a) A point charge of 40 mC at the origin. 
P(6, 8, - 10) and O(0, 0, 0) 


T = (6-0)a, «(8-0)a, +(-10-0)a, 


6 a, +8a, -102, 


lr] = (©? +(8)? +(-10)? - 4200 y 
6a, +8a, -10a x ~~e P(6.8,-10) 
a, = Mr. Es 2 
¥200 Fig. 3.6 
5 Q _ 40x10? (6a, +8a, —10a, 
= ad. —————— 4 —————————— 
An? '  Anx(4200)? 200 


= 6.752x10* a, 4 9.003x 10 ^a, —11.254x10 * a, C/m* 
b) p, =40 uC/m along z-axis 
The charge is infinite hence, 


p- PL - 
f 2nggr " 


As the charge is along z-axis there can not be any component of E along z-direction 


Consider a point on the line charge (0, 0, z) and P (6, 8, — 10). But while obtaining T 
do not consider z co-ordinate, as E and D have no a, component. 
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r = (6-0) a, +(8-0) a, 26a, +84 


|z| = §(@?+(8)? =10 


y 


. _ 6a, +8a, 

ee ag 

E = PL 6a, +8a, 
2n€ (10) 10 

mL = PL 6a, +8a, 

dix el 10 


= 3.819x10~ a, *5.092x10 7 a, C/m* 
€ ps 257.2 u C/ m? on the plane x = 12. 


The sheet of charge is infinite over the plane x = 12 which is parallel to yz plane. The 
unit vector normal to this plane is à, = a,. 


The point P is on the back side of the plane hence a, = -a,, as shown in the Fig. 3.7. 


Z 


Back side 
of plane 


Fig. 3.7 
E = PS -a 
E = Je, | a,) 
But D = EE 
D = °S(-a,) = -286x105 a, C/m? 
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wab Example 3.2 : A point charge of 6 pC is located at the origin, a uniform line charge 
density of 180 nC/m lies along x-axis and uniform sheet of charge equal to 25 nC/m? lies in 
the z = 0 plane. Find i) D at A (0, 0, 4), ii) D at B (1, 2, 4) and iii) Total electric flux 
leaving the surface of the sphere of 4 m radius centered at the origin. 

Solution : i) Case 1 : Point charge Q = 6 pC at P (0, 0, 0). 


While D to be obtained at A (0, 0, 4). 


F = (4-0)a, =44,, |r|- (9? =4, a, = 


+ 
D = Og 26x10 
Arr? 4nx (4)? 


a, =2.984x 10 * a, C/m? 


Case 2 : Line Charge p, = 180 nC/m along x-axis. So any point P on the charge is 
(x, 0, 0), while A (0, 0, 4). As charge is along x-axis, no component of D is along x-axis. So 
do not consider x co-ordinate while obtaining r. 


r 


It 
m Y 
E 
| 
2 
mi 
N 
| 
4» 
w 
` 
ET 
" 
As 
Wj 
It 


As charge is infinite, 


: ^ 
D. PL. _180x10 


a, =7.161x 107° a, C/m? 


Case 3 : Uniform sheet of charge lies in z = 0 plane. So the direction normal to it is z 
direction as plane is xy plane. Hence a, - à, and pg = 25 nC/m?. 


As sheet is infinite, * 
m 1 rg 2 
Da = "$a, =O, =125x10-%a, C/m? 


D = Di +D2+Ds =49.501x 107? a, C/m? 
ii) The point at which D is to be obtained is now B (1, 2, 4). 
Case 1 : Point charge Q = 6 uC at P (0, 0, 0). 


"t! 


(1-0)a, +(2-0) à, +(4-0) a, = a, 42a, +43, 
jr] = 407? «2? «(9 = [2i 
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_ Q 6x107 E *2a, zd 


Dix T idco NR 
' 4n? ' 4nx(421)? J71 


4.961x 10 ? a, +9.923x 107° a, +1.9845x 107° a, C/m? 
Case 2 : Line charge : The point on the charge is (x, 0, 0). 
As charge is along x-axis, do not consider x co-ordinate. 
F = (2-0)a, +(4-0) a, =2a, +44, ... as B (1, 2, 4) 
JF] = J? «a? = [20 


r 2a ,+4a 


a, = == 
| | 420 
Dus fla, 


h 180x107? |2a, «4a, 
—— 2nx 420 NEU 


2.8647x 107° a, 45.7295 x 107? a, C/m? 


Case 3 : Infinite sheet of charge in z = 0 plane. 
The point B ( 1, 2, 4) is above z = 0 plane hence 4, =a, and D3 remains same as 
before. 
EE Ps 


D3 = —a,- 


"5X _ 
Sa, = 


z =12.5x10°ā, C/m? 
D = Di «Dz 4 Ds 
= 4961x 10 ? a, +1.2786x 1075 a, +3.807x 107 * a, C/m? 
iii) Let us find the total charge enclosed by a sphere of radius 4 m. 
Charge 1: Q, =6 uC at the origin. 
Charge 2 : The charge on that part of the line which is enclosed by the sphere. The 


line charge intersects sphere at x = + 4. Hence charge on the length of 8 m is enclosed by 
the sphere. This is shown in the Fig. 3.8. 


pd Qz = p, X length enclosed = 180x 107? x 8= 1.44 uC 


Charge 3 : The intersection of z = 0 plane with a sphere is a circle with radius 4 m, 
in xy plane. 


The surface area of this circle is nr?. 


S = nx(4)? 250.2654 m? 
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Intersection of 
z-0 plane with 
sphere 


Ps 
z=0 plane 


Fig. 3.8 


Hence the total charge enclosed is, 
. Q4 = psXxS=25x10° x50.2654 = 1.2566 uC 
Hence the total charge enclosed by the sphere is, 
Quai = Q1 +Q: +Q; =8.6966 uC 
But V = Qoa = Total electric flux leaving the surface of sphere 
8.6966 pC 


3.7 Gauss's Law 


It is seen that the charge Q emanates the flux y which is equal to the charge Q. This is 
provied by Faraday's experiment. Consider a sphere of radius r and a point charge + Q 
located at its centre. Then the total flux radiated outwards and passing through the total 
surface area of the sphere is same as the charge + Q, which is enclosed by the sphere. 

Now replace the point charge by a line charge, such that the portion of the line charge 
enclosed by the sphere consists of same charge + Q as before. In this case too, the total 
flux radiating outwards remains same as Q which is the charge on the line enclosed by the 
sphere. 

Similarly if the point charge + Q or a part of line charge carrying + Q are moved 
inside the sphere anywhere, still the total flux radiating outwards from the surface of the 
sphere remains same as Q. 

Now instead of a sphere, any irregular closed surface is considered with total charge 
enclosed as + Q in any form i.e. either point, line or surface then the total flux crossing the 
surface of that irregular object remains same as Q, which is charge enclosed by that object. 

These observations from Faraday's experiment lead to a law called Gauss's law. From 
the above discussion it is clear that irrespective of the shape of the closed surface and 
irrespective of the type of charge distribution, the total flux passing through the closed 
surface is the total charge enclosed by that surface. 
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Statement of Gauss's law : 


The electric flux passing through any closed surface is equal to the total charge 
enclosed by that surface. 


3.7.4 Mathematical Representation of Gauss's Law 
Consider any object of irregular shape as 


shown in the Fig. 3.9. Closed 
= irregular 
The total charge enclosed by the irregular a, surface 


closed surface is Q coulombs. It may be in 
any form of distribution. Hence the total flux 
that has to pass through the closed surface is 
Q. Consider a small differential surface dS at 
point P. As the surface is irregular, the 
direction of D as well as its magnitude is 
going to change from point to point on the 
surface. The surface dS under consideration 
can be represented in the vector form in 
terms of its area and direction normal to the 


surface at the point. Fig. 3.9 Flux through irregular closed 
: surface ' 


fom 
o 
ll 


dS a, 


where a, Normal to the surface dS at point P 


Key Polnt: Note that the normal to the surface is in two directions but only directed 
outwards is considered as required. The normal going into the closed surface at point P is not 
required. 


The flux density at point P is D and its direction is such that it makes an angle 0 with 
the normal direction at point P. 


The flux dy passing through the surface dS is the product of the component of D in 
the direction normal to the dS and dy. 


Mathematically this can be represented as, 
dy = D, dS (1) 
where D, = Component of D in the direction of normal 


to the surface dS 
From Fig. 3.9 we can write, 
D, = DI cos 0 -. (2) 


dy = |D|cos@ as -. (8) 


From the definition of the dot product, 
A*B = | A| | Bj cos Bap 
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We can write, 


[D|dScos0 = D-dS ... (4) 


dy = DedS w (5) 


This is the flux passing through incremental surface area dS. Hence the total flux 
passing through the entire closed surface is to be obtained by finding the surface 
integration of the equation (5). 


y = [àv-$ D-ds -.. (6) 
S 


As seen earlier, $ sign indicates the integration over the closed surface and called 


closed surface integral. Though the integration sign is single, over the surface S it becomes 
double integration. Hence S is generally used along with the sign of closed surface 
integral. 

Such a closed surface over which the integration in the equation (6) is carried out is 
called Gaussian Surface. 


Now irrespegtive of the shape of the surface and the charge distribution, total flux 
passing through the surface is the total charge enclosed by the surface. 


y = $ D* d$ = Q = Charge enclosed w+ (7) 
S 


This is the mathematical representation of Gauss's law. 
The charge enclosed may take any of the following forms : 
1. If there are number of point charges Q,, Q2, ..., Qn enclosed by the surface then 


Q = Q,+Q2+..4+Q, -XQ, 


-© 


2. If there is a line charge with line charge density p, then, 


L 


3. If there is a surface charge with surface charge density p, then, 


S 


4. If there is a volume charge with volume charge density p, then, 
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... (12) 


If there are morc than one charge distribution in Gaussian surface, the net charge is 
- algebraic addition of all the individual charges. 


If there is a closed surface such that there are no charges enclosed but there are 
charges around the surface then net flux over the surface is zero. This is because the flux 
from the charges outside, passes through the surface such that the flux entering is equal to 
flux leaving the surface. 


3.7.2 Special Gaussian Surfaces 


The surface over which is the Gauss's law is applied is called Gaussian surface. 
Obviously such a surface is a closed surface and it has to satisfy following conditions : 
1. The surface may be irregular but should be sufficiently large so as to enclose the 
entire charge. 
2. The surface must be closed. 
3. At each point of the surface D is either normal or tangential to the surface. 


4. The electric flux density D is constant over the surface at which D;js normal. 


3.8 Applications of Gauss's Law 


The Gauss's law is infact the alternative statement of Coulomb's law. The Gauss's law 
can be used to find E or D for symmetrical charge distributions, such as point charge, an 
infinite line charge, an infinite sheet of charge and a spherical distribution of charge. The 
Gauss's law is also used to find the charge enclosed or the flux passing through the closed 
surface. Note that whether the charge distribution is symmetrical or not, Gauss's law holds 
for any closed surface but can be easily applied to the symmetrical distributions. But the 
Gauss's law cannot be used to find E or D if the charge distribution is not symmetric. 

While selecting the closed Gaussian surface to apply the Gauss's law, following 
conditions must be satisfied, 


1. D is every where either normal or tangential to the closed surface i.e. 8-7 or 1. So 


that D* d$ becomes DdS or zero respectively. 
2. Dis constant over the portion of the closed surface for which D * dS is not zero. 
Let us apply these ideas to the various charge distributions. 


3.8.1 Point Charge 


Let a point charge Q is located at the origin. 

To determine D and to apply Gauss's law, consider a spherical surface around Q, with 
centre as origin. This spherical surface is Gaussian surface and it satisfies required 
condition. The D is always directed radially outwards along a, which is normal to the 
spherical surface at any point P on the surface. This is shown in the Fig. 3.10. 
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5l 


Point charge 


Fig. 3.10 Proof of Gauss's law 


Consider a differential surface area dS as shown. The direction normal to the surface 
dS is a,, considering spherical co-ordinate system. The radius of the sphere is r = a. 


The direction of D is along a, which is normal to dS at any point P. 


In spherical co-ordinate system, the dS normal to radial direction a, is, 


dS = r? sin dð dg=a? sin0 d0 do (as r za) 


dS = dSa, -a?sin0 d0 doa, .- (1) 
Now D due to the point charge is given by, 

m Lue II i 

D = inci a, gu a, (asr =a) ... (2) 


DedS = |D||dS|cose' 
Note that @’ is the angle between D and d$. 


where |D| = e , |dS|=a? sino de do, 0 20? 
a 


The normal to d$ is a, while D also acts along a, hence angle between dS and D i.e. 


D*dS 2 a? sin dO docos0° 
a 


Ar 
Q . 
tn sin 0 dédo ... (3) 
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Alternatively to avoid the confusion between the symbol 0 we can write, 


D-ds = .9 a, +a? sin@ dO doa, 
Ana? 
= Q jin de dola *à.] 
ån r r 
But a,*a, = 1 
DedS = — 
2R nx Q 
w= $ D:dS - f f zz sinedodo 
S o=0 60-0 
= 2 [-cosg]; Ie = RHD- Dr] 
y = ^ .. Gauss's law is proved 


This proves the Gauss's law that Q coulombs of flux crosses the surface if Q coulombs 
of charge is enclosed by that surface. 


Key Point: As D is obtained from the result of E which is obtained from Coulomb's 
law, it can be said that the above discussion is the proof of Gauss's law from the 
Coulomb's law. 


3.8.1.1 Use of Gauss's Law to Obtain D and E 
Alternatively Gauss's law can be used to obtain D and E. Let us see how ? 
From Gauss's law, 
Q = $ D-ds 
S 
The steps to obtain D and E are, 


1. Identify | D| and its direction. 


2. Identify | dS | and direction normal to dS. 


3. Take dot product, D * dS. 
4. Choose the Gaussian surface. 


5. Integrate over the surface chosen as Gaussian surface, keeping |D| unknown as it 


is. 


. Find charge Q enclosed by Gaussian surface. 
. Equate the charge Q, to the integration obtained with |D| as unknown. 


and express D with its direction. Then E= D/&. 


For a sphere of radius r, the flux density D is in radial direction a, always. Let 
|D|=D,. 


D = D,a, 
Let the Gaussian surface is a sphere of radius r enclosing charge Q. 
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While for the Gaussian surface i.c. sphere of radius r, dS normal to à, is, 
dS = r?sin0d0 doa, 


D-dS = D, r? sinüd6 do (8, * à, 21) 
Now integrate over the surface of sphere of constant radius 'r'. 
' 2n R 
$ D-dS = Í D, r?sino do do 
E o=0 0=0 
= D, r?[-cos9]5, [615° -4nr?D, 

But $ D-dS = Q 

S 


and 


The expressions are same as those obtained by Coulomb's law, earlier in the Chapter-2. 
This is the use of Gauss's law to obtain D and E for a given charge distribution. 


Note : Symmetry helps us to apply Gauss's law for the given situation. To 
understand symmetry, obtain the information, 


1. With which co-ordinates does the D vary ? 


2. Which components of D are present ? 
This results into simpler integration to be solved to obtain the required result. 


3.8.2 Infinite Line Charge 


Consider an infinite line charge 
of density p; C/m lying along z-axis 
from ~ to +20. This is shown in the 
Fig. 3.11. 


Consider the Gaussian surface as 
the right circular cylinder with z-axis 
as its axis and radius r as shown in 
the Fig. 3.11. The length of the 
cylinder is L. 


Fig. 3.11 Infinite line charge 
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Tre flux density at any point on the suface is directed radially outwards i.e in the a, 
direction according to cylindrical co-ordinate system. 


Consider differential surface area dS as shown which is at a radial distance r from the 
line caarge. The direction normal to dS is a,. 


As the line charge is along z-axis, there can not be any component of D in z direction. 
So D has only radial component. 


Now Q= $ D-ds 
S 


The integration is to be evaluated for side surface, top surface and bottom surface. 


Q = $ D-d5+ $ D:dS« $ D-dS 
side top bottom 
Now D = D,a, as has only radial component 
and dS = rdġdz 3, normal to à, direction. 
| D:dS = D,rdódz(8, +a, )=D, rdodz ..asa,*a, =1 


Now D, is constant over the side surface. 


As D has only radial component and no component along à, and —a, hence 
integrations over top and bottom surfaces is zero. 
fD-dS = $ D:d$-o 
top bottom 
Q = $ DedS = $ D, rdodz 
side side 
Lom 
= Í f Drdodz = rD, [215 [oe 
z=0 6=0 


Q = 2nrD,L (4) 


But Q . o, C/m 

L 

i3 PLZ 2 . r : 

D = zr à: Cm ... Due to infinite line charge. 
and E = LL LN /m 


The results are same as obtained from the Coulomb's law. 
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3.8.3 Coaxial Cable 

Consider the two coaxial cylindrical conductors forming a coaxial cable. The radius of 
the inner conductor is 'a' while the radius of the outer conductor is 'b'. The coaxial cable is 
shown in the Fig. 3.12. The length of the cable is L. 


Conducting 
cylinders 


(a) F (b) 
Fig. 3.12 Coaxial cable 


The charge distribution on the outer surface of the inner conductor is having density 
ps C /m?. The total outer surface area of the inner conductor is 2ra L. 


Hence p« can be expressed interms of p, . 


_ PsXSurfacearea p.x2naL 
Pi = — Totallength — Li —— 


PL = 2na Pg C/m 


Thus the line charge density of inner conductor is p, C/m. 


Consider the right circular cylinder of length L as the Gaussian surface. Due to the 
symmetry, D has only radial component. From the discussion of line charge we can write, 


Q = D,2nrrL .. (5) "^ 
where a<r<b [Refer equation (4) in section 3.8.2] 


The total charge on the inner conductor is to be obtained by evaluating the surface 
integral of the surface charge distribution. 


Q = $ psd .- (6) 
s 
Now dS = rdodz but r =a 
dS = adodz -. (7) 
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Lahm 
Q = $ ps adọdz= f J psadodz 
S z-09$-0 
= psa[z]; [8 22 21a Lps . (8) 


Equating (5) and (8), 
D,2nrL = 2naLps 


D, = Ps (9) 


This acts along radial direction i.e. a,. 


D = “Ps a, ... (10) 
But Ps = LX 

5». Pc = . PL = 2 

D * dear ** * Onur 3 Gm 209 

E = Ph a, (acr«b) V/m -. (12) 


2n£gor 


This is same as obtained for infinite line charge. Every flux line starting from the 
positive charge on the inner cylinder must terminate on the negative charge on the inner 
surface of the outer cylinder. Hence the total charge on the inner surface of the outer 
cylinder is, 


Qouter cylinder = 72 a LP sinner) -- (13) 

But — Qouter cylinder = 20b LPstouter) --- (14) 
2T b LPSioute) = —2% a LP sinner) 

Ps(outer) = ~ FP sinner -. (15) 


If the Gaussian surface is considered such that r > b, then the total charge enclosed 
will be zero as equal and opposite charges on the cylinder will cancel each other. 


Similarly inside the inner cylinder, r < a also the total charge enclosed will be zero. 


3.8.4 Infinite Sheet of Charge 


Consider the infinite sheet of charge of uniform charge density p C/m?, lying in the 
z = 0 plane i.e. xy plane as shown in the Fig. 3.13. 


Consider a rectangular box as a Gaussian surface which is cut by the sheet of charge 
to give dS = dx dy. 
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Gaussian 
surface 


Fig. 3.13 Infinite sheet of charge 


D acts normal to the plane ic. a, = a, and -a, - —a, direction. 
Hence D = 0 in x and y directions. 


Hence the charge enclosed can be written as, 


Q = $D:dS- $ D:dS- $ D:dS« $ Ded 
S sides top bottom 
But $ D*dS = 0 as D has no component in x and y directions 
sides 
Now D = D,a, for top surface 
and dS = dxdya, 
D*dS = D, dxdy(a, *a,)- D, dx dy 
and D = D,(-a,) for bottom surface. 
and dS = dxdy(-à,) 


D-dS = D, dxdy(a, *a, )- D, dx dy 
Q = $D,dxdy« $ D, dxdy 


top bottom 
Now $ dxdy = $ dx dy = A = Area of surface 
top bottom 
Q = 2D,A 
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But Q = PXA  aspg = Surface charge density 
Ps = 2D, 
D, = £5 
D = D,ā, =f5 ä, C/m . (16) 
E = a a, V/m . (17) 


The results are same as obtained by the Coulomb's law for the infinite sheet of charge. 


3.8.5 Spherical Shell of Charge 


Consider an imaginary spherical shell of radius ‘a’. 


The charge is uniformly distributed over its surface with a density p; C/m?. Let us 
find E at a point P located at a distance r from the centre such that r > a and r <a, using 


Gauss's law. 
The shell is shown in the Fig. 3.14. 
Case 1 : Point P outside the shell (r > a) 


Consider a point P at a distance r from 
the origin such that r > a. The Gaussian 
surface passing through point P is a 
concentric sphere of radius r. Due to spherical 
Gaussian surface, the flux lines are directed 
radially outwards and are normal to the 
surface. Hence electric flux density D is also 
directed radially outwards at point P and has 
component only in a, direction. Consider a 
differential surface area at P normal to a, 
direction hence dS - r?sin0 dð dó in spherical 
system. 


PILIPM 
act 7 fx. 


Spherical "+ 
shell L7 


+ 
ol 


Gaussian 
surface 


Fig. 3.14 Spherical shell of charge 


dy = D-dS -[D,a, ]-[r?sin® d0 doa, ] 


D, r?sin0 de do 


a n 
y = f D, r?sin0 d@ do=D, r? f sin6 dé dọ 
S $-00-0 
v = D, r?[-cos], [00 -4nr?D, ... (18) 
But y=Q ... Gauss's law 
Q = 4nr?D, 
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D, = E 
4nr 

D = D,ā,= SR. m? 

4nr 
= D OQ. 
And E = —- V/m 

£o 4ne or? " ? 


Electric Flux Density and Gauss's Law 


.. (19) 


... (20) 


Thus for r > a, the field E is inversely proportional to the square of the distance from 


the origin. 


If the surface charge density is pg C/m? then 
Q 
Q 


Ps x Surface area of shell 


and 


Case 2 : Point P is on the shell ( r = a) 
On the shell, r 


.. (21) 


.. (22) 


The Gaussian surface is same as the shell itself and E can be obtained using r = a in 


the equation (20). 
Q 


E = —— 
4n£ga? 


a, V/m 


Case 3 : Point P inside the shell (r « a) 


The Gaussian surface, passing through the point 
P is again a spherical surface with radius r « a. 


But it can be scen that the entire charge is on the 
surface and no charge is enclosed by the spherical 
shell. And when the Gaussian surface is such that no 
Charge is enclosed, irrespective of any charges 
present outside, the total charge enclosed is zero. 


Q=$ D°dS=0 


V 


2n 


s 


ja» 
Al 


R 
Now $ f r? sin d8 dé=4nr 
S 0-0 


Spherical 
shell 


... (23) 


.. As per Gauss's law 
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Thus $ d5 «0 
S 


Hence to satisfy that total charge enclosed is zero, inside the spherical shell. 


we (24) 


Thus electric flux density and electric field at any point inside a spherical shell is 
zero. 


3.8.5.1 Variation of E against r 


The variation of E against the radial 
distance r measured from the origin is shown 
in the Fig. 3.16. 


[E] in V/m 


Forr«a, 


For r = a, 


For r >a, 


After r = a, the E is inversely proportional to the square of the radial distance of a 
point from the origin. The variation of |D| against r is also similar. For the medium other 


than the free space, £y must be replaced by €= Ep £,- 


3.8.6 Uniformly Charged Sphere 


Consider a sphere of radius ‘a’ with a 
uniform charge density of p, C/m?. Let us 
find E at a point P located at a radial 
distance r from centre of the sphere such that 


r €&a and r » a, using Gauss's law. 


The sphere is shown in the Fig. 3.17. 

Case 1 : The point P is outside the 
sphere (r > a). Gau$sian 

The Gaussian surface passing through surface 
point P is a spherical surface of radius r. 

The flux lines and D are directed radially 
outwards along à, direction. 

The differential area dS is considered at point P which is normal to a, direction. 

. dS = r? sin d9 dọ 

dy = D*:d$ = D,a, * r? sino dð doa, 

D, r° sin d0 do ^ (8, 78, =1) 


Fig. 3.17 Uniformly charged sphere 
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y = Q=f D-d5 -j | D, r^sino do do 
S $200-0 


= D,r? [-cos0]5 [613° =D, r? 4n 


Q 
D = 
r 4nr? 
D = Qa, ci? .. (25) 
4nr- 
E = B. un V/m -. (26) 
Eq 4T£gr 


The total charge enclosed can be obtained as, 


Q 


[p,dv- jj j j p, r?sin6 dr d8 dọ 
v o=0 0=0 r=0 


3 


z Z4 [-cos 015 [616° 

0 
= =na°p,C ~. (27) 
... (28) 


While .. (29) 


These are the expressions for D and E outside the uniformly charged sphere. 
Case 2 : The point P on the sphere (r - a). 


The Gaussian surface is same as the surface of the charged sphere. Hence results can 
be obtained directly substituting r = a in the equation (28) and (26). 


-. (30) 


and -.. (31) 


Case 3 : The point P is inside the sphere (r « a) the Gaussian surface is a spherical 
surface of radius r where r « a. 


Consider differential surface area dS as shown in the Fig. 3.18. 
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Gaussian 


surface 


Fig. 3.18 


Again dS and D are directed: radially outwards. 


D = D,a, while dS = r? sin0 dé d$ a, 


dy = DedS - D,r? sind d8 do 
= n 2n n 
y = Q=$ D-dS= f D, r?sin8 d0 do 
S $-0 0-0 
= D,r? [-cos0]5 [pF = 4nr?D, 
D, =- 9 


4nr? 


D - La, ci? 
4nr^ 


wa. (32) 


Now the charge enclosed is by the sphere of radius r only and not by the entire 


sphere. The charge outside the Gaussian surface will not affect D. 


2t. x r 
Q = Jovdv= f j j r? sino drd0do 
v ¢=0 0=0 r=0 
4 3 
= QU P. where r <a 


Using in equation (32) we get, 


(33) 


. (34) 


... (35) 
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Key Point: The results obtained here can be used as the standard results while solving the 
problems. 


If the sphere is in a medium of permittivity €, then £9 must be replaced by £ —£, €,- 


3.8.61 Variation of E against r 


From the equations (26), (28) and JE] in Vim 
(33) it can seen that for r > a, the E is 
inversely proportional to square of the 
distance while for r « a it is directly 
proportional to the distance r. At 


r=a, 


E|= Fx@ depends on the radius 
3£g 


of the charged sphere. 
For r > a, the graph of |E| against 


r is parabolic while for r < a it is a o r-a in m 


straight line as shown in the Fig. 3.19. 


Fig. 3.19 Variation of [E| against r 


The graph of |D| against r is 


exactly similar in nature as | E| against r. 


3.9 Gauss’s Law Applied to Differential Volume Element 


Uptill now we have considered the various cases in which there exists a symmetry and 
component of D is normal to the surface and constant everywhere on the surface. But if 
there does not exist a symmetry and Gaussian surface can not be chosen such that normal 
component of D is constant or zero everywhere on the surface, Gauss's law can not be 
directly applied. 

In such a case a differential closed Gaussian surface is considered. The closed surface 
is so small that D is almost constant everywhere on the surface. Finally results can be 
obtained by decreasing the volume enclosed by Gaussian surface to approach to zero. 

Consider a cartesian co-ordinate system and a point P in it such that the clectric flux 
density at P is given by, 

D = D,a,+D,a,+D, a, -. (1) 

Consider the closed Gaussian differential surface in the form of rectangular box, which 
is a differential volume element. The sides of this element are Ax, Ay and Az. The position 
of this element is such that the point P is at the centre of the element and treated to be 
origin. Hence D at P can be denoted as Do. This is shown in the Fig. 3.20. 


Let D = Do=Dya, «Dy à, «Da, at point P 


The components D,o, Dyo and D, vary with distance in the respective directions. 
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Fig. 3.20 Differential volume element 


According to Gauss's law, 


Q = $ D-dS 12) 
S 


The total surface integral is to be evaluated over six surfaces front, back, leftside, 
rightside, top and bottom. 


$ D-d5 = Jejeje f fof} pas -. (3) 
s front back leftside  rightside top bottom 


Consider the front surface of thc differential element. Though D is varying with 
distance, for small surface like front surface it can be assumed constant. 


And dS = Ayázaà, .. as a, is normal to front 

while D = D,,, constant 
J D-dS = D, -(AyAz) a, . (4) 
front 

But Dios = Dynes - 6) 
J D-dS = Diron AyAz as 8, s a, =1 et (6) 
front 


It has been mentioned that D, fon is changing in x direction. At P, it is D.o while on 
the front surface it will change and given by, 


D i pios Rate of change istance of surface 
win 7 7X | ofD. with x from P 
oD, Ax 
D. iron 7 D,o * Ox E tee (7) 
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e The point P is at the centre so distance of surface in x direction from P is >. 


e The rate of change is expressed as partial derivative as Dx varies with y and z 


co-ordinates also. 


yAz ... (8) 


front 
Consider the integral over the back surface, 
[ 5:48 = D, dd 
back 
where Dua = Dy (3,) 
dS 


Key Point: Note that the flux is entering from back side and leaving from front in positive 
x direction hence a, is used positive for Dvack. While the surface considered from point P is in 
negative x direction hence —a, is used for expressing dS. 


AyAz( -a,) 


Doack *dS = -D, back AyAz (a, *a, =1) 
J DedS = Dua AyAz (9) 
back 


Now Dy hack is changing with x. At P it is D,; while on the back side it will be 
different and can be obtained as, 


D Rate of change Distance of surface | 
K baek * | of D, with x from P ] 
Ax OD, 
Dima = Dy . (10) 


The negative sign is used as the surface is in negative direction of x from P. 


Substituting in (9) we get, 


D Ax aD, 
J D-ds = p. EI AyAz 
back 
Ax 0D, 
J D:as = | Dyo +5 Ip ... (11) 


Combining equation (8) and equation (11), 


Ax oD, 
2 ox 


f +f = 2x Ayaz 


front’ back 


Downloaded From’: www.EasyEngineering.net 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 3-30 Electric Flux Density and Gauss's Law 
aD, 
+ [ = TX AxAyAz w. (12) 
tront back 


Similarly we can write, 


oD, 
J + J Eb. AXAyAZ7 ... (13) 
: y 
left right 
oD, : 
[ + f ar AxAyAz . (14) 
top — bottom 
"ON ap, 9D. aD, 
But AxAyAz = Differential volume Av 
are aD, 9D, aD, 
j D dS = Q = E TU», 3z Av s* (15) 
Thus the charge enclosed in volume Av is given by, 
. (16) 
This result leads to thc concept of divergence. 
na Example 3.3 : The flux density D = a, nC/m? is in the free space : 
a) Find E at r = 0.2 m. 1 
b) Find the total electric flux leaving the sphere of r = 0.2 m. 
c) Find the total charge within the sphere of r = 0.3 m. 
Solution : a) E = ee a, and r= 02m 
£y 3E_ 
-9 
E = 02x10  — 27.5295 a, Vim 
3x 8.854107? 
b) Q = y-$ D-dS 
S E 
Consider a differential area dS normal to a, which is r° sin d8 d$ 
dS = r? sind dā, 
and D = 3 à, 
D-dS = 74 sind dO do (8, 28, 71) 
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2n n . r? z 2n 
Q = [ J -y sin® d6do=— [-cos 0] o [To 


= mr? nC ... Note that D is in nC/m? 


~Atr=02m, Q = $nx (0.2)? = 0.0335 nC = 33.51 pC 


od Atr=03m, Q = Ê nx(0.3)? = 0.113 nC = 113.097 pC 


Mmb Example 3.4 : Three concentric spherical surfaces have radii r = 3, 5 and 7 cm 
respectively and have uniform charge densities of 200, — 50 and p , nC/m? respectively. Find. 
a) D and E at r = 2 cm, 4 cm and 6 cm. 
b) Find p, if D =0 at r = 7.32 cm. 


Solution : a) At r - 2 cm, it is inner side of inner sphere. It is seen that inside a spherical 
shell with surface charge E and D = 0. Now r = 2 cm is inside of all three spheres hence 
E-D-0 

At r = 4 cm which is exterior to innermost sphere but inside of spheres having radii 5 


and 7 cm. Hence at r = 4 cm, D and E exist due to sphere of r = 3 cm with 
ps =200 uC/m?. 


= psa 2 PS a 
E = >87, ... (Refer section 3.8.5) 
£o T 


æ -2y2 
= 200x10 (3x10 Da, =12.706x10° 3, V/m 
8.853 10-* x(4x 10)? 


Here a = Radius of sphere = 3 cm and r = 4 cm is distance. 


and D = «QE = 1125a, pC/m? 


At r = 6 cm, the E and D will be due to the two spherical shells having radii 3 and 
5 cm. While due to sphere of r = 7 cm, D and E are zero at r = 6 cm. 


a, =3cm, Pe, =200 pC/m? 


É Psi (81)? . 200x 10 x(3x 1077)? 
1 = ——— a SS OOO 
Eq (r)? 8.854x 107! x(6x107?)? 


r 


5.6471x105a, V/m 


Di = €E = 504, uC/m? 
And a, = 5m, Ps2 =- 50 pC/m? 


Downloaded From : www.EasyEngincering.net 


Downloaded From : www.EasyEngineering.net 
Electromagnetic Field Theory 3-32 Electric Flux Density and Gauss's Law 


Pe (aa) 50x10 x (5x10 )* B 
E2 = a, = ——__———__,, 8r 
En (r) $.854x 10? x (6x10) 
= -39216x10*a, V/m 
D2 = gjE = -34.722 à, uC/m? 
F = Ë +E2 =1.7255x 105 a, V/m 
and D 


Dı +D2 = 15278 a, pC/m? 
Note that radial distance r is measured from the centre i.e. origin of the spheres. 


b) The sphercs are shown in the Fig. 3.21. 


At r = 7.32 cm, all three shells produce D. 


D = PD. 
(r)* 
2 
D2 = Ps2 (a27 E a, 
(r) 
T a.) 
D3 = Px SEL 4, 
(r)“ 


But D = 0 at r = 7.32 cm as given. 


D = Di +D +D =0 


. Psi (a; V tps (a2)? +p, (ag)? . 
(n? 
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But r#0 and a, +0 
Psi (a1)? * pg (a2)? +P, (ag)? = 0 


|e ee 


Pr = (7x10 2)? 


- 11.2244 p C/m? 


mæ Example 3.5 : A uniform line charge p,, = 25 uC/m* lies along the z-axis and a 
concentric circular cylinder of radius 3 m has a surface charge density of 
Ps =-012 uC/m?. Both the distributions are infinite in extent with respect to z-axis. 
Using Gauss's law, find D in all the regions. The region is free space. 


Solution : The arrangement is shown in the Fig. 3.22. 


Ps 


(a) Charge distribution (b) Gaussian surfaces 


Fig. 3.22 


The spherical surface A shown in the Fig. 3.22 (b) is the Gaussian surface for the line 
charge. Let the differential surface area is dS = rdodz to which à, is normal. The D is 
directed radially outwards. The length of the Gaussian surface is L. 


D = D,à, and d$ = rdodza, 
The radius r of Gaussian surface A is 0 <r < 3. 


Q = f D-dS=¢ D, rdodz (a, *à, =1) 
S s 


L on 
| f D, rdodz=D,rloly zl = D,r2nL 
z-006-0 
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But charge on the line of length L is Q =p, xL 
: pul = Dr2nL , 


Pi n Pu = 
D, Fnr and D= pra a, 
= _ 25x10? . 03978. 2 
D = —m a. - T ac u C/m 


This is in the region 0 < r < 3m. 


The spherical surface B is the Gaussian surface enclosing both the charge distributions. 


Due to the line charge, Di = Pu a, remains same. 

And due to cylinder of radius 3 m, let it be Dz. The direction of D» is radially 
outwards. Consider differential surface area normal to a, which is r d$ dz. The length of 
Gaussian surface is L. 


D2 = D4,a, and dS =rdodza, 


Q $ D,-d$ - f Î Da r do dz M (a,° a, =1) 
S 


z-0e-0 
Da r2nL 
Now charge on the surface of length L and radius r is, 
Q = psx Surface area = psgx2rrL 


where r = 3 m = Radius of charge distribution 
= 2nx (-0.12x10)x(3)x L=-2.2619x10 L C 
-22619x10 ÉL = D,xrx2nL 


— -6 — 
p, = -22619x105 _ -036 19-6 
2nr r 
D2 = -D36 a, pC/m? forr»3 
D= DiD .907 a,uC/m? forr>3 


3.10 Divergence 
Applying Gauss's law to the differential volume element, we have obtained the 


relation, 
aD, 9D, aD, 
eee CI JE ay 


This is the charge enclosed in the volume Av. 
But Q = $ D-dS by Gauss's law ~ (2) 
S i 
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To apply Gauss's law, we have assumed a differential volume clement as the Gaussian 
surface, over which D is constant. Hence equations (1) and (2) can be equated in limiting 
case as Av — 0. 


— oD, ð 
$ D-dS = lim Mg a oie 
: av>0{ Ox Oy Oz 


$ D-ds 
_ aD, 9D, aD, , 2 
“Ox | dy | Oz avo Àv avo dv 


... (3) 
Thus in general if A is any vector say force, velocity, temperature gradicnt etc. then, 


$ A-dS 
9A, 9A, dA, = li S 4) 
“ax tay "Oz AN i 
This mathematical operation on A is called a divergence. It is denoted as divergence 
A. Hence mathematically divergence is given by, 


.. (5) 


3.10.1 Physical Meaning of Divergence 


From the equation (5), the physical meaning of divergence can be obtained. Let A be 
the flux density vector then, 


the divergence of the vector flux density A is the outflow of flux from a small closed 
surface per unit volume as the volume shrinks to zero. 


Hence the divergence of A at a given point is a measure of how much the ficld 
represented by A diverges or converges from that point. If the field is diverging at point P of 
vector field A as shown in the Fig. 3.23 (a), then divergence of A at point P is positive. The 
field is spreading out from point P. If the field is converging at the point P as shown in the 
Fig. 3.23 (b) then the divergence of A at the point P is negative. It is practically a 
convergence i.e. negative of divergence. If the field at point P is as shown in the Fig. 3.23 (c), 
so whatever ficld is converging, same is diverging then the divergence of A at point P is zero. 


w^ \Iy TT 


“IN IN TTT 


Fig. 3.23 Divergence at P 
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Practically consider a tube of a vehicle in which air is filled at a pressure. If it is 
punctured, then air inside tries to rush out from a tube through a small hole. Thus the 
velocity of air at the hole is greatest while away from the hole it is less. If now any closed 
surface is considered inside the tube, at one end velocity field is less while from other end 
it has higher value, as air rushes towards the hole. Hence the divergence of such velocity 
inside is positive. This is shown in the Fig. 3.24 (a) and (b). 


SNL Tube 


More air 
velocity 


velocity 


(a) Tube (b) Punctured tube (c) Hollow tube 
Fig. 3.24 Concept of divergence 


As scen from thc Fig. 3.24 (b), the air velocity is a function of distance and hence 
divergence of velocity is positive. The density of lines near hole is high showing higher air 
velocity. The source of such velocity lines is throughout the tube and hence anywhere 
inside the tube, at any point the divergence is positive. 


If there is a hollow tube open from both ends then air enters from one end and passes 
through the tube and leaves from other end. This is shown in the Fig. 3.24 (c). The velocity 
of air is constant everywhere inside the tube. In such a case the divergence of the velocity 
field is zero, inside the tube. 


A positive divergence for any vector quantity indicates a source of that vector quantity 
at that point. A negative divergence for any vector quantity indicates a sink of that vector 
quantity at that point. A zero divergence indicates there is no source or sink exists at that 
point. 


In short, if more lines enter a small volume than the lines leaving it, there is positive 
divergence. If more lines leave a small volume than the lines entering it, there is negative 
divergence. If the same number of lines enter and leave a small volume, the field has zero 
divergence. Note that the volume must be infinitesimally small, shrinking to zero at that 
point, where divergence is obtained. 


As the result of divergence of a vector field is a scalar, the divergence indicates how 
much flux lines are leaving a small volume, per unit volume and there is no direction 
associated with the divergence. 
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3.10.2 The Vector Operator V 
The divergence of the vector field A is given by, 


_~  9A,.9^, OA, 
divA = oc oy Oz 


The divergence of a vector is a scalar quantity. 


The divergence operation can be represented by the use of mathematical operator 
called del operator V which is a vector operator. It is given by, 


. 6) 


Now the A is a vector field and V is also a vector. The result of divergence is a scalar. 
Thus to get the scalar from the two vectors, it is necessary to take dot product of the two. 


While other dot products such as a, «a, etc. are zero. 


— A) Ay) HA, dA, 9A, OA, 
oa x oy tiz 7A oy UA 


V-A = divA w. (7) 
Note the following observations regarding V : 


1. V is a mathematical operator and need not be involved always in the dot product. 


2. It may be operated on a scalar field to obtain vector result. Thus if m is a scalar 


field then, 


a 23. d om. om. om_ 
m= ast gyar taza lu s a 


3. The V operator does not have any other specific form in different coordinate 
systems. Whatever may be the coordinate system in which A is represented, V*À 
represents a divergence of A. 


3.10.3 Divergence in Different Co-ordinate Systems 


In a cartesian system, the differential volume unit is given by dv = dx dy dz while in 
cylindrical system it is given by dv = r dr dó dz. In the spherical system it is given by 
dv = r° sin Odr dOd Thus the expressions for divergence in different co-ordinate systems 
are different. 


These expressions of divergence, in different co-ordinate systems are given by, 
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div A mo apo ... Cartesian 


div A - * ... Cylindrical 


— 1 ə 1 QA, : 
id daar A,)+ Tung 3g (in 9A ees EIS series 


The relations are frequently required in the engineering electromagnetics. 


3.10.4 Properties of Divergence of Vector Field 
The various properties of divergence of a vector field are, 


1. The divergence produces a scalar field as the dot product is involved in the 
operation. The result does not have direction associated with it. 


2. The divergence of a scalar has no meaning. Thus if m is a scalar field then V *m 
has no meaning. Note that V operator can operate on scalar field but dot product 
ie. divergence of a scalar has no meaning. 


3. V (A «B) - V-A«V-B 
3.11 Maxwell's First Equation 
The divergence of electric flux density D is given by, 


$ D-dS 
"E MEET S 
div D = Jim. UE m : -.. (1) 
_ 9D, Qd dD, 
= Ox Oy oz 
According to Gauss's law, it is known that 
v = Q=f DedS .. (2) 
Expressing Gauss's law per unit volume basis 
$ D-ds 
Q s 
Av Av pu 
Taking lim Av — 0 i.e. volume shrinks to zero, 
$ DedS 
Q iu. 5 
AU Av ^ dim AV OO us 
. Q ae 
But lim -= = p, at that point ... (5) 


Av70 AV 
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The equation (5) gives the volume charge density at the point where divergence is 
obtained. 


Equating (1) and (5), 
div D = p, -. (6) 
ie. VeD = py 


This is volume charge density around a point. The equation (6) is called Maxwell's 
first equation applied to electrostatics. This is also called the point form of Gauss's law or 
Gauss's law in differential form. 


The statement of Gauss's law in point form is, 


The divergence of electric flux density in a medium at a point (differential volume 


shrinking to zero), is equal to the volume charge density (charge per unit volume) at 
the same point. 


mæ Example 3.6 : Find the divergence of A at P (5,m/2,1), where 


* — 2 — 
A=rzsin $ a, + 3rz^ cosQ ay. 


Solution : Given A in cylindrical system, 


or 2 110 190A, 2A, 
dv A = pa At go tar 
where A, = rzsing A,-3rz?cos$ A, =0 


a 
< 
> 
1 


1 2 ir?z singlet [3rz? cos] - 0 


L.zsin 2r L-3rz? [-sin 6] 
= 2z sin 6-3z? sino 
At point P, r= 5, o=5, z=1 


divA = 2x1xsin 5 -3xlxsinz 


—1 at P. 


3.12 Divergence Theorem 


From the Gauss's law we can write, 
Q = $ D-d$ ~ (0) 
S 


While the charge enclosed in a volume is given by, 
Q = Í py dv .- (2) 
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But according to Gauss's law in the point form, 
V-D =p, . (3) 
J (V-D) dv ~ (4) 


y 


Using in 3), Q 


Equating (1) and (4), 


$ D-dS = | (V-D) av - (5) 
S v 


The equation (5) is called divergence theorem. It is also called the Gauss-Ostrogradsky 
theorem. The theorem can be stated as, 


The integral of the normal component of any vector field over a closed surface is equal 
to the integral of the divergence of this vector ficld throughout the volume enclosed by 
that closed surface. 


The theorem can be applied to any vector field but partial derivatives of that vector 
field must exist. The equation (5) is the divergence theorem as applied to the flux density. 
Both sides of the divergence theorem give the net charge enclosed by the closed surface 
ie. net flux crossing the closed surface. 


With the help of the divergence theorem, the surface integral can be converted into 
a volume integral, provided that the closed surface encloses certain volume. Thus volume 
integral on right hand side of the theorem must be calculated over a volume which must 
be enclosed by the closed surface on left handside. The theorem is applicable only under 
this condition. 


Points to remember while solving problems. 
1. Draw the sketch of the surface enclosed by the given conditions. 


2. D acts within the region bounded by given conditions towards the various surfaces. 
Thus note the direction of surface with respect to region in which D is given to give 
proper sign to the unit vector while defining dS. For example, consider the region 


Surface 
2 


Fig. 3.25 
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bounded by two planes as shown in the Fig. 3.25. For surface 1, with respect to D in the 
region, dS is in —a, direction. While for surface 2, with respect to D in the region, dS is in 
*à, direction. 


3. Ihen evaluate f D - dS over all the possible surfaces. 


5 


4. Evaluate f (V-D) dv to verify the divergence theorem. Take care of variables in 


v 


the partial derivatives. 


Mm Example 3.7 : Given that A 2 30e à, -2z d, in the cylindrical co-ordinates. Evaluate 
both sides of the divergence theorem for the volume enclosed by r = 2, z = 0 and z = 5. 


Solution : The divergence theorem states that 


$ A-d5 = J (V-A) dv 


Now pos lee j [aas 


sde top bottom 


Consider dS normal to 4, direction which is for the side surface. 
dS - rdodzà, 
A*dS = (30e"*à, -2za,)* rdó dz a, 
30re' (a, -a,)dódz =30 re" do dz 


2n 5 
f [ 3O0rce* dédz with r=2 
@-07=0 


> A-dS 
side 


= 80x2xe7?xl[ol; x [z]; = 255.1 


The dS on top has direction 4, hence for top surface, 


dS = rdrdoa, 
A*dS = (30e%a, -274,)* rdrdoa, 
= —27rdrdó ... (a, -a, =1) 
$ A-dS = I Í -2zrdrdó with z=5 
top ò Ora 


27? : 
-2x5x BH x[ol; = -40x 
0 


While dS for bottom has direction —a, hence for bottom surface, 


d$ = rdr dọ (-à,) 
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A-dS = (30e*à, -2za,)* rdrdo(-a,) 
- 2zrdrdo 


But z = 0 for the bottom surface, as shown 
in the Fig. 3.26. 


J $ A-dS = 255.1 —40 n+0 
s 


= 129.4363 


This is the left hand side of divergence 
theorem. 


Now evaluate J (V . A) dv 


VeA = (30r e) «045. (-2 z) 


or 
= i {30r(-eF) +300" (1)}+ -2 


= -30e° +2 e -2 


ic 5 2n 2 30 
f (V-A) dv = J J J (mere 2) cacao as 


z=00=-0r=0 


M 
| te— n 
| ey 
| tr 


(-30re*+30e%-2r) dr dodz 


z-00-0r-0 


= f-o d&l- [€ 30) dr+ Ed Ts GACA 


Obtained using integration by parts. 


= [30re «30e -30e7 -?]^ DIE n] 


[60 e? -2?] [101] = 129.437 
This is same as obtained from the left hand side. 


Downloaded From : www.EasyEngineering.net 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 3 - 43 Electric Flux Density and Gauss's Law 


2 


ma Example 3.8 : Given that p a, C / m?. Evaluate both the sides of divergence 


theorem for the volume enclosed by r = 4m and 0—-m/ 4. 
Solution: The given D is in spherical 
co-ordinates. The volume enclosed is shown in 
the Fig. 3.27. 


According to divergence theorem, 


$ D-dS = f (V-D) dv 


The given D has only radial component as 


given. Hence D, T while D, =D, =0. 


Hence D has a value only on the surface 
r = 4m. 


Consider dS normal to the a, direction i.c. 
r? sin 9d0 do 


= Fig. 3.27 
dS = r?sin0d0 doa, 
DedS = (r? sin 0d6d6) 5r? Lo ri sin 0dO0 dó . (a, «a, 21) 
4 4 - ui T r 
m a 2r nid 5 " 
$ D-4S = [ f jT sine dodo 
S 6208-0 


1 r'[-cosO]/^ [o]; and r-4m 


3 (D [cos 2- Ces) | 2x 


588.896 C 


To evaluate right hand side, find V - D. 


123,5 1 1 9D, 
Sot xL rsin saro pa Gin De) +g EIS 


1 ð 5 5 0 
[P(e omo 0 


*) = 5r 


V.D 


In spherical coordinates, dv = r° sin Odr dO d$ 
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8 In n/d 4 
J (¥-D)dv = f Gn? sin Odr dedo) 
v o-0u0- Ors0 


ay 4 
= s [-cos 0]; ^ [0)2" z5x ix ES F-(-c0s0) x2 
0 


588.896 C 


mæ Example 3.9 : Find the total charge in a volume defined by the six planes for which 
1$xS2,2sys3, 3<2<4 if, 


D=4x a, +3y? a, +22? à, C/ nf. 
Solution : The volume bounded by the given planes is a cube. To evaluate total charge 


use Gauss's law. 


Q= $ D-d5 
S 


But to evaluate D - dS, it is necessary to consider all six faces of the cube. Let us find 
dS for each surface. 

1) Front surface (x = 2), dS = dy dz, direction = a,, dS = dy dz a, 

2) Back surface ( x = 1), dS = dy dz, direction = -a,, dS -- dy dz a, 

3) Right side (y = 3), dS = dx dz, direction = à,, dS = dx dz a, 

4) Left side (y = 2), dS = dx dz, direction = -à,, dS = — dx dz a, 

5) Top side (z = 4), dS = dx dy, direcuon = a,, dS = dx dy a, 


6) Bottom side (z = 3), dS = dx dy, direction = - a,, dS = ~ dx dy à, 
Key Point: Remember that though the co-ordinates of x, y and z are positive, the 
directions of unit vectors are with respect to region bounded by the planes, as shown in the 


] 7 g 


ire 


Hn 


-a, 

u Fun -ate 9——9i | Bottom 
* Left Right ' 

(a) Cube (b) Directions of dS 


x = Constant planes y = Constant planes S] z = Constant planes 
[ ] (back and front) ce (sides) WS (top and bottom) 
Fig. 3.28 
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For front D-dS = 4x dy dz, x= 2 ay °ā, =1 
For back D-dS = —4x dy dz, x -1 8,9, =1 
For right D-dS = 3y? dx dz, y = 3 ay cay =1 
For left D-dS = -3y? dx dz, y = 2 a,*ay, =1 . 
For top D*dS = 22" dx dy, £24 a, ʻā, =1 " 
For bottom — D*dS = -2z? dx dy, 223 a,°a, =1 nd 


$ Ded dS - f j 4x dy dz + j j —4x dy dz 
S z=3 y=2 z=3 y=2 
Front, x = 2 Back, x = 1 tee 


4 2 ; 4 2 ; 
+f [3 dxdz+ f J =y dx dz 


£23 x=] z=3 x=1 
Right, y = 3 Left, y = 2 
3 2 3 2 
+ f f 22? dx dz + f J -2z? dx dz 
yz2x-21 y=2 4-21 
Top,z-4 Bottom, z = 3 


= (A2)lyE [213 90 Ly E (ay +(3)(3)? P432 E205 
= -(32 [x]? 5 +(2)(4)* Da? Ev E -(2)(3)* ba? IE 


= 8-4427-124128-54 = 93 C 
This is the total charge enclosed. 


Let us verify by divergence theorem. 
9D, 9D, an, 


V.D = da Tii T -4-6y46z? 
4 3 
[(v-D)av = J f j (4+6y+6z7) dx dy dz ... Integrate w.r.t. x 
v z-3y-2x-1 
4083 
= J J (4+ 6y +627) [x]? dy dz ... Integrate w.r.t. y 
z= 3y=2 


3 


4 
= nn | dz 


2 


tt 
b) Seeman, opis 
w 


[4(3-2)+5(3" -2?)+6z? (3-2)| dz 


2 
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4 aT 
un 41) dz -fis ze 
19(4-3)«2(4? -3*)- 935 C 


Thus divergence theorem is vcrified. 


Examples with Solutions 


F Web Example 3.10 : The flux density within the cylindrical volume bounded by r = 5m, z = 0 
. and z -2m is given by, 
D -30e7 a, -2zā, C / m? 

What is the total outward flux crossing the surface of the cylinder ? 


Solution : The cylinder is shown in the Fig. 3.29. 


Lateral 
surface 


Fig. 3.29 


As the total outward flux is asked all surfaces, lateral, top and bottom must be 
considered. 


Case 1 : Consider the lateral surface, the normal direction to which is a,. 
Consider differential surface area normal to à ; Which is 

dS = r dódz. 
sr dS = rdédza, 
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DedS = [30e72, -2z2, ]- r do dz a, 


= 30re™ dodz (4, +4, =1, a, * a, =0) 
According to Gauss's law, 
" E 2 2n 
y = $ D-dS = f f 30 re™ dọ dz .. I = 5 constant 
lateral z-06-0 
= 30re"[9]7" [z]? ... T = 5 constant 


= 30x5xe°x2nx2 = 12.7 C 


Case 2 : Top surface, for which normal direction is a,. The differential arca 
dS = r dr dò normal to a,. 


dS = rdrd$ó a, and z= 2 for top surface 
D-dS = (3007 a, -2zàa, )- (rdrdoa,) 
= -2zrdr dé — (8, +4, 21, a, *a, =0) 
Wo = $ D-dS 


top 


2n 5 
= Í J -2zrdr do with z = 2 


o=0r=0 


25 
= -2z B CW ... Z = 2 constant 
0 


= —2x2x125x2m 
= — 314.1592 C 


Case 3 : Bottom surface, for which normal direction is —a, with respect to region. The 
differential area dS = r dr dọ normal to à,. 
| dS = rdr dé(-a,) and z = 0 for bottom 


D-dS = (30e*2, -2za,)- rdr dọ (-a,) 
= 2zrdrdó with 220 


= 0 
V3 = $ D*dS -0 as z = 0 for bottom 
bottom : 
Vna = Vi t Vo t Vs 
= — 301.4592 C 
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m» Example 3.11 : If D -12x* a, —3z? à, -9yz^ a, C / m? in free space, specify the point 
within the cube 1€x,y,zs2 at which the following quantity is maximum and give that 
maximum value. 
a)| D| D |p,j cp, 

Solution : a) From given D 

[D] = Jizx2y' «(-3z*y «(-9y zy 


Jia x? -9 25 +81 y? zi 


The | D| is maximum, when x, y and z are maximum in the given region. 


X-y-z-2 .. maximum values 


< At P (2, 2, 2) |D| will be maximum. 


= V144x244+9x2°481x22?x2! = 898 C/m? 


| | max 


b) According to Gauss's law in point form, 


V-D = p, 
= | OD, 9D, aD, 
V.D = "Ox Oy, Oe UR toc e yz 


P, = 24x-18 yz 


will be maximum when x is minimum and yz are maximum. ie. x = + 1 and 
v 
y = z= 2. 


[Pula = |24x(+1)-18x2x 2] =|4+24-72| = 48 C/ m? 


C) py is maximum when x is maximum i.c. 2 and y, z are minimum ie. y = z = 1. 
Thus p, is maximum at P (2, 1, 1). 


Py max = 24x 2-18x1x(4+1) = 30 C/m? 
mwb Example 3.12 : Determine the net flux of the vector field 
D(x,y,2) =2x7ya, +2, + ya, emerging from the unit cube 0 Sx, y,z<1. 


[M.U. May-2002] 


Solution : The x, y and z coordinates are all positive for the cube Hence the cube is as 
shown in the Fig. 3.30. 


From the Gauss's law, 
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Fig. 3.30 


The integral is to be evaluated on the six surfaces of the cube. Let us find dS for each 
surface. 


1) Front surface (x = 1), dS = dy dz, direction = a,, dS = dy dza, 
2) Back surface (x = 0), dS = dy dz, direction = -a,, dS = - dy dzà, 
3) Right surface (y = 1), dS = dx dz, direction = a,, | dS = dx dza, 
4) Left surface (y = 0), dS = dx dz, direction = -à,, dS - - dx dz ay 
5) Top surface (z = 1), dS = dx dy, direction = à,, d$ = dx dy a, 
6) Bottom surface (z = 0), dS = dx dy, direction = -a,, dS =- dx dy a, 
The directions of dS are with respect to region enclosed. 


Let us obtain D*dS for all the surfaces, 


For front DedS = 2x*ydydz, x=1 e a, ea, =l 
For back  DedS = —-2x*ydydz, x =0 a, °a, =1 
For right DedS = zdxdz y=1 ete ay °ay =1 
For left DedS = -zdxdzs, y =0 dy cay =1 
For top D*dS = ydxdy, z-1 .8,*8,-1 
For bottom Ded = -ydxdy z=0 wa, ea, =1 


1 1 1 1 
—-— f J 2x?y dy dz+ f I -2 x?y dy dz 
$ D-ds T z=0y=0 z=0y=0 

Front, x=1 Bottom, x=0 
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1 1 1 1 
+ f J zdx dz+ f f -7 dx dz 

Ct z=0x=0 7=0x=0 
Right, y =1 Left, y - -1 


1 1 » 1 
+ f J y dx dy+ f f —y dx dy 
y=0x=0 y=0x=0 
Top, z=1 Bottom, z =0 


(2)Q)° k | ias | >] [x]; + E 
15] [x] T£ “| [xh 


1 1.1 1 
55599 2.537 


1 
-| ed 
LU 


z1C 


y - 1C 


The students can verify the result using divergence theorem by obtaining f (V.D) dv. 


mab Example 3.13 : Prove that the divergence of the electric field and that of electric flux 
density in a charge free region is zero. 


Solution : From point form of Gauss's law we can write, 


V.D = div D-p, .. (1) 
While D = &E 
Ve(e,E) = p, 
The £ is scalar and constant hence can be taken outside. 
£y. V*E = p, 
v.E- div E = Ê» 2) 


0 
But in charge free region, Q = 0 hence there can not exist any charge density p,. 
p, = 0 -.. For charge free region 
Substituting in (1) and (2), 
V-D = V°E=0 ... For charge free region 


Thus divergence of D and E are zero in a charge free region. 
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D. dd Example 3.14 : Show that the divergence of flux sail due to point charge and uniform 
line charge is zero. 


Solution : Case I : Point charge 
In spherical coordinates, the flux density D due to a point charge is given by, 
D Qa 


4nr? 


r 


Hence for r > 0, D, = 


V.D = 4 3 (9 p,)«0«0 


r? dr 
= i ð TTL 2.19 Q 
r? Or 4nr2 | r? 0rl Án 


= Q 
= 0 Fr 


x is constant <= 


Hence the divergence of flux density due to point charge is zero. 
Case II : Uniform line charge 


For a uniform line charge, the flux density D in a cylindrical coordinate system is 
given by, 


Thus for r » 0, D, = fL and D, =D, =0 


2nr 
e 1 29 
VeD = = 57 (rD,)+0+0 
_ 12 [me]. 2 (p. 
~ r Or| 2nr | roóri2n 
= 0 Sas PL is constant ~- 
2n 


Thus everywhere except at r = 0, the divergence of flux density due to uniform line 
charge is zero. 


Key Point: As D -£E and e is a constant, the divergence of E due to point charge and, 
uniform line charge is also zero everywhere except r =0 where it is indeterminate. 


ww Example 3.15 : A spherical volume charge density is given by, 


r? 
Po -po|l1-L rsa 


=0 , r>a 
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a) Calculate the total charge Q. 

b) Find E. outside the charge distribution. 

c) Find E for r < a. 

d) Show that the maximum value of È is at r = 0.745 a. Obtain | È | max. 


Solution : Note that the p, is dependent on the variable r. Hence though the charge 
distribution is sphere of radius 'a' we can not obtain Q just by multiplying p, by E na? 
as p, is not constant. As it depends on r, it is necessary to consider differential volume dv 
and integrating from r = 0 to a, total Q must be obtained. Thus if p, depends on r, do 
not use standard results. 


a) dv = r*sin@drd@do ... Spherical system 
Q = f ^. dv = f j Í np =} sin 0dr dð do 
$-0 0=0 r=0 


a 4 
o exe] taa ] [eje 


! r=0 


po-co [| 


3 3 
a a 
= PoX2x2 nx |5- 5 


2a? 87 
pox4nx——-- 


.9n 3 
i5 1553€ 


Outside sphere, p, =0 so Q = 0 for r > a. 


b) The total charge enclosed by the sphere can be assumed to be point charge placed 
at the centre of the sphere as per Gauss's law. 


= Q _ 


D = a 


5 at r>a 
Anr^ 


r 


-. Outside the charge distribution ie. r> a, 


8n 
z Q 1509? 2 pyar 1 
|E| E ; a I 
REg r 4n£g r? 15 £o r? 
z 2 poa? 1 
E = — —9 — — a, Vim 


Thus E varies with r, outside the charge distribution. 
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c) For r < a, consider a Gaussian surface as a sphere r having r < a as shown in the 


Fig. 3.31. 


Fig. 3.31 


Consider dS at point P normal to 4, dircction, as D and E are in a, direction. 
dS = r*sin0d@doa, 
De Da 
DedS = D, r?sin0d0dọ 
Q, = $D.a$ 
s 


2n m 
= | [D.r'sineaode 


0-00. 


2 


D, r? [-cos 0] [6] ;" -4nr? D 
0 0 r 


where Q, = Charge enclosed by Gaussian surface 
Q; 
D, = —> 
: 4nr? 
b= Qs, 
Anr? 


E- P Qi a 


Let us find Q,, charge enclosed by Gaussian surface of radius r. 
2n 


Q = f [ [ nv [17s P sin ode doe 


0-0 0zt) r-0 
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n on r? r r 
Po [-cos 0], [olo fa] 


0 
r? r? 
anpo( 3 a? Je 


Using in the equation of E, field intensity for r < a is, 


r? r 


4npo 4 S42 


4 REg r^ 


3 
= Po B-E] à, Vim 


ei 
i 


£o |3 5a 


d) To find E to be maximum, inside the sphere i.e. r < a obtain, 


d|E| 
—- = 0 
dr 
d jor r* | _o 
1 3r 
ast xc o as p, 0, Ee #0 
5a* 
2 a 
uu 5o 
r = 0745a .. Proved 
z Po |0745a (0745a)" 
| E] = D| Lm 
max Eo 3 5a? 


0.1656aPo jin 
£p 


M» Example 3.16 : If a sphere of radius ‘a’ has a charge density p, = k r^ then find D and 
V «D as a function of radius r and sketch the result. Assume k constant. 
Solution : Consider a sphere of radius 'a' as shown in the Fig. 3.32. P 


Case [1] Consider point P outside sphere such that r > a. The Gaussian surface passes 
through point P. Now D is directed along à, direction hence D = D,à,. 
dS = r’sin 0 d0 do ... Spherical system 
D -dS = D, a,- r° sin 0 d0 doa, 


D, 1° sin 0 dO do 


dy 
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Charged 
sphere 


Gaussian 


2r m 
-d$- f f D, £^ sino do dó- 4x £ D, 
$-00-0 ` 


o 

I 

« 

i 
DOr 
ol 


O <= Q 
D, = —-sie. D= a 
d 4nr? : 4rr? 


Now total charge enclosed is, Q = fo. dv 


2x 


a 4nk 6 
Q = J kÊ P sino dr do do - =A 
0-:00-0r-0 
6 
p = D,a, = K*. a, Cim? ..forr»a 
6r 
Case [2] Let point P is on the surface of sphere ie. r = a 
I Q _ Ark a$ 
D = a, and Q = ———— 
4na? ' 6 
4 
D = ka a, Cim? ..forr-a 


Case [3] Let point P is inside sphere ie. r « a. The Gaussian surface passes through 
point P as shown in the Fig. 3.33. : 


Again dS and D are directed radially outwards. 


D.dS = D, r sin@ d do 


2n m 
Q = $DedS = f J D, 17 sino de do = 4nr? D, 
s 


e6-00c0 


y 
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Charged 
sphere 


Now charge enclosed by sphere of radius r only is to be considered and not the entire 
sphere. 


2$ m r 3 kré 
Q = fe,dv- f f f kÊ sinear do dp= ——4n 
6 
v $-00-0r-0 
—  kr®4 
D = Hear DES C/m? .. forO<r<a 
6 4nr? 6 


The sketch of D against r is, 


V.D = 4,2 (r? D,) as D is only ina, direction 
r r 


..forr>a 


rinm 


Fig. 3.34 
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A 1 5 2 kr! Z 1 k L2 3 
V.D = iil x- cri -kr ..forrsa 


Key Point: As V +D =p,= kr’ as given, the results are correct. 


mm» Example 3.17 : A spherical volume charge density is given by, 


T 
Pu 7 Po n) r Sa 


=0 , T»ü 
a) Calculate the total charge Q. 
b) Find È outside the charge distribution. 
c) Find E for r « a. 
d) Show that the maximum value of E is at r = 0.745 a. Obtain | E| max. 


Solution : Note that the p, is dependent on the variable r. Hence though the charge 
distribution is sphere of radius 'a' we can not obtain Q just by multiplying p, by (57 ? 
as p, is not constant. As it depends on r, it is necessary to consider differential volume dv 


and integrating from r = 0 to a, total Q must be obtained. Thus if p, depends on r, do 
not use standard results. 


a) dv = r?sinOdrd0dó ... Spherical system 
an z a r? 
Q=fp,av=f f f "(r7 =} sin 0dr dedo 
v 0-0 0-0 r=0 


n 


x T ri 
po -cosel 3" f {12-57} ar 


r=0 


pen-n- 


2 
5a^ jp 
a? a? 
= pox2x2nx [5-5 
2a? 8n 3 
= pgox4nx 5 74s Po C 


Outside sphere, p, =0 so Q = 0 for r > a. 


b) The total charge enclosed by the sphere can be assumed to be point charge placed 
at the centre of the sphere as per Gauss's law. 


D = D at r>a 
inr 


-. Outside the charge distribution ie. r > a, 
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8n 3 
[Ea ose js?»? 2 poa? 1 
4ntyr? | Ang, r? 15 & r7 
Eo 285371 
E = 15 a p a, Vim 


Thus E varics with r, outside the charge distribution. 


c) For r « a, consider a Gaussian surface as a z 
sphere r having r « a as shown in the Fig. 3.35. 


Consider dS at point P normal to a, direction, as 


D and E are in à, direction. isa Gaussian 


surface 
dS = r?sin0d6doà, 
D= D.a 


r 


DedS = D,r?sin0d0do 


Qi = $ D. dS 
S x dS 
a n 
= f [D r’sinedodo Fig. 3.35 
0-00-0 
= Dyr? [-cos 0] [0] 24xr? D, 
where Q, = Charge enclosed by Gaussian surface 
D = -Q 
" — 4nr? 
B= La, 
4nr? 
pP. 9 o. 
t;  Amg,r? 


Let us find Q,, charge enclosed by Gaussian surface of radius r. 


on m r 


Q, = f [ Í [1-5 JP sin ode aoao 


. 9-000 0 


3 5 JF 
= po[-cos0]5 101" Is : | 
Ü 


3 5a? 
3 5 
" imolis ak 
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Using in the equation of E, field intensity for r « a is, 


m 


3 5 
r^ r 
MENTI 
E a 
4NEgr 


r 


t; |3 5a?| 


3 
= Po E d | Vim 


d) To find E to be maximum, inside the sphere i.c. r < a obtain, 


ma» 


0 as p, #0, £y, 20 
5a? 

9 
0.745 a ... Proved 
po|0745a (0745a)" 
&L 3 5a 
016562po vi. 

Eo 


ma Example 3.18 : Three point charges are located in air : + 0.008 pC at (0, 0)m, + 0.005 C 
at (3, O)m, and at (0, 4) m there is a a charge of — 0.009 uC. Compute total flux over a 


sphere of 5 m radius with centre (0, 0). 


(UPTU : 2005-06) 


Solution : The arrangement is shown in the Fig. 3.36. 


Sphere 


The sphere encloses all the point 
charges. 


Qenci = Qi + Q2 + Q3 
= 0.008 + 0.005 — 0.009 
= 0.004 pC 
According to Gauss's law, 
y = Qu, = 0.004 pC 


This is the flux over a sphere. 


Fig. 3.36 
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mab Example 3.19 : Find the divergence of the vector function 


A = xa, +(xy)?a, «24(xyz)? a, 
Evaluate the volume integral of V + A through the volume of a unit cube centered at the 


origin. (UPTU : 2008-09) 
Solution : A = x?a, +(x?y?)a, +24(x?y?z7)a, 


Q = $A-dS 
S 
The Fig. 3.37 shows unit cube centered at 
origin. 


For A * dS, consider all six faces of the 
cube. 


Find dS for cach surface. 

1) Front (x = 0.5), dS = dy dz a, 

2) Back (x = -0.5), dS = dy dz (- a4) 

3) Right (y = 0.5), dS = dx dz (a,) 
Fig. 3.37 4) Left (y = - 0.5), dS = dx dz (- ä,) 

5) Top (z = 0.5), dS = dx dy a, 

6) Bottom (z = — 0.5), dS = dx dy (- 3,) 


For front, A -d5 = x? dy dz (x = 0.5) 
For back, A+dS = - x? dx dz (x = - 0.5) 
For right, Ä «dS = x’y* dy dz (y = 0.5) 
For left, AedS =- xy? dx dz (y = - 05) 
For top, A+d§ = 24 x*y*s? dx dz (z = 0.5) 
For bottom, A-dS$--24x y? dxdy (%=-0.5) 
B 05 Q5 05 u5 05 
ja-d$- |  fxaydaz+ f je xĉdydz + |  fx?y?dxdz 
s z= -05y- -05 4 -05y- -05 z--05 v= -05 
b 205) & = 0.5) (y= 0.5) 
05 05 05 05 05 05 
* f [X y*dxdz+ f [242y?z*axdy + [ 24x! y?z*dxdy 
272-05 x--05 ye-O.5 x--45 y--0523:-05 
(y= -05) (2-05) (z~ -05) 
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3 0.5 ] 
= (0.5) [yes z1; -C-05)? iyl; tz]93s «ese [s [21°3 
~ 5-05 


05 ; 0.5 
- (-0.5)? x [z]95. 4 24(0.5)? x* i y? 
3 -0.5 ? 3 3 


-05 -05 -05 


0.5 | 
24-055 | ET 
3 -05 3 -05 


= 0 
Using divergence theorem, 


T 9A, 9A, oA, 2 2 2 
VeA = o ay E? = 2x + 2x y +48 xyz 


0.5 05 05 
J Í [2x+2x?y & 48x? y?z] dx dy dz 


zz 05y--05xz-05 


05 05 3 3,2,1 95 
- f f pem lal (d | dy dz 
T 


ll 
mew, $ 


J(V eA) dv 


3 3 
z=-0.55 y=-05 -> 
05 05 05 4y? 05 
= f  fi0166y+4y’°zldydz= f L | dz 
z=-05 v--05 z=-05 -05 
05 
- 0.333 z dz = [0.1666 z2]95. = 0 
22-0. 


Review Questions 


1. What is electric flux ? Explain the concept of electric flux density. 


2. Derive the expression for D due to a point charge and hence deduce the relationship between D 
and L. 


State and prove the Gauss's law. 


T 


State the conditions to be satisfied by the special gaussian surfaces. 


Derive the expression for D due to a point charge using Gauss's law. 


Ci 


6. Explain the Gauss's law applied to the case of infinite line charge and derive the expression for D 


due to the infinite line charge. 


7. Consider a coaxial cable with inner radius a and outer radius b. Derive the expression for D for 


the region n <r < b using Gauss's law. 
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8. Derwe the expression for D due to the infinite sheet of charge placed in z — 0 plane, using Gauss's 
law. 


10. 


11. 
12. 
13. 


14. 
15. 


16. 


17. 


18. 


19. 


Consider a spherical shell of charge carrying a surface charge density ps C / m”. Using Gauss's 
law derive the expression for D in all regions. Sketch the variation of |D| against radius r. 


Usmg Gauss's law, derive D in all the regions for a uniformly charged sphere having volume 
charge density p, C / m?. Sketch the variation of |b| against the radius r. 


Starting from the Gauss's law as applied to the differential volume element, explain the concept of 
divergence. 

Define divergence and its physical meaning. 

Derive Maxwell's first equation as applied to the electrostatics, using Gauss's law. 

State the divergence theorem. 

Find D at P (6,8, — 10) caused due to 

a) A point charge of 30 mC at the origin. 

b) A uniform line charge p, = 40 n C/m on the z axis. 

c) A uniform ps = 57.2 uC / m? on the plane x = 9. 


[Ans. : 5.063 a, + 6.75a, 843a, 1 C/ m’, 0.382 a, + 0.5093 ayuc/ m?*, — 28.64, C/ m] 


Find D at (4, 0, 3) due to a point charge — 15.734 mC at (4, 0, 0) and a line charge 9.427 mC/m 


along the y axis. [Ans.:240a, « 42a,u C / n] 
Given that D —zrcos? a.C / m°, calculate the charge density at (1,7 / 4,3) and the total charge 
enclosed by the cylinder of radius 1m with -2«z < 2m. [Ans. : 0.5 C / m’, 4.189 C] 


A spherical symmetrical charge distribution has, 
= Por 
pot üsrsa 


= 0, r>o 


Determine D and E everywhere. 3 
oF [Ans. : Pos A, 
r 


f D = 20xy? (z +1), + 20x7y(z+1)a,+10x7y2aC /m®, calculate charge density at 

P(0.3,0.4,05). [Ans.:7.5 C / ni?] 

If D = 2xya, + 3yza, + 42x71, find the charge enclosed by -1 Sx $2, 0«z €«4and y = 3 plane. 
[Ans. : 216 C] 


. If D -10xy?a, +15x7 ya, + 20x^y^z ái, find p, at (1, 1, 1). [Ans. : 45 C / n?] 
If D -5x!y*3 a, + 2x3y*za, + 6x*y?z7,, find p, at (2, 3, 5). [Ans. : 30.9 kC/ m?] 
. Given the flux density in free space D = 1 a, , determine 


i) Total flux leaving a sphere of r = 0.5 m. 
it) Total charge enclosed in a sphere of r = 0.4 m. 


iii) Field intensity at r = 0.3 m. [Ans. : 0.392 nC, 201.062 pC, 8.471 V/m] 
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se 


2 
cube 1m on an edge, centered at the origin and with edges parallel to the axes 


24. Given that D = a,C / m°, evaluate both sides of the divergence theorem for the volume of a 


[Ans. : 0.625 C] 
25. Evaluate [ D *dS if D -yxza, - y! a, + yza, and S is the unit cube bounded by 
x=0Q x=1 y =0, y= 1, z = 0, z = 1. Also verify the divergence theorem. [Ans. : - 1/4 C] 


University Questions 


. What is Gauss's Law ? State and prove it. [UPTU : 2002-03, 5 Marks] 
. State Divergence Theroem and physically interpret the equivalence of the L.H.S. and the R.H.S. 
terms. (UPTU ; 2002-03, 5 Marks] 
. Discuss the Gauss's Law and its application. [UPTU : 2003-04(B), 5 Marks] 
4. Relate Electric flux v, and electric flux density D with Electric Field E. Three point charges are 
located in air : + 0.008 uC at (0, O)m, + 0.005 uC — 0.009 uC. Compute total flux over a sphere 
of 5 m radius with centre (0, 0). [UPTU : 2005-06, 4 Marks] 
. Find the divergence of the vector function 
A = x'a, + (xy)*a, + 24(xyz)* a. 
Evaluate the volume integral of V- À through the volume of a unit cube centered at the origin. 
[UPTU : 2008-09, 10 Marks] 


OOO 
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Energy and Potential 


4.1 Introduction 


Uptill now, we have studied the Coulomb's law and electric field intensity due to 
various types of charge distributions. Similarly Gauss's law and its applications under 
various charge distributions are also discussed. In this chapter, another important aspect 
rclated to an electrostatic field is discussed, which is electric potential The clectric scalar 
potential can be conveniently used to obtain electric field intensity E. This is another 
method of obtaining vector field E, from the clectric scalar potential. The other parameters 
such as potential difference, the relatior. between field intensity and the electric potential, 
potential gradient are also discussed in this chapter. Before defining an electric potential, 
let us study the work done in moving a charge in an electric field. 


4.2 Work Done 


The electric field intensity is defined as the force on a unit test charge at that point at 
which we want to find the value of E. Consider an electric field due to a positive charge 
Q. If a unit test positive charge Q, is placed at any point in this field, it experiences a 
repulsive force and tends to move in the direction of the force. 


But if a positive test charge Q, is to be moved towards the positive base charge Q 
then it is required to be moved against the electric field of the charge Q. i.e. against the 
repulsive force exerted by charge Q on the test charge Q,. While doing so, an external 
source has to do work to move the test charge Q, against the clectric field. This movement 
of charge requires to expend the energy. This work done becomes the potential energy of 
the test charge Q,, at the point at which it is moved. 

Consider an earth's gravitational field. An object falls on the earth due to the force 
exerted by earth's gravitational field. But to move an object away from the earth's 
gravitational field, the work is required to be done by an external source. The force in 
opposite direction to that exerted by earth's gravitational field is required to be applied, to 
move an object against the earth's gravitational field. In such a case, work is said to be 
donc. 


Thus, work is said to be done when the test charge is moved against the electric field. 


(4-1) 
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Consider a positive charge Q, and its clectric 


field E. If a positive test charge Q, is placed in this " F 
i a 9I 
ficld, it will move due to the force of repulsion. Let N \ a 

the movement of the charge Q, is dl. The direction t d 

in which the movement has taken place is denoted 


by unit vector 3,, in the direction of dl. This is S E. 
shown in the Fig. 4.1. 


According to Coulomb's law the force exerted by 
the ficld E is given by, Fig. 4.1 


F=Q,E N . (1) 
/ 
But the component of this force exerted by the field in the direction of dl, is 
responsible to move the charge Q,, through the distance dl. 


We know that the component of a vector in the direction of the unit vector is the dot 
product of the vector with that unit vector. Thus the component of F in the direction of 
unit vector à, is given by, 

F = Fea, =Q,E-a, N w (2) 

This is the force responsible to move the charge Q, through the distance dl, in the 
direction of the field. 

To keep the charge in equilibrium, it is necessary to apply the force which is equal 
and opposite to the force exerted by the field in the direction dl. 


= -F,=Q,E*a, N «+ (3) 


E, plica 


In this case, the work is said to be done. 
Key Point: Thus keeping the charge in equilibrium means we are moving a charge Q,, 
through the distance dl in opposite direction to that of field E. Hence the work is done. 
Thus there is expenditure of energy which is given by the product of force and the 
distance. 


Hence mathematically the differential work done by an external source in moving the 
charge Q, through a distance dl, against the direction of field E is given by, 


dW = É ppiea X dl =- Q E:a, di -. (4) 
But dia, = dL = Distance vector ws (5) 
dW = -Q,E-dL J .. (6) 


Key Point: Note that dW is a scalar quantity as E-dL is the dot product which is a 
scalar quantity. 
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Thus if a charge Q is moved from initial position to the final position, against the 


direction of electric field E then the total work done is obtained by integrating the 
differential work done over the distance from initial position to the final position. 


Final Final "E 
W = J aw- f -QE-dL 
Initial Initial 


^ (7) 


Initial 


The work done is measured in joules. 
Key Point: Note that at both the positions initial and final, the charge Q is at rest and 


not moving, then only the equation (7) is valid. 
4.3 The Line Integral 
Consider that the charge is moved from initial position B to the final position A, 
against the electric field E then the work done is given by, 
A — — 
W = -Qf E-dL 
B 
This is called the line integral, where E*dL gives the component of E along the 
direction dL. 


Mathematical procedure involved in such a line integral, is, 


. Choose any arbitrary path B to A. 


. Break up the path into number of very small segments, which are called 
differential lengths. 


. Find the component of E along cach segments. 


4. Adding all such components and multiplying by charge, the required work done 
can be obtained. 


Thus line integral is basically a summation 
and accurate result is obtained when the 
number of segments becomes infinite. 

Let us see an important property of this 
line integral. Consider an uniform electric field 
E The charge is moved from B to A along the 
path shown in the Fig. 42. 

The path B to A is divided into number of 
small segments. 


Fig. 4.2 
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The various distance vectors along the segments choosen are dli, dL;,dLs,dL4 and 
dis while the electric field in these directions is Ei, Ez, Es, E1 and Es. Hence the line 
integral from B to A can be expressed as the summation of dot products. 

W = -Q[Éi * dla +E2 * dEz +....4+Es * dLs] 


But the electric field is uniform and is equal in all directions. 


E = E = E; = E; -E-E 
-QE-Idla + dia 4... dL] 


Now dL; +dL2 +....+dL, is the vector addition. So 
according to method of polygon the sum of all such 
vectors is the vector joining initial point to final point 
when all vectors are arranged one after the other in 
respective directions. This is shown in the Fig. 43. 
Hence the sum of all such vectors is the vector Lsa 
joining initial point to final point. 


W = -QE:Lsa ... (Uniform È 


Fig. 4.3 


Thus it can be seen that vector sum of small segments choosen along any path, a cutve 
or a straight line remains same as Lsa and it depends on the initial and final point only. 


Key Point: Hence the work done depends on Q, E and Lua and does not depend on 
the path joining B to A. This is true for nonuniform electric field E as well. 


Thus, the work done in moving a charge from one location B to another A, in a 
static, uniform or nonuniform electric field E is independent of the path selected. The 
line integral of E is determined completely by the endpoints B and A of the path and not 
the actual path selected. 


Key Point: This is called conservative property of electric field E and field E is said to 
be conservative. 


While solving the problems, it is necessary to select dL according to the conditions and 
co-ordinate system selected. The expressions for dL in three co-ordinate systems are given 
here again for the convenience of the readers. 


Table 4.1 
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4.3.1 Important Comments about Work Done 
The work done in moving a point charge in an electric field E from position B to A is 
given by, 
^ — — 
Q = -Qf E:aL 
R 
1. When the movement of the charge Q is against the direction of E, then the work 
done is positive, which indicates external source has done the work. 


2. When the movement of the charge Q is in the direction of E, then the work done is 
negative, which indicates ficld itself has done the work, no external source is required. 


3. The work done is independent of the path selected from B to A but it depends on 
end points B and A. 


4. When the path selected is such that it is always perpendicular to E i.c. the force 
on the charge is always exerted at right angles to the direction in which charge is moving, 
then the work done is zero. This indicates 6, the angle between E and dL is 90°. Due to 
the dot product, the line integral is zero when 6 —90*. 


5. If the path selected is such that it is forming a closed contour i.e. starting point is 
same as the terminating point then the work done is zero. 


mw» Example 4.1 : An electrostatic field is given by, 


E = -8xya, -Ax? a, «à. V/m 
The charge of 6 C is to be moved from B (1, 8, 5) to A (2, 18, 6). Find the work done 
in each of the following cases. 
1. The path selected is y 23x? +z, zo x4 
2. The straight line from B to A. 


Show that work done remains same and is independent of the path selected. 


Solution : The work donc is given by, 


^ 
W = -Qf E-dL 
B 


Let us differential length dL in cartesian co-ordinate system is, 

dL = dxà, +dya, +dz7a, 

EedL = (-8xya, —4x’ a, «a, )-(dxa, +dya, +dza,) 
= —B8xydx-4x? dy+dz 


As a, *à, =a, ea, =a, *a, =1, other dot products are zero. 
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WwW 


A 
-Qf -8 xy dx - Ax? dy + dz 
B 


A A A 
-Q J - 8 xy dx- Í 4x?dy+f dz 
B B 


Case 1 : The path is y - 3x? +z, z=x+4 
y = 3x*+x+4 differentiate 


dy (6x &1) dx 


A^ 
For | —8 xy dx — The limits are x = 1 to x = 2. 
B 


A 
For f -4x?y — The limits are y = 8 to y = 18 


^ 
For Í dz — The limits are z = 5 to z = 6. 
B 


= -Q Í -8 xy dx- j 4x?dy+ i dz 
y=8 
Using y =3x?+x+4 and dy = (6x + 1) dx and changing limits of y from 8 to 18 
interms of x from 1 to 2 we get 


W 


2 
E f - 8x [3x? +x+4]dx- j 4 x?[6x - 1] dx j a| 


21 x=1 z=5 


4i [-24x? -8x? - 32x] dx- f (24 x? & 4x?) dx jo 


=l x ze5 


2 
- qe -5x —16x? - 6x? -5x ) 


x=1 


«ex| 


—Q(- 256-1) = —6x-255 = 1530] 
Case 2 : Straight line path from B to A. 
To obtain the equations of the straight line, any two of the following three equations 
of planes passing through the line are sufficient, 
B (1, 8, 5) and A (2, 18, 6) 
YA Ys 


(y-ys) = X. XH (x-xg) 
-— = Za Ze ^h = 
(z—z) 2 (y-ys) 
(x-xg) = ASE (2-2) 
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Using the co-ordinates of A and B, 
B- 8 


y-8 = Zu 1) 
y-8 = - 
y = 10x-2 . (1) 
dy = 10 dx 
_ 6-5 
And z-5 = 73-3 7-9) 


1 
z-5 = 70 7-8) 
10z = y+ 42 w (2) 


2 18 6 
Now W= d —8 xy dx- Í 4x?dy+ Í d 


x-l y=8 z-5 


- 4i -8x(10x-2) àx- | 4 x? (10dx) + f «| 


1 x=] z-5 


-80 4. 16x? 40x37? 
= opp 3 TEST SIT | |n) 
xz1 


= -QI-2133-- 32 -106.667 + 26.667 -8 +13.33 +1} 
= —Q[-255] = -6x-255 = 1530 J 
This shows that irrespective of path selected, the work done in moving a charge 
from B to A remains same. 


mwa Example 4.2 : Consider an infinite line charge along z-axis. Show that the work done is 
zero if a point charge Q is moving in a circular path of radius r,, centered at the line 
charge. 


Solution : The line charge along the 
z-axis and the circular path along which z 
charge is moving is shown in the Fig. 4.4. 


Circular path 
The circular path is in xy plane such bano redes n 


that its radius is r) and centered at the 
line charge. 


Movement of charge Q in 
n" P d z=0 plane (xy plane) 


Consider cylindrical co-ordinate 
system where line charge is along z-axis. 


The charge is moving in a, direction. "a= rdo 2, 


Infinite 
line charge 


Fig. 4.4 
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The field E due to infinite line charge along z-axis is given in cylindrical co-ordinates 
as, 


Ba fu = 
E One ra ... (Refer Chapter 2) 


The circular path indicates that dL has no component in 3, and à, direction. 


dL = rdoa, 
final | 2n 
W = -Q f E-dL-- Q[ Jha, +r doa, 
witial 90 79 
T PL 
: = 2gc, 00 Mr 734)70 


As a, *a, =0 as 0—90? between a, and a,. 
This shows that the work done is zero while moving a charge such that path is always 
perpendicular to the E direction. 


m Example 4.3 : Consider an infinite line charge with density p,, C/m, along z-axis. Obtain 
the work done if a point charge Q is moved from r = a to r = b along a radial path. 


Solution : The line charge and the 
path of the movement of the point 
charge Q is shown in the Fig. 4.5. 


The movement of the point charge 
Q is along 4, direction and hence dL 
has no component in a, anda, 
direction. 
a dL = dra, 
-.. In cylindrical system 
The field E due to infinite line 
charge along z-axis is given by, 


E = PLI 
E neor " 
t-b 
"E Pr z adra — 
W= oJ mga A, (E, * 8, =1) 
"A pı 1 -QPL b 
W = of Zu. r0 7 g Ur 
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As b > a, In (b/a) is positive and work done is negative. This indicates that the field is 
doing the work and external source is receiving energy. 


4.4 Potential Difference 


In the last sections it has been discussed that the work done in moving a point charge 
Q from point B to A in the electric field E is given by, 


A 
W = -QJ E-dL (1) 
B 


If the charge Q is selected as unit test charge then from the above equation we get the 
work done in moving unit charge from B to A in the field E. This work done in moving 
unit charge from point B to A in the field E is called potential difference between the 
points B and A. It is denoted by V. 


A 
. Potential difference = V = — f E-dL wa (2) 
B 


Thus work done per unit charge in moving unit charge from B to A in the field E is 
called potential difference between the points B and A. 


Notation : If B is the initial point and A is the final point then the potential difference 
is denoted as Vy, which indicates the potential difference between the points A and B and 
unit charge is moved from B to A. 


2 (3) 


Key Point: V,, is positive if the work is done by the external source in moving the unit 
charge from B to A, against the direction of E . 


4.4.1 Unit of Potential Difference 

The potential difference is work done per unit charge. The work done is measured in 
joules while the charge in coulombs. Hence unit of potential difference is joules/coulombs 
(/C). But practically the unit is called volt (V). 


One volt potential difference is one joule of work done in moving unit charge from 
one point to other in the field È 


1 joule 
-~ (4) 


Duel = 1 coulomb 
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4.5 Potential due to Point Charge 


Consider a point charge, located at the 
origin of a spherical co-ordinate system, 
producing E radially in all the directions as 
© shown in the Fig. 4.6. 


20 


Assuming free space, the ficld E due to a 
point charge Q at a point having radial 
distance r from origin is given by, 


E = a, tt) 


Consider a unit charge which is placed at 
a point B which is at a radial distance of r} Fig. 4.6 Potential due to 
from the origin. It is moved against the a point charge Q 
direction of E from point B to point A. The 
point A is at a radial distance of r4 from the origin. 


The differential length in spherical system is, 


dL = dra, +rdOa, +rsinO doa, ws (2) 
Hence the potential difference Van between points A and B is given by, 
A 
Van = -fE-dL But B= ry and A-r, 
B 
anO 
Van = t] c "LT Jens +rd0a, +r sin6ddoa, ) 
zü 4n£gr 
A 
Q 
Vap = - -d PEE 
AB J Ane gr? r ( ) 
B 
LOT 2, Of} 
Van = me | 4n£q | -1 * 


Qo fit -o[ 1/.1 
A Jr TA Tg 


w (4) 


When rp ? r4, 5 <> and V,g is positive. This indicates the work is done by external 


source in moving unit charge from B to A. 
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4.5.1 Concept of Absolute Potential 
Instead of potential difference, it is more 


convenient to express absolute potentials of various Inner 
points in the field. Such absolute potentials are conductor 
measured with respect to a specified reference 
position. Such a reference position is assumed to be 

Ground 


at zero potential. 


For practical circuits, zero reference point is 
selected as 'ground'. All the potentials of the circuit Fig. 4.7 Shictded cable 
are measured with respect to ground which is 
treated to be zero potential reference. The example of such a reference is a shielded cable. 
The conductor is shielded as shown in the Fig. 4.7. The outer shield is grounded to 
minimise the interference of the external signals with the signal carried by inner conductor. 
In such a case outer shield is taken as a reference with respect to which, potentials of 
various points are defined. 


Similalrly in cathode ray tube, the metallic shield around the tube is taken as zero 
potential reference. With respect to this reference, potentials of various points are 
measured. 

Key Point: Most widely used reference which is used to develope the concept of absolute 
potential is infinity. The potential at infinity is treated to be zero and all the potentials at 
various points in the field are defined with reference to infinity. 


Consider potential difference V,, due to movement of unit charge from B to A in a 
field of a point charge Q. It is given by equation (4). 


Now let the charge is moved from infinity to the point A i.e. ry =e. Hence E == =0. 


Tp 
ee oe . 
Van = ei E d em) 
The quantity represented by equation (5) is called potential of point A denoted as V,. 
_ _Q - (6) 
Ya ATE gt, 


This is also called absolute potential of point A. 
Similarly absolute potential of point B can be defined as, 


- 2 y (7) 


Vs = ner 


This is work done in moving unit charge from infinity at point B. 
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Hence the potential difference can be expressed as the difference between the 
absolute potentials of the two points. 


Thus absolute potential can be defincd as, 


The absolute potential at any point in an electric field is defined as the work done in 
moving a unit test charge from the infinity (or reference point at which potential is zero) 
to the point, against thc direction of the field. 


Hence absolute potential at any point which is at a distance r from the origin of a 
spherical system, where point charge Q is located, is given by, 


- Q ~ (9 
i 


The reference point is at infinity. 
Key Point: Note that the potential is a scalar quantity. 


Other way to define potential mathematically is, 


V= -[ E- ar V ... (10) 


where © is selected as the reference. 


A 
Thus, VA =- f E-dL V -. (11) 
This is potential of point A with referencc at infinity. 


4.5.2 Potential due to Point Charge not at Origin 
If the point charge Q is not located at the origin 


of a spherical system then obtain the position vector p 
r' of the point where Q is located. K 
Then the absolute potential at a point A located pA Ra7|r-rl 
at a distance r from the origin is given by, / 
tA 
Vir) = V4 » —— F XT MNT. bk 
ANE p i r-r | Ongin 
Bx , 
= ine Ry -. (12) Fig. 4.8 


where Ra -|r-r'| = Distance between point at which potential is to be 
calculated and the location of the charge 


Key Point: R is only the distance and not the vector. The potential is a scalar quantity 
hence only distance R 2| r—r'| is involved in the determination of potential of point A. The 
reference is still infinity. 
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4.5.3 Potential due to Several Point Charges 

Consider the various point charges Q Q 
Q, Q,...Q, located at the distances : 
n,r,...rQfrom the origin as shown in the 
Fig. 4.9. The potential due to all thesc point 
charges, at point À is to be determined. Use 
superposition principle. 

Consider the point charge Q,. 

The potential V,, due to Q, is given by, 

" Q Q 


Var = ang, | r-n] ~ Ane R, y Fig. 4.9 Potential due to several 
point charges 


where R,-|r-r| = Distance between point A and position of Q, 


The potential V4; due to Q, is given by, 
Q; Q; 


Vo = —— = 
az 4n&g|r-r,] 4meoR; 


Thus potential V4, due to Q, is given by, 
Q, Qn 


Vv = ILLI -ILn. 
An 4ngp|r-r,| 4n£oR, 


As the potential is scalar, the net potential at point A is the algebraic sum of the 
potentials at A due to individual point charges, considered one at a time. 

Y Vir) = VA =Vai tV Eu Va 
Q; Q + Qn 


4ngy9R, AmgR; ^'^ ANER, 


.. (13) 


Key Point: Note that the reference point of zero potential is still assumed to be at 
infinity. 
mæ Example 4.4 : A point charge Q = 0.4 nC is located at the origin. Obtain the absolute 
potential of A (2, 2, 3). * 
Solution : The potential of A due to point charge Q at the origin is given by, 


2. 9. 
VA = Tre yt, and A (2, 2, 3), Q at (0, 0, 0) 
where n = 40-0 30-07 (8-07 = 17 
-9 
Va = =0.8719 V ... The reference is at infinity. 


4nx 8.854x 10-7? xf 17 
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mmb Example 4.5 : If same charge Q = 0.4 nC in above example is located at (2, 3, 3) then 
obtain the absolute potential of point A (2, 2, 3). 


Solution : Now the Q is located at (2, 3, 3). 


Q(2,3,3) 
The potential at A is given by, 
-— Q a 
Va = ans o RA where 
R, = |r-r| 


of (2-2)? «273? «(3-37 =1 


... By distance formula 


-9 
= —_04%10" __ igsosy 


41x 8.854x 1071? x1 


neb Example 4.6 : If the point B is at (— 2, 3, 3) in the above example, obtain the potential 
difference between the points A and B. 


Solution : Van = Va -Vg 


where V, and Vy are the absolute potentials of A and B. 


Now Va = 3.595 V -.. As calculated carlier. 
Q SN : 
Jn = 
Vz dne Rp where Rg is distance between point 
B and Q (2, 3, 3) h 
Ry = J (-2-2)? +(3-3)? +(3-3)? =4 
9 
Vy ee oig V 
4nx 8.854107" x 4 
Vas = Va -Vp = 3.595 — 0.8987 = 2.6962 V 


ma Example 4.7 : If three charges, 3 uC, 4 uC and 5 pC are located at (0, 0, 0), (2 - 1, 3) 
and (0,4, —2) respectively. Find the potential at (1, 0, 1) assuming zero potential at infinity. 


Solution : Let Q, -34C, Q, =—4pC Q,(0,0,0) e : 
and Q, =5pC . MAS 


The potential of A due to Q, is, -> Q2-13) ea A(1.0.1) 
Q, 
VAT TeRi 
e 
Q4(0.4.-2) 
Fig. 4.11 
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and R, = Ja-0? +(0-0? «1-0? 2/2 
v, = 2% 10° 
m 4n£g x J2 
= 19.0658 kV 
The potential of A due to Q, is, 
_ Q 
Vaz B Ane Rs 
and R, = (1-2)? +p- «a-3? - 6 
-4x10 
Vag = =-14.6769 kV 
A2 Ane, x J 6 


The potential of A due to Q, is, 


Va m SE 


4 (1-0)? «(0-4? «D -(-P = 26 


v. 5x0 
> Ane, xv 26 


Va = Var +Vp Vj =+ 13.2021 kV 


and R3 


=8.8132 kV 


4.5.4 Potential Calculation When Reference is other than Infinity 

The expressions derived uptill now are under the assumption that the reference 
position of zero potential is at infinity. 

If any other point than infinity is selected as the reference then the potential at a point 
^ due to point charge Q at the origin becomes, 


= Q 
a 4ne Ra +C : 
where C - Constant to be determined at choosen reference i 


point where V = 0. 


Note that the potential difference between the two points is not the function of C. 

Key Point: Another important note ıs that if the potential difference is to be 
calculated then reference is not needed. The reference is important only when the 
absolute potential is to be calculated. 


The idea will be clear from the following example. 
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wab Example 4.8 : A point charge of 6 nC is located at origin in free space, find potential of 
point P if P is located at (0.2, — 0.4, 0.4) and 
a) V = 0 at infinity 
b) V = 0 at (1, 0, 9) 
c) V = 20 V at (- 0.5, 1, - 1). 


Solution : a) The reference is at infinity, hence 


` Q e P(0.2.—0.4.0.4) 
Vp = ane Rp » d 
Rp = 4d(02-0) «(-04-0)? (04-0) Q(0.0.0) 
= 06 
Fig. 4.12 
-9 
6x 10^ = 89.8774 V 


p= —-— 


© AnX8.854x10-? x0.6 
b) V = 0 at (1, 0, 0). Thus the reference is not at infinity. In such a case potential at P is, 


> C e P(0.2.-0.4,0.4) 
VAS Vane Rr Rp 
Now V at (1, 0, 0) is zero. 
g at ( ) À EA R; e R(1,0.0) 
Vr = i eR 
AnegRp Fig. 4.13 
and Ry = (1-0)? +(0)? +(0)? =1 
6x10? 
0 = —————-—* 
dx 8.854107" x1 
C = — 53.9264 
Vp = _-2__4.C= 89.8774 -53.9264 = 35.9509 V 


4ngyR, 
This is with reference to (1, 0, 0) where V = 0 V. 
c) Now V = 20 V at (— 0.5, 1, -1). Let this point is M (— 0.5, 1, — 1). The reference is not 
given as infinity. 


Q 
Vy. = = 
7 AnegRyy is e P(0.2.-0.4,0.4) 


Rp 
and Vy = 20V 


i = , (-05)? «Q)? x1)! = 
while Ry = y (— 0.5)? +(1)? +(-1)? =15 090) ——— M 
9 M(-0.5,1—1) 


-9 
20 = CENE. ge 
4nx 8.854x10 P x1.5 Fig. 4.14 
C = -15.9509 
Q 
Vp = -4 +C= - 
P TEM + C= 89.8774 -15.9509 


Downloaded From : www.EasyEngineering.net : " 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 4-17 Energy and Potential 


Vp = 73.9264 V 
Key Point: Note that distance of P from origin where Q is located is Rp which is same 
in all the cases. Only 'C' changes as the reference changes hence Vp changes. 


4.6 Potential due to a Line Charge 


Consider a line charge having density p, C/m, 
as shown in the Fig. 4.15. 


Consider differential length dL’ at a distance r’. Then A i-r 
the differential charge on the length dL' is given by, r E 

dQ = p, (r) dL -. (1) Fj "- 
where  f,(r^ = Line charge density at r^ dot j 
Let the potential at A is to be determined. Then, Origin 

dQ . dQ j 
dV, S Qe (2) 
4ngg|r-r] 4ER Fig. 4.15 


The R - |r—r' | indicates the distance of point A from 
the differential charge. 


The dV, is a differential potential at A. Hence the potential V, can be obtained by 
integrating dV, over the length over which line charge is distributed. 


Va = V2 f -$Q and using (1), 


2 (3) 


Key Point: Note that R is the distance and not the vector and for uniform line charge 
density p, (r) =p- 


mmb Example 4.9 : Find the potential V on z-axis at a distance z from origin when uniform 
line charge p, in the form of a ring of radius a is placed in the z = 0 plane. 


Solution : The arrangement is shown 
in the Fig. 4.16. 

The point A (0, 0, z) is on z-axis, at 
a distance z from the origin while 
radius of the ring is a. 

Consider differential length dL’ at 
point P on the ring. The ring is in z = 0 
plane hence dL’ in cylindrical system is, 


aL’ = r'dó - adó 
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The distance of point A from the differential charge is R = I (PA). 


re R = Ja?«z? ... From the Fig. 4.16 
The charge dO = p, (r)dL' =p, ado  pLG) 2p, 
dv, = dO _ pp, add 


ANER 4n£q p 


Hence the potential of A is to be obtained by integrating dV, over the circular ring i.e. 
path with radius r' =a and 0 varies from 0 to 21. 


Va = | AR s (ga 
so 4nEnVa? cz? 4m dal*z? 
pia V 


uz 
Important : 
Key Point: Note that the potential at a point can be obtained by two ways. 
1. If E is known then usc, 
V = -f E-dE«C V 
C = 0 if reference is infinity. 


2. If E is not known, then find differential charge dQ considering differential length 
dL’ and 


The integration depends on the charge distribution. 


me Example 4.10 : A uniform line charge density pı, C/m is existing from — L to + L on 
y-axis. Find potential at A (a, 0, 0). 


Solution : The arrangement is shown 
in the xy plane as in the Fig. 4.17. 


As E is not known in standard 
form, consider differential length dL’ at 
a point P, at a distance y from origin, 
on the charge, 


dL’ = dy 
dQ = p, dU-p, dy 


The distance of point A from the 
differential charge is, 


+y Fig. 4.17 
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dV, = dQ = pLdy 


4ntgRA Anega? +y? 


Now integrate over entire length - L to + L. 


+l 
dy 
Vac] ges 
y=-1 OC ya +y” 
lv 
= J fe -— LANES ... Changing limits 
yan Eo da? «y? 
f Sa Inlxe J x? +a2] ... Standard result 


. Pi rixas" 
Va t ag nre hr ti], 


= a [na VP +a*)-In (a?) 


4.7 Potential due to Surface Charge . „A 


Consider uniform surface charge density py C/m?* R 


on a surface, as shown in the Fig. 4.18. fs 


Consider the differential surface area dS’ at point 
P where ps is indicated as p.(r’) 


The differential charge can be expressed as, 
Fig. 4.18 Potential due to 


dQ = p«(r)dS . (1) surface charge 


aQ _ Pelt") dS" (2) 
Jng9R — Ang R lH 


dV, = 


where R - Distance of point A from the differential charge 
The total potential at A can be obtained by integrating dV, over the given surface. 
-- (3) 


Note that for uniform surface charge density ps(r') 2 p«. 
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4.8 Potential due to Volume Charge 
i e 
Consider a uniform volume charge density R 
p, C/m? over the given volume as shown in the 
Fig. 4.19. IT P 
Consider the differential volume dv’ at point Py 
P where the charge density is p, (r^). 
The differential charge can be expressed as, Fig. 4.19 Potential due to 
"mp volume charge 
dQ = p,()dv (0) 
. dQ _Py(r’)dv’ 
dV. 7 age = ane gR =e) 


where 


R = Distance of point A from the differential charge 


The total potential at A can be obtained by integrating dV, over the given volume. 


.. (3) 


Potential difference 


Absolute potential due to point 
charge 


Absolute potential due to line 
charge 


Absolute potential due to surface 
charge 


Absolute potential due to volume 
charge 


If the reference is other than 
infinity 


In all the expressions, R is the distance of point A from the charge Q 
or differential charge dQ. 


Table 4.2 
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m Example 4.11: A total charge of 107 ? C is distributed uniformly along a ring of radius 
5 m. Calculate the potential on the axis of the ring at a point 5 m from the centre of the 
ring. lf the same charge is uniformly distributed on a disc of 5 m radius, what will be the 
potential on its axis at 5 m from the centre ? (UPTU : 2005-06, 5 Marks) 

Solution : The charge is distributed along a ring so it is a line charge. Let r' — radius of 

rng = 5 m. 

Total charge — 10% 


P! = Gircumference nr 
-8 
= 107 25183 x 10 C/m 
10x 


The nng is shown in the Fig. 420. 
Consider the differential length dL' on the 
ring at point P. 


But dL’ = r'dod=5 do 
dl’ = 5doea, 


dQ = 3.183 x10 x 5 do 


. .9Q 
M i ANER 


where R = distance between A and P = R z? +(r)? = 750 


3.183x10-™ x5 do 


E Ane, x A50 : 


VA 


2x 
[ 2.0228 dọ = 2.0228 [4] 5° = 2 n x 2.0228 = 12.7101 V 
o=0 


Now the same charge is distributed over a disc of r’ = 5 m 


_ Totalcharge 10% _ 10% - 10 2 
55 Area = xr)? = nx25 = 1.2732 x 10 C/m 


Let the disc is placed in x-y plane as shown in the Fig. 421 with z-axis as its axis. 
Consider differential surface dS’ at point P having radial distance r’ from the origin. 
dS’ = r'dr' do 
dQ = p, dS'- p, r dr’ do 
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. _9Q 
dVa = nEn 


psr’ dr’ do 
4n£o Jr)? +z? 


...R = Distance AP 


21 5 , 1. 
“Vee fav, M Psr dr do 


ues 4neo c)? +25 


.Z2=5m 


Put (r)? + 25 =u? ie. 2r’ dr’ = 2u du 


For r’=0,u,=5 and r’=5, u = 450 Fig. 4.21 
s psu du dọ do 2n 
. VAT f j Anega -gelu ie [Wo 
1.2732x10-10 


ax. 85d 1077” 150-5] 2x - 0] = 14.8909 V 


4.9 Potential Difference due to infinite Line Charge 


Consider an infinite line charge 
along z-axis having uniform line 
charge density p,, C/ m. 

The point B is at a radial distance 
rg while point A is at a radial distance 
t from the charge, as shown in the 
Fig. 4.22. 

The E due to infinite line charge 
along z-axis is known and given by, 


d 2s ar a 
: *B 
while dL - dra, Fig. 4.22 
in cylindrical system in radial direction. 
^ D 
Va = -J Eu] RID * dra, 
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^ ^ 
= Pi _ —7Pi. 1 = ^ _ Pi 7 
~ Í 2R£gr dr= 2n£g Í z4r = Je +- [In r]; = 2n£q [In TA In rg] 
rB TB 
_ Pi Ip 
Vas = 2mES Ta M 


Important note : This is a standard result and may be used to find potential difference 
between the points due to infinite line charge. Remember that r} and rg are radial distances 
in cylinderical co-ordinate system i.e. perpendicular distances from charge, thus do not 
forget to find perpendicular distances r, andr, while using this result. The result can be 
used for any zero reference as potential difference calculation does not depend on the 
reference. 


Imh Example 4.12 : A line y = 1, z = 1 carries a uniform charge of 2 nC/m, find potential at 
A(5,0,1) if 
i) V=0 Vat 0 (0, 0,0) ii) V = 100 V at B (1, 2, 1). 

Solution : i) The line is shown in the Fig. 4.23, which is parallel to x-axis. 


As reference is not at infinity, to find potential at A means potential of A with respect 
to origin 0. 


where r, = Perpendicular distance of A 


from line 
= Ja -0)? +(1-1)? 21m 
As line is parallel to x-axis, x co-ordinate Fig. 4.23 


is not considered. 


and to = 40-0) «0-0 2 J2 m 
Vas ® ILS IU n= = + 12.4596 V 
Vao = Va - Va P 
124596 = V, -0 ..as Vy =0V 
V, = 124596 V ... This is potential of A 


Note : This gives potential difference hence reference is not required which is already 
being taken care of. 


Similarly method avoids the calculation of constant C as reference is other than 
infinity. 
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Alternatively : Consider infinite line charge hence, 


E = Pha, and è dL-dra, 
2n£or 
2 _f Beaqr—_f PL = PE 
V = -f E-db=-/ omer OT = 2n Inir] 


As reference is other than infinity, 


— _ PL 
VA = 2RE, In[r ]4 C 


To calculate C, use V, = 0 V at 0 (0, 0, 0). 


Vo = E In [ro] C 
and Ig = ya -0)? +(1-0)? = V2 .. X js not considered. 
2 PL 
Q = One, In[¥2]+C 
C = 12.4596 


= PL. 
Va = ~ gpk ln [ra ]+124596 


and m = 40-9? «0-1? =1 


= Pi = 
Va = arer Inll]+12.4596 = 124596 V 


This is potential of A with reference to 0. 
The answer remains same. 
ii) Now V = 100 V at B (1, 2, 1) 


where Tg = 41-2? +0-1? =1 .. X is not considered 
Vas = = in| ¢]=0V 
Now Vas = Va -Ve 
0 = V4 -100 
VA = 100V -.. This is potential of A 
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Alternatively : Using absolute potentials at points, 


2 PL 
Va = Dae In [ri ] C 
At B, Vp = wu In [rg]--C 
0 
= Pi = 
100 = 2n; inf1]+C -. as Ty =1 
C = 100 
— PL = 
VA = ne In{[1]+100 = 100 V 


This is absolute potential of A, with reference to zero potential point which is same for 
B as well. So Vg =100 V with respect to same zero potential point hence Vag =0 V. 


na Example 4.13 : Two uniform line charges, 8 nC/m are located at x = 1, z = 2 and at 
x =~ 1, y=2 in free space. If the potential at origin is 100 V, find V at P (4, 1, 3). 


Solution : The two line charges are shown in the Fig. 4.24. 


Line 2 


B(-1.2.z) 
Fig. 4.24 
Now V = 100 V at the origin O (0, 0, 0). 
Let us obtain potential difference Vpo using standard result. 
Case 1: Line charge 1 
Vro = 4. PL. in| 24 


where ro, and rp, are perpendicular distances of points O and P from the line 1. The 
line 1 is parallel to y-axis so do not use y co-ordinates to find ro, and ry. 


tor = Ja 0 «0-9 -J5 


40-4? «2-3? - 10 


Tp: 


Downloaded From : www.EasyEngineerin$.net " 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 4 - 26 Energy and Potential 
= PL. x45 =: 3 
Veo = + Ine, | |- 49.8386 
But Veo. = Vn - Vo where V,,=100V 
= 49.8386 = Vpr ~100 
Vp, = 50.16 V ... Absolute potential of P duc to line charge 1 


Case 2 : Line charge 2, which is parallel to z-axis. 


Do not consider z co-ordinate to find perpendicular distance. 
Je 1-3? +(2-1)? - 426 


Uu EET v | nasa 


and Tp; 


But Voo = Vp-Vo where Vo = 100 V 
Vp = - 1185417 + 100 = ~ 185417 V 
This is absolute potential of P due to line charge 2 
Vp = Vp, + Vp2 = 50.16 - 18.5417 = 31.6183 V 


Note : Students can use the method of using consant C to find absolute potential of P 
due to line charge 1 and line charge |. Adding the two, potential of P can be obtained. 
The answer remains same. For reference, the constant C, =C, = 215.721 for both the line 
charges. 


4.10 Equipotential Surfaces 


In an electric field, there are many points at which the electric potential is same. This 
is because, the potential is a scalar quantity which depends on the distance between the 
point at which potential is to be obtained and the location of the charge. There can be 
number of points which can be located at the same distance from the charge. All such 
points are at the same electric potential. If the surface is imagined, joining all such points 
which are at the same potential, then such a surface is called equipotential surface. 

Key Point: An ‘equipotential surface is an imaginary surface in an electric field of a 
given charge distribution, in which all the points on the surface are at the same electric 
potential. 


The potential difference between any two points on the equipotential surface is always 
zero. Thus the work done in moving a test charge from one point to another in an 
equipotential surface is always zero. There can be many equipotential surfaces existing in 
an electric field of a particular charge distribution. 
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Consider a point charge located at the origin of a sphere. Then potential at a point 
which is at a radial distance r from the point charge is given by, 
"EN." 


^ 4Rn£jr 
So at all points which are at a distance r from Q, the potential is same and surface 
joining all such points is equipotentia! surface. 


Similarly at r=, r=r, ... there exists other equipotential surfaces, in an clectric field 
of point charge, in the form of concentric spheres as shown in the Fig. 4.25. 


E Equipotential 
ff rfaces 
Ad Rd NES ^. " 


Equipotential 
surfaces 


Fig. 4.25 Equipotential surfaces 


It can be noted that V is inverscly proportional to distance r. Thus V, at equipotential 
surface at r=r, is highest and it goes on decreasing, as the distance r increases. Thus 
V, 2 V, >V, >..... AS we move away from the charge, the E decreases hence potential of 
equipotential surfaces goes on decreasing. While potential of equipotential surfaces goes on 
increasing as we move against the direction of electric field. 


For a uniform field E, the equipotential surfaces are pepe t to E and are 
equispaced for fixed increment of voltages. 
Thus if we move a charge along a circular path 
of radius r as shown in à, direction, then 
work done is zero. This is because E and dL are 
perpendicular. Thus E and equipotential surface 
are at right angles to each other. 


For a nonuniform field, the field lines tends 
to diverge in the direction of decreasing Ê E(a,) 
Hence  equipotential surfaces are still 


Fig. 4.26 
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perpendicular to E but are not equispaced, for fixed increment of voltages. The 
equipotential surfaces for uniform and nonuniform field are shown in the 
Fig. 4.27 (a) and (b). 


E E 
AV | AV| AV AV AV 
CLÓÁÁ—V————3À —— ÀM— 
Equispaced Unequally spaced 


equipotential lines equipotential lines 


A Ave Equipotential 


surfaces 
Equipotential 
surfaces 
(a) Uniform field (b) Non-uniform field 


Fig. 4.27 


4.11 Conservative Field 


It is seen that, the work done in moving a test charge around any closed path in a 
static field E is zero. This is because starting and terminating point is same for a closed 
path. Hence upper and lower limit of integration becomes same hence the work done 
becomes zero. Such an integral over a closed path is denoted as, 


(1) 


Key Point: The $ sign indicates integral over a closed path. Such a field having property 


given by equation (1), associated with it, is called conservative field or lamellar field. This 
indicates that the work done in E and hence potential between two points is independent of the 
path joining the two points. 
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4.12 Potential Gradient 


Consider an electric field E due to a positive charge placed at the origin of a sphere. 
Then, 
E Q 
T J E-dL = 4n&yr 
The potential decreases as distance of 
point from the charge increases. This is 
shown in the Fig. 4.28. 


It is known that the line integral of E 
between the two points gives a potential 
difference between the two points. For an 
elementary length AL we can write, 


© Vag = AV --E*AL 


Hence an inverse relation namely the 
change of potential AV, along the elementary 
length AL must be related to E, as AL — 0. 


The rate of change of potential with 
respect to the distance is called the potential gradient. 


Fig. 4.28 Potential gradient 


dV AV — ; `. 
E jim m dos = Potential gradient 


Potential gradient is nothing but the slope of the graph of potential against distance at 
a point where elementary length is considered. 


Let us see how this potential gradient is related to the electric field. 


4.12.1 Relation between E and V : 


Consider E due to a particular charge distribution in space. The electric field E and 
potential V is changing from point to point in space. Consider a vector incremental length 


AL making an angle 0 with respect to the 
direction of E, as shown in the Fig. 4.29. p" uM E 
'To find incremental potential we use, 


AV -2-E:AL —.. (1) 


Now AL = ALa, ..Q) " i cs 
where à, = Unit vector in the 

direction of A L. . Nl MP 
Now the dot product means product E CMM Sun 


of magnitudes of one quantity and 


Fig. 4.29 Incremental length at an angle 0 


Downloaded From : www.EasyEngineerin$.net " 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 4-30 Energy and Potential 


component of other in the direction of first. So E* AL is the product of component of E in 
the direction of a, and AL. 


E: AL = (E, a, )°(ALa,) ain a, aL =1 
EAL = E, AL 
AV = -E, AL 3) 


where E, = Component of E in the direction of à, . 


In other words, dot product can be expressed in terms of cos 0 as. 


AV = -EAL cos .. as E* AL =| E| | AL| cos 
ay = -Ecos0 E (A) 
To find AV at a point, take lim AL — 0, 
lim Sy = -Ecos0 -. (5) 
But lim “ = zd = Potential gradient 
S = —Ecos0 - (6) 


At a point P where AL is considered, E has a fixed value while AL is also constant. 
Hence potential gradient T can be maximum only when cos0--1 i.e. 0—-180* This 


indicates that AL must be in the direction opposite to E. 


dv 
ria = E . (7) 


This equation shows that, 
1. Maximum value of the potential gradient gives the magnitude of the electric field 
intensity È 
2. The maximum value of rate of change of potential with distance i.e. potential 
gradient is possible only when the direction of increment in distance is opposite to the 
direction of E. 
Thus if à, is the unit vector in the direction of increasing potential normal to the 
equipotential surface then E can be expressed as, 
z dV| . 
E=- dL a, ... (8) 


TnAX 


As E and potential gradient are in opposite direction, equation (8) has a negative sign. 
The equation shows that the magnitude of E is given by maximum space rate of 


of decreasing potential. 


The maximum value of rate of change of potential with distance (dV/dL) is called 
gradient of V. 
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The mathematical operation on V by which -E is obtained is called gradient and 
denoted as, 
Gradient of V = grad V = V V ... (9) 


V V = grad V=-E V/m -. (10) 


The equation (11) gives the relationship between E and V. Now E is vector but V is 
scalar, hence remember that grad V i.e. gradient of a scalar is a vector. 


4.12.2 The Vector Operator V (Del) 


In space the potential V is unique function of x, y and z co-ordinates, in cartensian 
system denoted as V (x, y, z). Hence its total differential potential dV can be obtained as, 


oV ƏV av 


dV = oat to E 3z dz -.. (12) 
In cartesian co-ordinates, 
, E = E,a, +E, a, +E, 3, -. (13) 
While dL = dxa, +dya, +dza, -. (14) 
dV = -E:dL 
= -[E, dx E, dy « E, dz] . (15) 


Comparing equations (12) and (15) we can write, 
oV ov ov 
ind i EFT E ET "e 
Hence E can be expressed interms of (16) as, 
= V 
E oV. oV. OV. 


= 73x ay 49 3; 


= 0. 9..,90. 
E = E a, *3y ay t53 s, | V on (17) 


The potential V is scalar but the operator on V given in equation is vector and is 
called del operator denoted as V. The operation of del on a scalar V is called grad V. 


EC eae ae 
V = Ox ^» *3y y tgz êz .. (18) 


The grad of a scalar is a vector. 
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The grad V in various co-ordinate systems arc, 


Spherical = 13V — 1 REL = 
vv F. ât E^ as + sino oo M 


Table 4.3 


4.12.3 Properties of Gradient of a Scalar 
The various properties of a gradient of a scalar field a are, 
1. The gradient V a gives the maximum rate of change of « per unit distance. 
2. The gradient V o always indicates the direction of maximum rate of change of o. 


3. The gradient Vo at any point is perpendicular to the constant a surface which 
passes through the point. 
4. The directional derivative of o along the unit vector à is V &.*à which is projection 
of V œ in the direction of unit vector a. 
If B is another scalar then, 
5. V(a-p) =Va+VB 
6. V(af) = aVB+BV o 
7. v(5)- BV o-oVp 
p 
mp Example 4.14 : The electric field intensity E is negative gradient of the scalar potential. 
Find E at the point P(0,1,1) if, 
a) V -Eje7* sin( ... in cartesian 


4 
b) V = Ejrcos0 .. in spherical. ! 
Solution : a) V = Ee? s] t 
= oV oV. QV. 
E = y ds 3y*r* az? | 
ov 
3x = Fo sin( [Der -. y is constant 
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QV zu ny ix : 
3 Ep e e^ k .. X is constant 
cad = 0 .. Z is absent 
Oz 


E 


]-& e sina, +Ey e™ 7008 Hg | V/m 


At P(0,1,1), E= E, [0.7071 4, -0.555a,] V/m 


b) V = Egrcos0 . 

: ƏV 19V. 1 oV. 

nds SALE UE EM & 
av ov av 
3r = Eo cos, 36" -E, rsin 6, Times 

E = -E,cos0a, +E) sin0a, V/m 


Convert P (0,1,1) to spherical co-ordinates. 


r 


{xt «y? +z? =J/2, o= tan! I =F 0-cos^! = =45° 
É = +E, [-0.70714, + 0.7071 à] V/m 


nab Example 4.15 : An electric potential is given by, 


V = oe v 
r 
Find V and E at P(3,60°, 25°). 
Solution : At P (3,60°,25°), rz 3, 0z60*, 6-25? 
y = S0sin60" _ 57735 V 
|o GY 
- oV_ 10V. 1 ƏV. 
Fane (55. tao e * rsino 39 ^ ) 
AIE A 0(-2) r” EU ... 0 constant 
or r° 
M - x: cos Q .. r constant 
2-0 i ... $ absent 
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a m 
3 Li r r? 


E i 120sin0 _ 1 
r 


+ SU oso so| 


At P, E = TE -D20sin 60 8,4 +£ cos es, 
By (3)° 


= 3.849 a, -1.111 4, V/m 


map Example 4.16 : If V =2x?y+202-——=— V 
M x+y 
Find E, D and p, at P (6, — 2.5, 3). 
— = oV oV AU 
So ution : E = -v v= ss. ae kee .| 
oV " - (2x) 8x 
dx - 2 y(2x)+0- [S xy I Kry 
oy = 2x?+0-4 Miia- =2x? —— - 
oy (x? +y?) (x? y?) 
EE = 0420-0-20 
Zz 
E-- dy IE a, I a, +204 
(x? +y?)? x (x? + y?y? y z 


EatP = -([-6040.0268]a, +[72-0.0112]a, 420a, ] 
= + 59.9732 a, — 71.9888 ā, -20 ā, V/m 
DatP = EatPx e 
= 0.531 4, — 0.6373 a, -0.177 à, nC/m? 


Now p, = V.D 
and D = gE hence p; =(V*+ Beo 
— OE, 9E, ,3E, 
VE = Ot Oy Cz 


=- 2 EN S CA DAE 8y ..9 
~ Ox [e ess | tod ml 309 


Downloaded Fror: www.EasyEngineerin$.net " 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 4- 


(x? + y?)?8 —8x 2 (x? +y?) 
= (2x) 
= -|4y + 

- (x? yy 


8 32x? 8 


=-4 ——— —À——- + -——————— ——————— c 
y Oey? ity ty 


At P, x=6,y=-25 andz=3. 
V.E 


10.00895 


p, at P 
88.6193 pC/m? 


-]JO- 


35 - Energy and Potential 
(x? « y* (8 - 8y 2 (x? + y?) 


eni o 
(x? yy 


| 32y? 
(x? +y 23 


10—4.4816x10^ + 0.01527 - 4.4816x10? - 2.651x10^? 


£o [V + E] - 8.854x10. | x10.00895 


4.13 Energy Density in the Electrostatic Fields 


It is seen that, when a unit positive charge is moved from infinity to a point in a ficld, 
the work is done by the external source and energy is expended. If the external source is 


removed then the unit positive charge will be 
subjected to a force exerted by the field and 
will be moved in the direction of force. Thus 
to hold the charge at a point in an 
electrostatic field, an external source has to do 
work. This energy gets stored in the form of 
potential energy, when the test charge is hold 
at a point in a ficld. This is analogous to the 
water lifted at a height h and stored in a 
tank. Then it has a potential energy. When 
external source is removed, the potential 
energy gets converted to a kinctic encrgy. In 
this section, the expression of such a potential 
energy is derived. 


Space 
No 
work 
done 
eo Q4 Q o Q3 id 
Fig. 4.30 


Consider an empty space where there is no electric field at all. The charge Q, is 
moved from infinity to a point in the space say P,. This requircs no work as there is no E 


present. Now the charge Q, is to be placed 


at point P, in the space as shown in the 


Fig. 4.30. But now there is an electric field due to Q, and Q, is required to be moved 
against the field of Q,. Hence the work is required to be donc. 


Now Potential = Work done per unit charge (s 


Q 
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Work done = Potential V x Charge Q 

n Work done to position Q, at P = V; ; Q; .. (1) 
where V2, = Potential at P, due to P, 


Now let charge Q, is to be moved from infinity to P4. There are electric fields due to 
Q, and Q,. Hence total work done is due to potential at P4 due to charge at P, and 
potential at P4 due to charge at P}. 


. Work done to position Q4 at P} = V3, Q4-* Và; Q4 a (2) 
Thus for charge Q, to be placed at P,,, we can write, 
. Work done to position Q, at P, = V, ; Qn +Vn.2 Qn + - -. (3) 
Hence the total work done in positioning all the charges is, 

We = Q: V21+Q3 V4 +Qa Vaat.. -. (4) 


The total work done is nothing but the potential energy in the system of charges 
hence denoted as Wy. 


If charges are placed in reverse order we can write, 
We = Q5 V3,4 Q; V23 +Q2 V2, *Qi V; *Qi Vis +Qi Va t - (5) 
In this expression Q, is placed first, then Q, , ... then Q,, Q4, Q3 and finally Q,. 
Adding equation (4) and equation (5), 
2We = Qi (V2 * Va *Vja t+ Vin) 
+ Qo (V2.1 +V2,3+V24 +--+ Von) 
+ Q3(V31+V32+Vagt--+ Van) to -. (6) 


Each sum of the potentials is the total resultant potential due to all the charges exccpt 
for the charge at the point at which potential is obtained. 


Via +V a t VO + -e +Vin=Vi 
This is potential at P, where Q, is placed due to all other charges Q,, Qa. ... Qn- 
Similarly, V21 t Vaa t Vo 4a t Van = V, and so on. 
Using in the equation (6), 
2Wr = Q; V +Q: V; +Q; V4 +... 


| we = FB onv J w- (7) 


This is the potential energy stored in the system of n point charges. 


Downloaded From : www.EasyEnginee*iig fet 


Downloaded From : www.EasyEngineering.net 
Electromagnetic Field Theory 4-37 Energy and Potential 


It instead of point charges, the region has continuous charge distributions then 
summation in equation (7) becomcs integration. 


For line charge f,, We = 3] p,dLV J -.. (8) 
For surface charge ps, Wy = 3 J psd$v J .-. (9) 
For volume charge p,, Wg = 1 f pdv V J ... (10) 


4.13.1 Energy Stored Interms of D and E 


Consider the volume charge distribution having uniform charge density p, C/ m?. 
Hence the total energy stored is given by the equation (10) as, 


Wy = ; Jp. Vav 


vol 
According to Maxwell's first equation, 


p. = V.D 


Wy 


li 


n J (v-D) Vav .. (11) 
vol 


For any vector A and scalar V there is vector identity, 
V*VÀ = A*VV«V(V*À) ... (12) 
(V°A)V = V*VA-A-VV ... (13) 


Using equation equation (13) in cquation (11) we get, 


1 MEN 
We = 5 [ (v vb-D-v)dv 
vol 
1 - l su 
We = 5 | oN raven peeve dv - (14) 
vai vi 


According to divergence theorem, volume integral can be converied to closed surface 
integral if closed surface totally surrounds the volume. 


P[c:v5 dv = 1j (V D)-d$ -. (15) 
vol 


1 = alpa 
Wg = 5j (vD)- d$ Jp: dv -.. (16) 
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= De. for dipoles and so 
on. So VD is proportional to at least 1/ r? while dS varies as r?. Hence total integral 
varies as 1/r. As surface becomes very large, r> and 1/r — 0. Hence closed surface 
integral is zero in the equation (16). 


We know that Vel and De E for point charge, Vœ : 
ri 


We = - J D-vV àv ~ (17) 
vol 
But E = -VV 
1 m 
Wy = -3 | D-CB dv — (18) 
vol 
Wy = | [D-E av J ~ (19) 
vol 
Now D = gE 
Wg = ; [ eo E-E dv J 
vol 
W; = ; f £o E? dv J . as E» Ë =E? ... (20) 
vol 
1 çp D° 
We = 2 Eo dv J wee (21) 


In a differential form, 
1. 


dW,  la.z 3 
ae = 5 DE S/m .. (22) 


This is called energy density in the electric ficld having units J / m?. If this is 
integrated over the volume, we get total energy present. 


W: = f ka dv ... (23) 


vol 


meb Example 4.17 : If V=x-y+xy +z V, find E at (1, 2, 4) and the electrostatic energy 
stored in a cube of side 2 m centered at the origin. — [UPTU : 2002-03, 2007-08, 5 Marks] 


Solution : Vzx-y*xy*z 


zo vv. [V 12V. LV, 

E - VV= sea. ty? EN 
oV Ó av 
m c TN EDEN 3g 71 
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E = -[0*y)a,* (x-1)a, *a,] 


mi 
u 


At (L 2, 4); -33,-à, V/m 


Now Wg = 5 f eol El’dv, dv = dx dy dz 


val 
jE}? = (1 +y + (x-1 +1?=1+2y +y «x3 -2x 4141 
= x? + y! -2x + 2y 43 
We = E J? +y? -2x+2y +3) dx dy dz 
vol 
The cube is centered at origin hence all the variables x, y and z vary from — 1 to + 1. 
1 t 1 
£ 2 
W= > f f f @@+y?-2x+2y+4 3) dx dy dz 
zu-lyz-lx--1 
£y fF | 2x : 
Fi f diee -2 + day +3 dy dz 
Z=- 


x--1 


12 


1 
Jj ED +4y+6] dy dz 
=~] 


y 
1 
ITE dz =5 IBE 


mw Example 4.18 : Point charges Q, = 1 nC, Q =-2 nC, Qa =3 nC andQ, 2 - 4 nC 
are placed one by one in the same order at (0,0,0), (1,0,0), (0,0,-1) and (0,0,1) respectively. 
Calculate the energy in the system when all charges are placed. 
Solution : When Q, is placed, the work 
done is zero as E = 0, hence W, = 0]. 
When Q; is placed, there is field of Q, 
present. 
W; = Q;,V;; Qi x 


and R, -1. 
-2x10^ x1x107 
A4nx8.854x10 ?? 


4 X£o, SRL 


= — 17.9754 J ` 


Fig. 4.31 
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When Q is placed, there is field due to Q, and Q; both. 
Q3 V1 *Q3 Và? 


Ws 


W, = e. ee | and Ry =1, Rẹ = 42 


Aney Ra 4ne& Ry 


3x10? [1x10 2x10? 

ÅRE 1 J2 

When Q, is placed, there is ficld due to Q,, Q, and Q,. 
Ws = Q V,1*Q, V5 +Q; Va 


Q Qa, Q2 Q 3 
L 4T£q Ry, 4n€, R4 * Tne, R4 


|-- 11.168 J 


and Ry, = 1, Ry =V2, Ra = 2 


-9 -9 -9 
_ -4x10 2 2x10? | 3x10” |- -39057 


PEL E? — 


DINESNO ^ 
W, + W, + W, + W, 20—17.9754—11.168 — 39.035 


We 
= — 68.178 J 


m> Example 4.19 : The potential field in free space is given by, 
V -2 , aSr<b (spherical) 
i) Show that p, 2 0 for a«r«b 
ii) Find the energy stored in the region a «r «b. 


Solution : i) V = = 


a IN ovie 1 ov. 1 Owe 
Ea -vvs ET *r 36 Se^ sano e e | 
av _ 50 W ƏY o 
or r’ 900 06 
E = a 
r 
D = e, E - 2o a, 
2 
a 109 
P = V-D = -3 5; (1? D,)+0+0 
50 
- Li 2-2 42 poej-0 C/m* Proved 
r r r r? 
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i) W = 2 El a 
u E = j f | | V 


2 
|e} = en and dv= r° sin Odr dO d$ 
r 


we = 2 i [ f cai r? sin Odr dOdo 


€-00-0r-a 
2500 " b 
= 5 £o [-cos 6]7 [912^ [3l = 1250 £o aes -;-(-) 
.;,]1 1 
- 139x107 EL 


4.14 An Electric Dipole 


The two point charges of 
equal magnitude but opposite z 
sign, seperated by a very small 
distance give rise to an electric 
dipole. The field produced by 
such a dipole plays an important 
role in the engineering 
electromagnetics. 


P(r,6,0) 


Consider an electric dipole as 
shown in the Fig. 4.32. The two 
point charges + Q and - Q are 
separated by a very small x B 
distance d. 

Consider a point P (r, 0, 9 in 
spherical co-ordinate system. It is 
fequied © fed E due do am Fig. 4.32 Field due to an electric dipol 
electric dipole at point P. Let O NAE He i p 
be the midpoint of AB. The distance of point P from A is r, while the distance of point P 
from B is r,. The distance of point P from point O is r. The distance of separation of 
charges i.e. d is very small compared to the distances rı, r, and r. The co-ordinates of A 
are Q 0,+5 Jana that of B are Q 0-5} 

To find E, we will find out the potential V at point P, due to an electric dipole. Then 
using E=—VV, we can find E due to an electric dipole. 
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4.14.1 Expression of E due to an Electric Dipole 
In spherical co-ordinates, the potential at point P due to the charge + Q is given by, 


aso 
Ln ANE, n = a 
The potential at P due to the charge — Q is given by, 
_ -Q 
V2 — 4E, r2 as. (2) 


The total potential at point P is the algebraic sum of V, and V,. 


bk V = A +V, z 
RA CN 
ANEN dntgr 
*Q 
Val: 24s 
4n£g|r r 


-Q [=| . (3) 


If now point P is located in 
z=0 plane as shown in the 
Fig. 4.33, then r, =r}. Hence we get 
V = 0. Thus the entire z = 0 plane 
ie. xy plane is a zero potential 
surface. 


Z= plane ` 


N P(o) 


+ . 
‘ 0=3.2=0 plane 


Fig. 4.33 Point P in z = 0 plane 


r4 


All points in z = 0 plane behave 
similar to the points at infinity as all 
are at zero potential. 


Now consider that P is located 
far away from the electric dipole. 
Thus r,r, and r can be assumed to 
be parallel to cach other as shown 
in the Fig. 4.34. 


AM is drawn perpendicular 
from A on r;. The angle made by 
n.r; and r with z axis is @ as all are 
parallel. 


BM 


AB cos 0 
d cos 0 -. (4) Fig. 4.34 Point P is too far away 
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Now PB = PM + BM 
and PA - PM as AM is perpendicular. 
BM = PB-PM =r, -PM 
While PM = PA-n 
BM = r-r ... (5) 
r-n = dcos6 (6) 
As d is very small, r, =r, =r hence r, r} =r? 
_ Q [dcos8 
V = aes V e (7) 
a oV. 19V. 1 93V. 
Now E = v oras dene soos 
PA . Qdcos@f 0 ( 1 . Qdcos8[ a r2) 
ar S e Aa aa [on 
_ Qdcos8 -37 _ —2Q d cos © 
— 4n£ KT- 4n£, r? 
PA Qd ov 
36 7 que rr Mel md Gyn 


3 -2Qdcos@_ Qdsin@_ 
E -| —————__ a,-————r-a 
4n£, r? 4nEgr 


E = Qd [2 cos 04, +sin 02, | (Spherical system) ... (8) 


3 


4n£o r 


This is electric field E at point P due to an electric dipole. 


4.14.2 Dipole Moment 
Let the vector length directed from — Q to + Q i.e. from B to A is d. 


d - da, .. (9) 


Its component along à, direction can be obtained as, 


d, = dea, =da, +a, =dcos6 
d = dcos 0a, ... (10) 
Then the product Q d is called dipole moment and denoted as p. 
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The dipole moment is measured in Cm (coulomb-metre). 
Now pea, = Qd-a, =Qd cos 0 .. from (10) 


Hence the expression of potential V can be expressed as, 
_ QdcosO0 p.a, 


- = ... (12) 
4n£or?  4meg r? 


Note that, 
à, = Unit vector in the direction of distance vector joining the point at which moment 
exists and point at which V is to be obtained. 


= ii and f= Vector joining point of dipole moment to P. 


It can be noted that thc dipole moment and potential will remain same though Q 
increases and d decreases or viceversa, as long as the product of Q and d remains 
constant. 

Now if p = |p| = Q [4| = Qd then E due to a dipole can be expressed interms of 


magnitude of dipole moment as, 


E = P. [2cos 0a, «sin 086] ... (13) 


Observe that, 


~ 1. The potential is inversely proportional to the square of the distance from dipole. 
2. The electric field is inversely proportional to the cube of the distance from dipole. " 
A single point charge is called monopole in which V «(1 / r) and Ee<(1 / r?). 


'* The arrangement of two point charges is called 
dipole in which V «(1 / r?) and E«(1/ r?). 


"Similarly symmetrical arrangements of larger AA pra 

number of point charges produce potentials and fields pi 4 e 
which are inversely proportional to the higher powers / , 
of r, such as r?, r* ... etc. Such arrangements are called / Pd 

multipoles. The symmetrical arrangement consisting of of- — — — — — -© 

d two dipoles as shown in the Fig.435 is called ds 

" "  quadrupole. The symmetric arrangement consisting of "m : 
= two quadrupoles is called octupole and so on. Fig. 4.35 Quadrupole ~ 


wp Example 4.20: A dipole having moment p=3a, -5ā, +10, nCm is located at 
Q(1, 2, —4) in free space. Find V at P(2, 3, 4). 
Solution : The potential V in terms of dipole moment is, 
pea, 
Ant, r? 
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Now Q(1,2,-4) and P (2, 3,4) 
H f = Q-Dà, «(3-23, «4-(-)] a, 
= a, +a, +8a, 


|z| = VIFT =/% 


a, +a,-+8a 
pea, = (33, sb eia cj a deii 


J66 
3-5+80 78 9 _. 
- —— = x10 as pin nCm 
Jé6 Je P 
y=- Pā 2 0178/H66x10* 


aneor?  Anx 8.854x 10-2 x (J66)? 


= 1.3074 V 


Examples with Solutions 


mæ Example 4.21 : An electric field is given by, 

E -6y? =a, *12 xyzüi, + 6xy? a, V/m 

and AL =-3ā, +54, -2a, pm. 

Find the work done in moving a 2 uC charge along this path if the location of the path is at, 

a) P,(0,3,5) b) P,(1,1,0) c) P} C 07, - 2, 0.4). 
Solution : Note : The paths are located at the points. Hence charge is moved through AL 
rather than from one point to other. It is moved at a point in the direction AL through 
distance AL. Hence the length is differential and work done will be also differential. 
There is no need of integration. 


dw ~QE*AL 


= -Ql6y?z à, +12 xyza, +6 xy? a, ]*[- 3à, +5a, -2à,] 
= —-QI-18y?z*60xvz-12 xy7}x10°"—... as ym 
= -2x10^[-18 y?2 00 xyz-12 xv H0" 
a) At P, (0,3,5) substitute x = 0, y 23,2 - 5 
dW = -2x10^" [-810] = 1620 pJ 
b) At P. (1,1,0) substitute x = 1, y = 1,220 
dW = —2x10-© {04+0-12}=24 pj 
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€) At P4(—0.7, 2, 0.4) substitute x = -07,y = — 2, z = 04 


dW = -2x10-" (-28.84 33.6 + 33.6) - - 76.8 pJ 


ma Example 4.22 : What is the potential at the center of a square with a side a=2m while 
charges 24 C, —4C, 64 C and 2uC are located at its four corners ? 


Solution : The arrangement of charges is shown 24C 2m -4yC 
in the Fig. 4.36. QA Qs 
The potential at a point due to a point charge IW 
is given by, 2m 2m 
= Ine R where 
R = Distance between charge and the point gs 1m m Qi. 
: ; Q 
<- Vp, = Potential of P due to Q, Sane, RI Fig. 4.36 
where R, =! (AP) = V2 -.. from geometry 
reo - Qs 
Similarly V = dnt, R; 
where R, = I (BP) - J2m 
eo 
Ves = 4ne, R4 
where R4 = 1 (CP) 2m 


4n£, R; 


4 
Vp = X Vem “TEER [QA *Qs *Qc +Qp] 


m-l 
where R=R, =R, =R, =R; =V2 m 


: B [27446 *2]x107$ 


VY a 
: 4nx8.854x10 7 x 


38.131 kV : 


mmb Example 4.23 : Given a point charge of 200ne, C at C(3,-1,+2), a line charge of 
40 r£, C/m on the x-axis and a surface charge of 8 €; C / m? on the plane x =—3, all in the 
free space. Find the potential at P (5, 6, 7) if V = 0 V at Q (0, 0, 1). 
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Solution : The various charges are shown in the Fig. 4.37. 


x = — 3plane 


Ps 
1 
C(3.-1.2) 
x 
Fig. 4.37 
There are three charge configurations. 
Case 1 : Point charge Q, =200 x£ C at C (3,-1,+42). 
Qi 
Vp = == tC 
Po 4ne,R, ^| 
where C, - constant 
R = J6-5' «[6-CD +7 -2 
R, = V7 ... Distance between P and C 
. To find , V 20V at Q(0,0,1) 
Qi 
|: ET a 
9 4ne,R, ^ 
where R, = (0-3)? «[o-(-DT +0 -2 
= vil 
200 re, 
O=- - 
Arneo Jl ` 
C = -150755 
200 nE 
Vp = —— = -1547 
POU Amex [78 SUP 
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= — 94141 V 


Case 2 : Due to line charge along x-axis. 


Pi m ... Potential difference 


Veg = P 
m ZNE Ip 


As line charge is along x-axis, any point on it (x, 0, 0). 


fg = (0-0)? +(1-0)? =] ... L Distance from line charge 
and Ip = (6-0) +(7 -0)? =/8 ... X not considered 
JORE 1 
Vergo = mn In -= = - 44265 V 
as 2TEp 4/85 
Vp = Vro * Vo = — 444265 V ... Absolute potential of P 


Case 3 : Surface charge in the plane x = — 3 i.e. parallel to yz plane. 
A 
Note : As Ë due to infinite surface charge is known use Vag --[ edL 
" 
So E = fa, .. a, is normal to yz plane 


Point P is infront of plane as x co-ordinate of P is 5 hence +4,. 


dL = dx a, +dya, « dz, 


Ee Y = Ps. a . =a. ea = 
E*dL PER dx ed, ea, =a, ea, =0 
[P 
Veg = -Í »2- dx ... Potential between P and Q 
qn 
5 
= [| Ps ga > Ps 95,8t0 __ 
Vro jog T 2$, ^ ay 
But Vro = Vp - Vo and Vo =0 V 
Vp = -20V .. Absolute potental of P 
Total Vp = - 9.4141 — 44.4265 — 20 = — 73.8406 V 


map Example 4.24 : Two concentric cylindrical conductors are arranged to form a coaxial 


transmisston line. Prove that the potential difference between the conductors is given by, 
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va Pt m? V a<r sb 
2x€£ a 
where a = radius of inner cylinder 


b = radius of outer cylinder 
p, = charge per unit length of the inner conductor. 


Solution : The conductors are shown in the Fig. 4.38. The charge due to inner conductor 
is a line charge p,, over a long distance. E due to a very long line charge p, is in 4, 
direction given by, 


E = Pla 
E= VTL V/m Inner 


Now the potential difference Vap is to be 
obtained. 


dL in cylindrical system is, 


dL - drà r *trdóa, +dza, 


dk — Piz . 
É*dL PIT [dra, +rdoa, +dza,] 
, Pia Fig. 4.38 
2ner 
x. uM a po, dr d 
Van = -[ E* dL =- oec -- AE [n rf P = = [n [r] 
B rb 


b 
Var = m v a<rsb .. Proved 


wa Example 4.25 : If the potential field V is V = 100 -y ) find È, V at a point (2, — 1, 3) 
and the equation representing the locus of all points having a potential of 300 V. 


Solution : V = 100 -y 
At (2,-1,3), V = 100 {(2)* - (- 1 = 300 V 


-vv =- |a ams .| 


E J yt 


[- 200 x a, - 200 y ay] 
- 200 x a, + 200y a, 
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At(2-1,3,E = -400 a, - 200 a, V/m 
For V = 300 V, the equation of locus is, 


300 = 100 (4 - y) 
£- y = 3 


ma Example 4.26 : Given a field 


T NS -6y)|. 6l. = 
E = (E Ja. (D) 5n. V/m, 


Find the potential difference Vg given A(-7,2,1) and B(4,1,2). 


Solution : 


cal 
tt 
| 
| 
9 
x 
+ 


A — ——9 
Vas = -J Eedi where dL = dxa, + dya, + dza, 
B 


Nowà,*a, -a,*à, —3,*a, = 1 and all other dot products are zero. 


^ 
JW T dx+ É dy+5 dz 
B 


To obtain the integral as it does not depend on the path from B (4, 1, 2) to A(-7,2,1) 
we can divide the path as, 


Path], — B(41,2)to(-7,1,2) 5 only x varies, y=1,z2=2. 
Path2, — (-7,1,2) to (-7,2,2) 2 only y varies, x 2-7,z-2. 
Path 3, — (—7,2,2) to A (-7,2,1) — only z varies, x = - 7, y = 2. 


x--7 6 y2 6 221 
VAU - -| f = dx + Í x at f 5 dz 
x-4 y=1 z=2 
y-1 x=-7 
selel De! baat a 
- f def f dyes f dz 
x=4 y=1 222 
gidsel2i] «f(r 1 
x | Ji xl, $ [y] + sta} 
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- l5 EIE s-a} 


— [- 2.3571 -0.85714 -5) 
+ 8.2142 V 


Alternatively find the equations for straight line path from B to A by using, 


J^ -Ye (x-xy) and z-z = ZA LB 


XA —Xp YA -Yn (y-ys) 


y-yse = 


and using the relations between x, y and z solve the integrals. From the above 
equations we get, x = - 11 y + 15 and z = — y + 3 so use y interms of x for first integral 
and x interms of y for the second integral and integrate. 


mab Example 4.27 : V —r?zsin 6, calculate the energy within the region defined by 


1«r«4 
-2«z«2 
0 <o «n/3 
Solution : V = r° zsinọ -.. cylindrical system 
E oV. oV. OV. 
E = -V vena aer 3 
NER" pe "de LATE 
- -[2rzsinga, ree zcos$a, +r singa, | 
i M 
We = z J= | El dv 
vol 
JE] = Jár? z? sin 264 r? z? cos? +r? sin? $ 
. £0 222 Gn? 22 2 n2 
We oou J [4 r? z? sin? o+r? z? cos? +r‘ sin? e] dv 
vO. 
dv = rdrdódz 
e 2 om) 4 
E We = > f f f e [42 sin^6--z? cos?9« r? sino] dr do dz 


2-2 € Orcl 


2 n/3 414 41 e 1i 
£o 2 ain 2al © 2 NL r i 
4 z^ sin Tz *z^ cos "E «| sin j do dz 
2 J fi 4j 4 i 6 : 


225-42 0920 


R/3 
f [255 z? sin?6« 63752? cos*o+ 6825sin?e] de dz 
20-0 
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En uo - 2 7 7 z3 > 5 1.2 2 
= fof | sin?o| | + 63.7512} cos?o+682.5 sin?o[z]* } d 
9:0 ` 5-2 “Jd 2 


= aF 
e-0 


— Êv l 09 | sin x. 340 " m 


a 2 {2045 E -0 an] 27 [5 +0 4s] 


= E {(2045x 0.6141) +(170x1.48019)} 


= 6.6735 nJ 
mw Example 4.28 : Find the rate at which the scalar function 


V-r?sin20 increases in the 
i) z direction ii) $ direction 
Evaluate it at r = 2 mand $ = 45° [UPTU: 2002-03] 
Solution : The rate means gradient of the scalar. 
In cylindrical system, gradient of the scalar in 


; -— oV a mi wn L 
i) z direction = J = zzi" sin 29a, =0 4, 
m wo oe ;, 19V. . 129,2. " 
ii) 6 direction = rape = PETS sin 29a, 

= r 2cos26àa, 


Atr = 2 m and $—45*, rate 2x2xcos90° = 4 a, 


mmb Example 4.29 : Determine the work done in carrying a charge of -5 C from (2, 1, -1) to 
(4, 2, -1) in the field E =x a,. [UPTU : 2003-04, 5 Marks] 


Solution : The charge is moved from B(2, 1, -1) to A (4, 2, -1). 


A 
Now W = Qf EedL where dL-d,a, +d,a, +d, d 
B 
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E«dL = xa, «dL = x dx eS, d, =a, ca, = 0 


x-4 2 4 
-Q f x dx = Ed 


^ 
£ 


E: 
i 


I 
[o1] 
r——14 
e 
E 
| 
urs 
— 
[| 
W 
e 
-— 


map Example 4.30 : Find the potential energy stored in the following free space charge 
configurations, 
i) A charge Q at each corner of an equilateral triangle of sides d. 
ii) A charge Q at each corner of a square of side 'd'. 


Solution : i) The arrangement is shown in the Fig. 4.39. ei 
When Q, is positioned, no other charge is present. Hence Fi 3 
work done W, - 0 J. d, sd 
When Q; is placed, Q, is present gence work done is, Ji B 
e-------- » 
«W = Q Voi Q, 4 Q; 
x Q2Qı Or Q: 


When Q, is placed, Q, and Q, are present hence work donc is, 


W3 = Q4 V1 +Q Va2=Qs[ gee tg Q; | 


ANE R3 ARE Rz; 
Now Ra = R4-7d 


Wa = Tea [Q *Q;] 


1 
We = W,+W2+W3; ETT [Q; Q: +Q: Qa « Q; Q3] 


but Q, = Q: =Q =Q 
3Q* 
We = 4n£, d 


ii) The arrangement is shown in the Fig. 4.40. 
R,- = d, R4 = d, Ry = d, Ry = d, 


R3 2254024 -42d-R, 


For Q, which is placed first, W, =0. 
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For Qn» W = Q: V2 1 Qi Į------7----- 2 Q, 
QQ _ Qe IU AM 
" Ane, R4 41€,d E 
d! paid 
7 E Q; Q: ' AN d; 
For Qa, W3 = Q3 V3.1 +Q3 Va 2 -Q, TEE P ig SE 
éi----- L..--- ~s 
QQ; , QQ; Qd 4 9€ 
= — + 2 Z 
4nto V2d 4ned D qusc 
For Q,, W; = Q,V41 *Q, Va2 *Q4 Vas Fig. 4.40 


7 Qi Q; Q3 
= Qs la Ra 4nt) Ry 4nt,Ry 


Qı Qa | Wa ,Q:Q, 
^ 4z& d 4n, d/2. An&g d 


And Qi 5 Q2=Q3 =Q; =Q 
W: = WWW, +W = alt enne 
B 5.414 Q? 
We Ane, d J 


map Example 4.31 : Two charges of opposite sign and magnitude 1 puC are located 1 m apart. 
Find the potential at a point located midway between the two charges and 50 cm from the 
line connecting the charges. What shall be potential if the charges have similar sign ? 


[UPTU : 2005-06, 5 Marks] 
Solution : The charges are shown in the Fig. 4.41 (a). 


I — 1m —34 rs . 
m Vp; Ant Rp, where Rpi 0.5 
Qi P Q 
M a] 110712 
ko 0.5 m ——94 = Ant, x05 x05" 0.01797 V 

Type -1 ppc 

= Q2 where Rp = 0.5 
Fig. 4.41 (a) P2" 4né€ Rp P2 
-Ax10772 
= ane, x05 = — 0.01797 V 
ioe Vp = Vei * Vp = 0 v 
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If the charges are similar then, 


Vp = 2x 0.01797 = 0.03595 V 
Now point P is at 50 cm from the line containing the charges. 
Rp, = 4 (0.5)? +(0.5)? = 0.7071 m 


Q osm 05m Q 
Rp; = Rp; = 07071 m 
Rei Q 1x107 
R S = 1 EE 
ic ^ Vp = Gre Ry, ^ dzeQx0707i 
d = 0.01271 V 
Fig. 4.41 (b) Q2 -1x1072 


hizo 4ne,Rp, Ane, X0.7071 


= — 0.01271 V 
Vp = Vp + V = 0V 
If the charges are similar then, 
Vp = 2x 0.01271 = 0.01797 V 


Review Questions 


1. Define a work done and obtain the line integral to calculate the work done in moving a point 
charge Q in an electric field E. 


^ 
. Show that the line integral -Qf E -dL is not dependent on the path selected between B to A but 
B 


only depends on the end points B and A. 
. Prove that if the path selected is such that it is always perpendicular to E, the work done is zero. 
. If a field is given by E =ya,+xa,+2a, V/m then determine the work done in moving a point 
charge of 2 C from B(1,0,1) to A (0.8, 0.6, 1) along the following paths : 
1. Circle x? «y? =1 and z =1 
2. Straight line from B to A. 
Show that in both cases work done remains unchanged. [Ans. : — 0.96 J] 
. if E = -8xya,—4x^B, + 8, V/m, then find the work done in carrying a 6 C charge from (1,8,5) 
to (2,18,6) along the path y = 3x? +z, z 2x «4 [Ans. : 1530 Ji 


. Find the work done in moving a point charge Q =10 pC from the origin to p(3m 5.3] in the 


spherical system. The electrostatic field is, E =10ra,+ a, V/m. 


5 
rsinO [Ans. : - 475u]l 
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7. Find the work done in moving 4 uC charge from the origin to (2, 1,4) through the field given by, 
E =2xyza, + x^z8, + x^y8, V/m via the path. 
a) Straight line segment z = 2x and x = — 2y 
b) Cure | 2 2y5, z = 4y?. [Ans. : 64u]] 
. if E=-50ya, -50xa, + 30a, V/m then find the differential amount of work done in moving 
2uC charge through a distance of Sm from 
a) P(1,2, 3) towards Q(2,4,1) b) Q(2,4,1) towards P(1,2, 3). 
[Hint : dL=dla, = 5x10%a,. Obtain à, in both cases and then AW =- QE*dL . Use E at 
starting points.] [Ans. : 866.66 pJ, — 1533.33 pj] 
. A point charge Q, is located at the origin in the free space. Find the work done in carrying a 
charge Q, from B(ry, 05,04) to C(r, ,8p,On) with 6 and € held constant. 


[Hint : E due to Q, at origin in spherical system is 1 Q a a, and dL in spherical system. Then 
RE 


YA £ "P 
W=-Q, [| E-aL 
'B 


. If three point charges, 3uC,—4uC and 5uC are located at (0,0,0), (2,-1.3) and (0,4,-2) 

respectively, then find the potential at (—1,5,2) assuming V (eo) = 0. [Ans. : 10.23 kV] 

- A total charge of 40/3 nC is uniformly distributed over a circular disc of radius 2 m. Find the 

potential on the axis of the disc 2 m from the plane of the disc. [Ans. : 49.63 V] 

. A point charge of 15 nC is situated at the origin and another point charge of — 12 nC is located at 

the point (3,3, 3) m. Find the potential at the point (0, — 3,— 3). [Ans. : 19.82 V] 

- A uniform line charge of 0.8 nC/m lies along the z-axis in free space. Find the potential at 

P(3,4,5) if the potential at Q(2,8, 3) is zero. [Ans. : 23.75 V] 

. A point charge of 16 nC is located at (2, 3,5) in free space and a uniform line charge of 5 nCfm 

is at the intersection of the planes x 2 2 and y =4 . If the potential at the origin is 100 V, find V 

at (4,1,3). [Ans. : 137.544 V] 

. A line charge of 20/3 nC/m is uniformly distributed along a circular ring of radius r = 2m. Find 

the potential at a point on the axis of a ring 5 m from the plane of the ring. [Ans. : 140 V] 

. A negative point charge of magnitude 2 pC is located in air at the origin and two positive point 

charges of 1uC each are at points y=+ 3 m, calculate the electric potential at a point 4 m from 

the origin on the x-axis. [Ans. : - 899.18 V] 

- Calculate the potential Vag for r, = 6 m with respect to ry = 18 m due to a point charge 

Q =500 pC at the origm. [Ans. : 0.5 V] 

- A positive point charge of magnitude 10 pC is situated at point x =0,y =+2m and negative point 
charge of — 10 pC is situated at point x = 0, y = — 2 m. Calculate V at x = 0, y = -1m. 

[Ans. :- 60 kV] 
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19. A scalur potential is given by, 
V=7y-412x V 
Find E and its value at (0,0,0),(4,0,0) and (0, 4,0). 
[Ans. : -12a, —11ya, V/m, -12a,,-12a,,-12a, --56a,] 
. A scalar potential is given by, 
V =5x e dy? +2 V 
Find E at (2,3,4). [Ans. : -(52, + 244, + 96a, ) V/ml 


. The potential in a certain region is given as, 

Vzx43yji0 V 

Find the electric field intensity at P(1,- 2,3). [Ans.: -2à, + 12a, — 92, V/m] 
. UV 23x? -y + 3z then find 


a) V b) E and c) |D] at (3,-2.4). [Ans.: 41 V, -183, +3, -123,, 191.74 pC/ m?] 


If an electric potential is given by 


V= 10 sin Ocosó V, find D at "25.0. = 
r £j [Ans. : 22.125 x 10 2 3, C / ur?] 
- Point charges + 3pC and —3yC are located at (0,01 mmi) and (0,0, - 11m) respectively in free 
spice. 
a) Find the dipole moment p. 
b) find E at P(r = 2,0= 40°, ġ=50°) [Ans. : 6a, n Cii, 10.33 à, + 4.33 àg V/m] 
Three point charges — 1 nC, 4 nC and 3 nC are located at (0,0,0), (0,0,1) and (1,0,0) 
respectively. Find the energy in the system. [Ans. : 13.37 nJ] 


University Questions 


1. Explain the electric flux density and electrostatic energy. [UPTU: 2003-04(B), 5 Marks] 
2. Two charges of opposite sign and magnitude 1 uuC are located 1 m apart. Find the potential at a 
point located midway between the two charges and 50 cm from the line connecting the charges. 
What shall be potential if the charges have similar sign ? [UPTU : 2005-06, 5 Marks] 
3. A total charges of 107 is distributed uniformly along a ring of radius 5 m. Calculate the potential 
on the axis of the ring at a point 5 m from the centre of the ring. If tlie same charge is uniformly 
distributed on a disc of 5 m radius, what will be the potential on its axis at 5 m from the centre ? 
[UPTU : 2005-06, 5 Marks] 
4. Determine the energy stored in the electric field in concentric spherical shell. 
IUPTU : 2005-06, 10 Marks] 
5. [fV x x-y + xy +z V, find E at (1, 2, 4) and the electrostatic energy stored in cube of side 2 m 
centered at the origi. [UPTU : 2007-08, 5 Marks] 
6. State und explum Gauss's law. Derive an expression for the potential at a point outside a hollow 
sphere having a uniform charge density. [UPTU : 2008-09, 10 Marks] 


ana 
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Conductors, Dielectrics 


and Capacitance 


MM arcis Kor 


5.1 Introduction 


It is known that the flow of charges constitutes an electric current. The current can be 
measured by measuring how many charges are passing through a specified surface or a 
point in a material per second. The flow of charge per unit time i.e. rate of flow of charge 
at a specified point or across a specified surface is called an electric current. It is measured 
in the unit Ampere, which is coulombs/scc (C/s). Thus mathematically the electric current 
can be expressed as, 


<4), 
I = dt C/s ic. A 


The Ohm's law relates the applied voltage, an electric current and a resistance. The 
relation is simple and straight forward for simple d.c. circuits. Dut in electromagnetic 
engineering, motion of charges in various media such as liquid, gas, dielectrics etc. is 
considered. In such media, both positive and negative charges arc present with different 
characteristics. The basic Ohm's law is not sufficient to find current through such media. 
Hence in clectromagnetic engineering instead of current, the current density plays an 
important role. This chapter explains the current density, continuity equation and the 
properties of conductors and dielectrics. Then it explains the boundary conditions, the 
concept of capacitance and calculation of capacitance under various conditions. 


5.2 Current and Current Density 
The current is defined as the rate of flow of charge and is measured in amperes. 
Key Point : A current of 1 ampere is said to be flowing across the surface when a charge 
of one coulomb is passing across the surface in one second. 


The current is considered to be the motion of the positive charges. The conventional 
current is due to the flow of clectrons, which are negatively charged. Hence the direction 
of conventional current is assumed to be opposite to the direction of flow of the electrons. 

The current which exists in the conductors, due to the drifting of electrons, under the 
influence of the applied voltage is called drift current. 


(5 - 1) 
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While in dielectrics, there can be flow of charges, under the influence of the electric 
field intensity. Such a current is called the displacement current or convection current. 
The current flowing across the capacitor, through the dielectric separating its plates is an 
example of the convection current. 


The analysis of such currents, in the field theory is based on defining a current density 
at a point in the field. 
The current density is a vector quantity associated with the current and denoted as J. 
Key Point : The current density is defined as the current passing through the unit 
surface area, when the surface is held normal to the direction of the current. 


The current density is measured in amperes per square metres (A /m?). 


5.2.1 Relation between I and J 
Consider a surface S and I is the current passing through the surface. The direction of 
current 1s normal to the surface S and hence direction of J is also normal to the surface S. 
Consider an incremental surface area dS as shown in the Fig. 5.1 (a) and a, is the unit 
vector normal to the incremental surface dS. 


(a) J and dS are normal (b) J and dS are not at right angles 
Fig. 5.1 
dS = dSa, while J=Ja, . (1) 


Then the differential current dI passing through the differential surface dS is given by 
the dot product of the current density vector J and dS. 


di = jedS (dot product) -. (2) 
When J and d$ are at right angles (0-90?) then 
di = J3,°dSa, =JdS NO 
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and I= f J dS .. (4) 
S 


where J = Current density in A/m?. 


But if J is not normal to the differential area dS then the total current is obtained by 
integrating the incremental current which is dot product of J and d$, over the surface S. 
This is shown in the Fig. 5.1 (b). Thus in general, 


I = []-d$ (Dot product) -. (5) 
5 


Thus if J is in A/m? and dS is in m? then the current obtained is in amperes (A). It may 
be noted that J need not be uniform over S and S need not be a plane surface. 


5.2.2 Relation between J and p, 


The set of charged particles give rise 
to a charge density p, in a volume v. 
The current density J can be related to 
the velocity with which the volume 
charge density i.c. charged particles in 
volume v crosses the surface S at a 
point. This is shown in the Fig. 5.2. The 
velocity with which the charge is getting 
transferred is 0 m/s. It is a vector 
quantity. 

To derive the relation between J and 
py, consider differential volume Av 
having charge density p, as shown in 
the Fig. 5.3. The elementary charge that Fig. 5.2 
volume carries is, 


AQ = p,Av -. (6) 


AQ = p Av z " 
Movement 
AQ = p,^v in x-direction 


AS AL 
x 


Fig. 5.3 Incremental charge moving in x-direction 
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Let AL is the incremental length while AS is the incremental surface arca hence 
incremental volume is, z 
Av = ASAL 7) 


AQ = p, ASAL ... (8) 
Let the charge is moving in x-direction with velocity v and thus velocity has only x 
component v, . 


[Note : Velocity is denoted by small italic letter while the volume is denoted by small 
normal letter.] 


In the time interval At the element of charge has moved through distance Ax, in 
x-direction as shown in the Fig. 5.3. The direction is normal to the surface AS and hence 
resultant current can be expressed as, 
AQ 
Al = =~ - (9) 
But now, AQ=p, ASAx as the charge corresponding the length Ax is moved and 


responsible for the current. 


Al = py AS .. (10) 
But A: - Velocity in x-direction i.e. v, 

AI = p, ASv, . (11) 
Note that v, = x component of velocity v 
But AI = JAS when J and AS are normal 


Here J and AS are normal to each other hence comparing the two cquations, 
J, = p.v, =x component of J a ... (12) 
In this case J has only x component. 
In general, the relation betwcen J and p, can be expressed as, 
-.. (13) 


where v = Velocity vector 


Such a current is called convection current and the current density is called 
convection current density. 


Key Point : The convection current density is linearly proportional to the charge density 
and the velocity with which the charge is transferred. 
5.3 Continuity Equation 


The continuity equation of the current is based on the principle of conservation of 
charge. The principle states that, 
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The charges can neither be created nor be destroyed. 


Consider a closed surface S with a current density J, then the total current I crossing 
the surface S is given by, 


S 


The current flows outwards from the closed surface. It has been mentioned earlier that 


the current means the flow of positive charges. Hence the current I is constituted due to 


outward flow of positive charges from the closed surface S. According to principle of 
conservation of charge, there must be decrease of an equal amount of positive charge 
inside the closed surface. Hence the outward rate of flow of positive charge gets balanced 
by the rate of decrease of charge inside the closed surface. 


Let Q; = Charge within the closed surface 


Rate of decrease of charge inside the closed surface 


The negative sign indicates decrease in charge. 

ı Due to principle of conservation of charge, this rate of decrease is same as rate of 
outward flow of charge, which is a current. 
dQ; 


I = $j-ds --^ .. (2) 
5 


This is the integral form of the continuity equation of the current. 
The negative sign in the equation indicates outward flow of current from the closed 
surface. So the equation (2) is indicating outward flowing current I. 
If the current is entering the volume then 
dQ; 
t 


HiS = nLrfrde 


The point form of the continuity equation can be obtained from the integral form. 
Using thc divergence theorem, convert the surface integral in integral form to the volume 
integral. 


" ...(3) 
dO. - 
S = | -idv ~ 4) 
vol 5 i 
But Qi = fp dv w (5) 
vol 
where p, = Volume charge density 
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Jon dv = | Py aj--J e: dv -. (6) 


vol vol 


For a constant surface, the derivative becomes the partial derivative. 


foha f ze dv -. (7) 


vol vol 


If the relation is true for any volume, it must be true even for incremental volume Av. 


: ə 
(V*DAv = - a Av ... (8) 
Y — op, 
vey = -2 . (9) 


This is the point form or differential form of the continuity equation of the current. 


The equation states that the current or the charge per second, diverging from a small 
volume per unit volume is equal to the time rate of decrease of charge per unit volume at 


every: point. 


§.3.1 Steady Current 
For steady currents which are not the functions of time, òp, / dt = 0 hence, 


For such currents, the rate of flow of charge remains constant with time. The steady 
currents have no sources or sinks, as it is constant. 


imb Example 5.1 : In cylindrical co-ordinates, J -10e7'" a, A/m?. Find the current crossing 
through the region 0.01 <r < 0.02 m, 0<z<1 m and intersection of this region with the 


= constant plane. 
Solution : The current is given by integral form of the continuity equation as, 

I- J J-dS 

s 
Now dS = drdza, ... normal to a, direction as J is in a, direction 
JedS = [10e 10r 3 |eldrdza,] 
= 10e !9* dr dz ^ (39°45) = 1 
1 oc 

I = fe drdz= f | 10e '?' ar az 

S 2-0 r=001 


e- 10: 7002 i e? e 
sof —100 I. [z] = 10 x cad "md [1] 


10x[- 1.353x10^? + 3.678x 1077] = 2.326x 10? A 
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imb Example 5.2 : Find the total current in outward direction from a cube of 1m, with one 
corner at the enum and edges pue to the co-ordinate axes if, 
J -2x! à, 2xy? ay +2xya, Aint. 


Solution : The cube is shown in the Fig. 5.4. 
According to continuity equation, 


E pu J v: pav z 


vol 


The cube is a volume hence use volume 


integral. AJ 2 
dv = dxdydz and PE 
ðJ x "n J y ,9J, y 


“Ox” hy U» 


< 
= 
i 
4 


opx?] 9[2xy 5] d[2xy] 


ox oy oz 
= 4x+6xy?+0=4x+6xy” Fig. 5.4 


s I= f (4x+6 xy?) dx dy dz= f i [ ce dx dy dz 


vol z-N y=0-0 


2 2,27) 
PY dydz= | | (2+3y2)dy dr 
0 z=0 y=0 


1 3] 1 
- j 23] dz = f (2+1)dz 
0 


3 
=0 2=0 
= 3[z]5 =3A 
100 cos 0 — ; 
mwa Example 5.3 : A current density J = i A/m? in the spherical co-ordinate 
r+ 
system. 


a) How much current flows through the spherical cap r = 3 m, 0< o<% ,0«$«2n 


b) The same total current as found in (a) flows through the spherical cap r — 10 m, 
0«8«o, 0<o< 2n. What should be the value of o. ? 
Solution : a) From the dien equation of current, 
E J v-»av 
vol 


As r = 3 m is constant, use surface integral. 
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dS = r?sin8d6dea, .. As J is in à, direction 
100 cos z 
(r? +1)" 


" 
2x 7/6 100cos0 E 


- 
. 
[en 
wl 

li 


in 0d6dó . 


py-ds = sin @d@dọ 
S 0-0 6-0 (r? z 1) 
2n n/6 2 
ie War 20028? dodo 
o=0 o0 T +1 
2n n/6 
= mE = 7-9 dodo .. 2 sin 0 cos 0 = sin 20 
+1 
$-0 0-0 © 
ES ae | 32)" Ig and r- 3m 
2(? 431) 2 Jo ^" 
—cos2x- x 
= RO | ——— 0-05 | [2x]- 70.6858 A 


10 2 


... Use radian mode to calculate cos 


b) Now r = 10 m and limits for 0 are 0 to a, 
* * 100r? sin20 


I = ———c — dbdo 

6-0 0-0 (r? +1) Z 
pe r? ue 

70.6858 = T , Ur .. Same I as before 
r? + 
50x (10) -cos20 -cos0 

70. = -= -—-; 2n 

6858 (i Ol) , - | [2x] 


0.4545 = -cos2a+1 

cos 2@ = 0.5455 
209 = 56.9411? or 0.9938 rad 
€ = 28.47° or 0.4969 rad 


5.4 Conductors 


Let us study the behaviour and properties of the conductors. Under the effect of 
applied electric field, the available free electrons start moving. The moving electrons strike 
the adjacent atoms and rebound in the random directions. This is called drifting of the 
electrons. After some time, the electrons attain the constant average velocity called drift 
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, velocity (vy). The current constituted due to the drifting of such electrons in metallic 
conductors is called drift current. The drift velocity is directly proportional to the applied 
electric field. 

Ja « É .. (1) 


The constant of proportionality is called mobility of the electrons in a given material 
and denoted as p ,. It is positive for the electrons. 
By = -Hee .. (2) 
The negative sign indicates that the velocity of the electrons is against the direction of 
field E. 
Velocit á 
Now p (Mobility) = Velocity m/s m 


Thus mobility is measured in square metres per volt-sccond (m?/V-s). The typical 
values of mobility are 0.0012 for aluminium, 0.0032 for copper etc. 


According to relation between J and v we can write, 
Jp. w (3) 


But in the material, the number of protons and electrons is same and it is always 
electrically neutral. Hence p, =0 for the neutral materials. The drift velocity is the velocity 
of free electrons hence the above relation can be expressed as, 


where Pe = Charge density due to free electrons 


The charge density p, can be obtained as the product of number of free electrons/m* 
and the charge 'eé' on one electron. Thus p, = ne where n is number of free 
electrons per m?. 


Substituting equation (2) in equation (4) we get, 


J = -Pehe Ë ~ 6) 


5.4.1 Point Form of Ohm's Law 


The relationship between J and E can also be expressed in terms of conductivity of the 
material. 


Thus for a metallic conductor, 


where c - Conductivity of the material 


The conductivity is measured in mhos per metre (0/m). The equation (6) is called 
point form of Ohm's law. The unit of conductivity is also called Siemens per metre (S/m). 
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The typical values of conductivity are 3.82x10? for aluminium, 5.8x107 for copper etc. 
expressed in mho/m. For the metallic conductors the conductivity is constant over wide 
ranges of current density and electric field intensity. In all directions, metallic conductors 
have same properties hence called isotropic in nature. Such materials obey the Ohm's law 
very faithfully. 


Comparing the cquation (5) and cquation (6) we can write, 
Oo = -p.H. = (7) 


This is conductivity interms of mobility of the charge density of the electrons. 


The resistivity is the reciprocal of the conductivity. The conductivity depends on the 
temperature. As the temperature increases, the vibrations of crystalline structure of atoms 
increases. Due to increased vibrations of clectrons, drift velocity decreases, hence the 
mobility and conductivity decreases. So as temperature increases, the conductivity 
decreases and resistivity increases. 


5.4.2 Resistance of a Conductor 


Consider that the voltage V is 
applied to a conductor of length L 
having uniform cross-section S, as 
shown in the Fig. 5.5. 


The direction of E is same as 
the direction of conventional 
current, which is opposite to the 
flow of electrons. The electric field 
applied is uniform and its 
magnitude is given by, Fig. 5.5 Conductor subjected to voltage V 


Conventional 
current 


E - Y ... (8) 


The conductor has uniform cross-section S and hence we can write, 


I = | J-d5=JS ~. (9) 
s 
The current direction is normal to the surface S. 
Thus, J = E -cE ... (10) 


And using equation (8) in equation (10) we get, 


J = = where 6 = Conductivity of the material ». (11) 
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g L-I L 
Vg sss]! -n (12) 
V L 
R = TE . (13) 


Thus the ratio of potential difference between the two ends of the conductors to the 
current flowing through it is resistance of the conductor. 

The equation (12) is nothing but the Ohm's law in its normal form given by V = IR. 
The equation is true for the uniform fields and resistance is measured is ohms (Q). 

For nonuniform fields, the resistance R is defined as the ratio V to I where V is the 
potential difference betweem two specified equipotential surfaces in the material and I is 
the current crossing the morc positive surface of the two, into the material. Mathematically 
the resistance for nonuniform fields is given by, 


-.. (14) 


The numerator is a linc integration giving potential difference across two ends while 
the denominator is a surfacc integration giving current flowing through the material. 
The resistance can also be expressed as, 


. L _ P 
R = og =" g2 -. (15) 
where Pe = E = Resistivity of the conductor in Q-m 


5.4.3 Properties of Conductor 
Consider that the charge distribution is suddenly unbalanced inside the conductor. 
There are number of electrons trying to reside inside the conductor. All the electrons are 
negatively charged and they start repelling cach other due to their own electric fields. Such 
electrons get accelerated away from each other, till all the electrons causing interior 
imbalance, reach at the surface of the conductor. The conductor is surrounded by the 
insulating medium and hence electrons just driven from the interior of the conductor, 
reside over the surface. Thus, 
1. Under static conditions, no charge and no electric field can cxist at any point 
within the conducting material. 
2. The charge can exist on the surface of the conductor giving risc to surface charge 
density. 


3. Within a conductor, the charge density is always zero. 
4. The charge distribution on the surface depends on the shape of the surface. 


5. The conductivity of an ideal conductor is infinite. 
6. The conductor surface is an equipotential surface. 
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wa Example 5.4 : A wire of diameter 2 mm and the conductivity 5x 107 O/m has 10” free 
electrons per m?. It is subjected to an electric field of 10 mV/m. Determine, a) The free 
electron charge density b) The current density c) The current in the wire d) The drift 
velocity of the electrons. 
Given : The charge of one electron = —1.6x107? C. 


Solution : a) n = 10” clectrons/m? and e = -1.6x 1077 C 
p, = Free electron charge density = ne 
= 10?9x(-1.6x10^') z — 1.6x10!? C/m? 


b) J = GE-5x10? x10x10^ = 500 kA/m? 
c) I = JS = Ix Fd? -500x10? x Fx (2x10)? = 1.5707 A 
d) J = peg 
500x10? = -10ox10' v4 
va = -3.12510 ° m/s .. Drift velocity 


The negative sign indicates it is opposite to the direction of the applied electric field E. 


mæ Example 5.5 : An aluminium conductor is 2000 ft long and has a circular cross-section 
with a diameter of 20 mm. If there is a d.c. voltage of 1.2 V between the ends find : 
a) The current density b) The current c) Power dissipated from the knowledge of circuit 
theory. Assume 6 = 3.82 x 10? mho/m for aluminium. 


Solution : L = 2000 ft = 2000x(30x10?) m = 600 m 


ES V = 12 =p -3 
E = L g0 ?*19 V/m 
a) J = GE = 3.82 x 107 x 2x10? = 76.4 kA/m* 
b) I = JS = Jx} d? = 764x103 x2x(20x107)^ = 24 A 
- V? 2 
c) P = Power dissipated = VI = E =I R W 


= 1.2x24 = 28.802 W 


5.5 Relaxation Time 


The medium is called homogeneous when the physical characteristics of the medium 
do not vary from point to point but remain same everywhere throughout the medium. If 
the characteristics vary from point to point, the medium is called nonhomogeneous or 
heterogeneous. While the medium is called linear with respect to the electric field if the 
flux density D is directly proportional to the electric field E. The relationship is through 
the permittivity of the medium. If D is not directly proportional to E, the material is called 
nonlinear. 
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Consider a conducting material which is lincar and homogencous. The current density 
for such a material is, 


J = cÉ where o= Conductivity 
But D = cE .. Linear material 
t- P 
^ € 
= D c= 
] - ocu p ... (1) 


X 9p, 
Vey =- X .. (2) 
i os a _OPy 
«(zs]- -% o 
ou. _ 90v 
- V.D = 3t . (4) 
But V-D = p, w (5) 
op, Op, 
cui. E 
op, o _ 
*t + Py = 0 .. (7) 
This is a differential equation in p, whosc solution is given by, 
Py = Poe! -poe'^ -.. (8) 
where Po = Charge density at (t = 0) 


This shows that if there is a temporary imbalance of electrons inside the given 
material, the charge density decays exponentially with a time constant t=e/6 sec. This 
time is called relaxation time. 

The relaxation time (1) is defined as the time required by the charge density to decay 
to 36.8 % of its initial valuc. 


For a pure conductor, the 1 is very very small, of the order of 107? sec and thus for 
any imbalance inside the conductor, the charge density reduces to zero very quickly, 
forcing the electrons causing imbalance, to the surface of the conductor. 


Key Point : This shows that under static conditions no free charge can remain 
within the conductor and it gets evenly distributed over the surface of the conductor. 
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mab Example 5.6 : Determine the relaxation time for silver, having 6 = 6.17 x 10’ mho/m. If 
charge of density po is placed within a silver block, find the charge density after one time 
constant and five time constants. Assume £= £p. 


Solution : For silver 6 = 6.17 x 107 mho/m and  £-t£, 


t = Relaxation time = LI] 
o 6 
; -12 
= BB54x10 "^ 1435x107? sec 
6.17 x107 


The charge density p, decays exponentially. 


p = poc 
Att- 1t, p = poc! = 0.3768 po 
Att=54 P = poe” =6.73x10 po 


5.6 Dielectric Materials 


It is seen that the conductors have large number of free electrons while insulators and 
dielectric materials do not have free charges. The charges in dielcctrics are bound by the 
finite forces and hence called bound charges. As they are bound and not free, they cannot 
contribute to the conduction process. But if subjected to an electric field E, they shift their 
relative positions, against the normal molecular and atomic forces. This shift in the relative 
positions of bound charges, allows the dielectric to store the energy. 


The shifts in positive and negative charges are in opposite directions and under the 
influence of an applied electric field E such charges act like small electric dipoles. 


Key Point : When the dipole results from the displacement of the bound charges, 
the dielectric is said to be polarized. 


And these electric dipoles produce an electric field which opposes the externally 
applied electric field. This process, due to which separation of bound charges results to 
produce electric dipoles, under the influence of electric field E, is called polarization. 


5.6.1 Polarization 


To understand the polarization, consider 
an atom of a dielectric. This consists of a 
nucleus with positive charge and negative 
charges in the form of revolving electrons in 
the orbits. The negative charge is thus 
considere? to be in the form of cloud of 
electrons. This is shown in the Fig. 5.6. 


Positively 
charged 
nucleus 


Negatively 
charged 
electron cloud 


Fig. 5.6 Unpolarized atom of a dielectric 
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Note that E applicd is zero. The number of positive charges is same as negative 
charges and hence atom is electrically neutral. Due to symmetry, both positive and 
negative charges can be assumed to be point charges of equal amount, coinciding at the 
centre. Hence there cannot exist an clectric dipole. This is called unpolarized atom. 


When electric field E is applied, the symmetrical distribution of charges gets disturbed. 
The positive charges experience a force F=QE while the negative charges experience a 
force F - -QE in the opposite direction. 

Now there is separation betwcen the nucleus and the centre of the clectron cloud as 


shown in the Fig. 5.7 (a). Such an atom is called polarized atom. 


Center 


of electron Nucleus 
cloud zi a 
[i-re 
——-E 
Applied field 
(a) Polarized atom (b) Equivalent dipole 
Fig. 5.7 


It can be secn that an electron cloud has a centre separated from the nucleus. This 
forms an electric dipole. The equivalent dipole formed is shown in the Fig. 5.7 (b). The 
dipole gets aligned with the applied field. This process is called polarization of diclectrics. 

There are two types of diclectrics, 

1. Nonpolar and 2. Polar. 


In nonpolar molecules, the dipole arrangement is totally absent, in absence of electric 
field E. It results only when an externally field E is applied to it. In polar molecules, the 
permanent displacements between centres of positive and negative charges exist. Thus 
dipole arrangements exist without application of E. But such dipoles are randomly 
oriented. Under the application of E, the dipoles experience torque and they align with the 
direction of the applied field E. This is called polarization of polar molecules. 


The examples of nonpolar molecules are hydrogen, oxygen and the rare gases. The 
examples of polar molecules are water, sulphur dioxide, hydrochloric acid etc. 


5.6.2 Mathematical Expression for Polarization 
When the dipole is formed due to polarization, there exists an electric dipole moment 


where Q 


Magnitude of one of the two charges 


Al 
ll 


Distance vector from negative to positive charge 


Downloaded From : www.EasyEngineerin£.net 


ir 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 5 - 16 Conductors, Dielectrics and Capacitance 


Let n 


_ Number of dipoles per unit volume 
Av Total volume of the diclectric 


N 


Total dipoles = n Av 


Then the total dipole moment is to be obtained using superposition principle as, 


nAv 


Pewi = Qi d, +Q> d, +....+Q, d, = £ Q; d, -. (2) 
i=l 
If dipoles are randomly oriented, p,.,, is zero but if dipoles are aligned in the 


direction of applied E then Pota has a significant value. 


The polarization P is defined as the total dipole moment per unit volume. 


(3) 


It is measured in coulombs per square metre (c/ m? jn 
It can be scen that the units of polarization are same as that of flux density D. Thus 
polarization increases the electric flux density in a dielectric medium. Hence we can write, 
flux density in a dielectric is, 
D = t&E«P w (4) 
For isotropic and lincar medium, the P and E are parallel to cach other at every point 
and related to each other as, 


where x, = Dimensionless quantity called electric susceptibility of the material. 


The susceptibility tells us how sensitive is a given dielectric to the applied electric field 


E. 
Substituting (5) in (4), 
D = eg E+X. £ É 
D = (Xe+1)E£ E -. (6) 
D = cE - (7) 
where E = Ep Ep .. (8) 


The quantity x,+1 is defined as relative permittivity or dielectric constant of the 
dielectric material. 


ER = X.+1 oo (9) 
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While the £ is called permittivity of the dielectric. Note that in anisotropic or 
nonisotropic materials the D, E and P are not parallel to each other and e and x, vary in 
all directions and have nine different components. The discussion of anisotropic materials 
is beyond the scope of this book. 


5.6.3 Properties of Dielectric Materials 
The various properties of dielectric materials are, 
1. The dielectrics do not contain any free charges but contain bound charges. 


2. Bound charges are under the internal molecular and atomic forces and cannot 
contribute to the conduction. 

3. When subjected to an external field E, the bound charges shift their relative 
positions. Due to this, small electric dipoles get induced inside the dielectric. This 
is called polarization. 

4. Due to the polarization, the dielectrics can store the energy. 


5. Duc to the polarization, the flux density of the dielectric increases by amount equal 
to the polarization. 

6. The induced dipoles produce their own electric field and align in the direction of 
the applied electric field. 

7. When polarization occurs, the volume charge density is formed inside the dielectric 
while the surface charge density is formed over the surface of the diclectric. 

8. The electric field outside and inside the dielectric gets modified due to the induced 
electric dipoles. 


5.6.4 Dielectric Strength 


The ideal dielectric is nonconducting but practically no dielectric can be ideal. As the 
‘electric field applied to dielectric increases sufficiently, due to the force exerted on the 
molecules, the electrons in the dielectric become free. Under such large electric field, the 
dielectric becomes conducting due to presence of large number of free electrons. This 
condition of dielectric is called dielectric breakdown. All kinds of dielectrics such as 
solids, liquids and gases show the tendency of breakdown under large electric field. The 
breakdown depends on the nature of material, the time and magnitude of applied electric 

field and atmospheric conditions such as temperature, moisture, humidity etc. 
Key Point : The minimum value of the applied electric field at which the dielectric brenks 

down is called dielectric strength of that dielectric. 


The dielectric strength is measured in V/m or kV/cm. It also can be stated as the 
maximum value of electric field under which a dielectric can sustain without breakdown. 
Once breakdown occurs, dielectric starts conducting and no longer behaves as dielectric. 
Hence all the dielectrics are assumed to be either ideal or are not in a breakdown 
condition. 
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ma Example 5.7 : Find the magnitude of D and P for a dielectric material in which 
| E| = 0.15 mV/m and x, = 4.25. 


Solution : For a dielectric medium, 
D = £geg E 
where £g = X¥.t1=425+1=5.25 
|D| = 8854x107 x5.25x0.15x10? 


= 69725x10 5 C/m? 
and P = x,€E 
[P| = 425x8.854x10 2 x0.15x10^* 
= 5.644x1075 C/m? 


wab Example 5.8 : Find the polarization in dielectric material with ep = 28 if 
D=3x1077 C/m’. 


Solution : For the dielectric, 


P = x,-€E 
Now £g = X,*tl 
Xc = £j =28-1= 18 
And D = ec E 
Dn -7 
E = CAP 3x10 


to£q  8.854x 10-1? x 2.8 
= 12.101x10? V/m 
1.8x 8.854 107? x 12.101 10? 
= 1.9285x10 7 C/m? 


"2l 
M 


5.7 Boundary Conditions 


When an electric field passes from one medium to other medium, it is important to 
study the conditions at the boundary between the two media. The conditions existing at 
the boundary of the two media when field passes from one medium to other are called 
boundary conditions. Depending upon the nature of the media, there are two situations of 
the boundary conditions, 

1. Boundary between conductor and frce space. 


2. Boundary between two dielectrics with different properties. 
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The free space is nothing but a dielectric hence first case is nothing but the boundary 
between conductor and a dielectric. For studying the boundary conditions, the Maxwell's 
equations for electrostatics are required. 


f E-dL = 0 and $ D-dS=Q 


Similarly the field intensity E is required to be decomposed into two components 
namely tangential to the boundary (Eun ) and normal to the boundary ( En ). 
E = Ey, +Ey 
Similar decomposition is required for flux density D as well. 


Let us study the various cases of boundary conditions in dctail. 


5.8 Boundary Conditions between Conductor and Free Space 


Consider a boundary between conductor and free space. The conductor is ideal having 
infinite conductivity. Such conductors are copper, silver etc. having conductivity of the 
order of 10° S/m and can be treated ideal. For ideal conductors it is known that, 


1. The field intensity inside a conductor is zero and the flux density inside a conductor 
is Zero. 


2. No charge can exist within a conductor. The charge appears on the surface in the 
form of surface charge density. 


3. The charge density within the conductor is zero. 


Thus E, D and p, within the conductor are zero. While p. is the surface charge 
density on the surface of the conductor. 


To determine the boundary conditions let us use the closed path and the Gaussian 
surface. 


Consider the conductor frec space boundary as shown in the Fig. 5.8. 


AW 


Gaussian 


surface 


Fig. 5.8 Boundary between conductor and free space 
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5.8.1 E at the Boundary 

Let E be the electric field intensity, in the direction shown in the Fig. 5.11, making some 
angle with the boundary. This E can be resolved into two components : 

1. The component tangential to the surface (Èun ). 

2. The component normal to the surface (Ey). 


It is known that, 


$ E-dL = 0 w (1) 


The integral of E- dL carried over a closed contour is zero i.c. work done in carrying 
unit positive charge along a closed path is zero. 


Consider a rectangular closed path abcda as shown in the Fig. 5.8. It is traced in 
clockwise direction as a-b-c-d-a and hence $ E- dl. can be divided into four parts. 


b c d a 
f E-di =f E*aL«[ E-dL« f E-dL«[ E-aL.-0 w (2) 
a b c d 

The closed contour is placed in such a way that its two sides a-b and c-d are parallel 
to tangential direction to the surface while the other two are normal to the surface, at the 
boundary. 


The rectangle is an clementary rectangle with elementary height Ah and elementary 
width Aw. The rectangle is placed in such a way that half of it is in the conductor and 
remaining half is in the free space. Thus Ah/2 is in the conductor and Ah/2 is in the free 
space. 

Now the portion c-d is in the conductor where E = 0 hence the corresponding integral 
is zero. 

be P EP ARIDE 247 
Í E-di+{ E-dL+ | E-dL-0 -. (3) 
b d 


a 


As the width Aw is very small, E over it can be assumed constant and hence can be 
taken out of integration. 
bo o uM » 
I E*dL = Ef dL = É(Aw) vw» (4) 
a a 


But Aw is along tangential direction to the boundary in which direction E = E,,,,. 
b 
J Etdi = E, (Aw) where E, =| Ern] w (5) 


Now b-c is parallel to the normal component so we have E = Ey along this direction. 
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Over the small height Ah, Ej, can be assumed constant and can be taken out of 
integration. 
c ` 
| Eedi. Ef aL - E, f aL -. (6) 
! b 


T 


But out of b-c, b-2 is in fee space and 2-c is in the conductor where E=0. 


jars fata o= a) 


c 
j a 
h 


j E*dL = eJ .. (8) 
b 


Similarly for path d-a, the condition is same as for the path b-c, only direction is 
opposite. 


[£r = -En( | n. (9) 
d 
Substituting equations (4), (8) and equation (9) in (3) we get, 
Een Aws eel! Pele” aa ww. (10) 
223 p 
Fin Aw = 0 But Aw #0 as finite 


„an 


Thus the tangential component of the electric field intensity is zero at the boundary 
betwcen conductor and free space. 
Key Point : Thus the E at the boundary between conductor and free space is 
always in the direction perpendicular to the boundary. 


Now D = gE for free space 


a2 


Thus the tangential component of electric flux density is zero at the boundary 
between conductor and free space. 


Key Point : Hence electric flux density D is also only in the normal direction at the 
boundary between the conductor and the free space. 


5.8.2 D, at the Boundary 


To find normal component of D, select a closed Gaussian surface in the form of right 
circular cylinder as shown in the Fig. 5.8. Its height is Ah and is placed in such a way that 
Ah/2 is in the conductor and remaining Ah/2 is in the free space. Its axis is in the normal 
direction to the surface. 
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According to Gauss's law, $ DedS=Q 
E 


The surface integral must be evaluated over three surfaces, 
i) Top, ii) Bottom and iii) Lateral. 
Let the area of top and bottom is same equal to AS. 
f D-dS + f DedS + f DedS=Q w (13) 


top bottom lateral 


The bottom surface is in the conductor where D = 0 hence corresponding integral is 
zero. 

The top surface is in the free space and we are interested in the boundary condition 
hence top surface can be shifted at the boundary with Ah > 0. 

4. J DedS+ f DedS=Q ^ (14) 

top lateral 

The lateral surface area is 2x r Ah where r is the radius of the cylinder. But as Ah > 0, 

this area reduces to zero and corresponding integral is zero. 
= M 
While only component of D present is the normal component having magnitude Dy. 


The top surface is very small over which Dy can be assumed constant and can be taken 
out of integration. 


J D-dS = Dy f dS = Dyas w (15) 
top top 
From Gauss's law, 
Dy AS = Q . (16) 


But at the boundary, the charge exists in the form of surface charge density pg C / m?. 


Q = ps AS vee (17) 
Equating equation (1€) and (17), 


Thus the flux leaves the surface normally and the normal component of flux density 
is equal to the surface charge density. 


Dn = £o En = Ps T (19) 
E, - P5 .. (20) 
£g 
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Key Point : Note that as the tangential component of E ie. En =0, the surface of the 


conductor is an equipotential surface. The potential difference along any path on the surface 
of the conductor is T Eat and as E = E,,,, =0, the potential difference is zero. Thus all 


points on the conductor surface are at the same potential. 


5.8.3 Boundary Conditions between Conductor and Dielectric 


The free space is a dielectric with €=€,. Thus if the boundary is between conductor 
and dielectric with e=€o€,- 


.. (21) 
. (22) 


and ... (23) 


"wb Example 5.9 : A potential field is given as V = 100 e^9* sin 3y cos 4z V. Let point P 
(0.1, 1/12, n/24) be located at a conductor free space boundary. At point P, find the 
magnitudes of, 

a) V b) E c) E, DEN JD f Dy gps 


. - = M = m, 
Solution: a) At P, x= 01, y iy^» 
-05 x 3% 4n i 
V = 100e "? sin [7 99537 37.1422 V ... Use radian mode 
> av, | 90V | V,- 
b) Eve a bn a hA: 
= -100[-5e * sin 3y cos4za, +e™ (3)(cos 3y) (cos 4z)à, 
* €^ (sin 3y)(4)(- sin 4z)a,] 
At P, E = [-100[-1.857a, +1.1144, — 0.857763, ] 
= + 185.74, -1114a, + 85.776 à, Vim 
|E| = 232.9206 V/m 
c) E, = 0 V/m as P is on the boundary 
d) Ey = |E|= 232.9206 V/m 
e) D = g E-8854 x 10° [1857a, -1114a, «85.7762, | 
= 1.588 4, —0.9529 4, + 0.7337 a, nC/m* 
|D| = 1.992 nC/m? 
f) Dy = [D|- 1992 nC/m* 
g Dy = Ps = 1.992 nC/m? 
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5.9 Boundary Conditions between Two Perfect Dielectrics 


Let us consider the boundary between two perfect dielectrics. One dielectric has 
permittivity £; while the other has permittivity £;. The interface is shown in the Fig. 5.9. 


The E and D are to be obtained again by resolving each into two components, 
tangential to the boundary and normal to the surface. 


Consider a closed path abcda rectangular in shape having elementary height Ah and 
elementary width Aw, as shown in the Fig. 5.9. It is placed in such a way that Ah/2 is in 
dielectric 1 while the remaining is dielectric 2. Let us evaluate the integral of E- dL along 
this path, tracing it in clockwise direction as a-b-c-d-a. 


Region 1 | € 


$ E-dL = 0 w (1) 
b UU» ico SR d AM wma A 
z E« dL« f E: dL« | E-dL«| E-dL- 0 ww (2) 
a b € d 
Now E = E, +En a (3) 
and E, = E, «E n (4) 


Both E, and É, in the respective dielectrics have both the components, normal and 
tangential. 


Let | Eu] = Eun: | E4| = Eranz 


|En] = Ew, | Ex| = Ex 
Now for the rectangle to be reduced at the surface to analyse boundary conditions, 


Ah > 0. As Ah 0, f and f become zero as these are line integrals along Ah and Ah 0. 
b d 


Hence equation (2) reduces to, 


b m " d * = 
l] É-aL«[ E*dL-0 ... (5) 
a 


€ 
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Now a-b is in dielectric 1 hence the corresponding component of E is E,,,; as a-b 
direction is tangential to the surface. 


b 
E:dL = Ewniıf dL- Enni Aw . (6) 


a 


ty tm 


While c-d is in dielectric 2 hence the corresponding component of E is E44 as c-d 
direction is also tangential to the surfacc. But direction c-d is opposite to a-b hence 
corresponding integral is negative of the integral obtained for path a-b. 


E*dL = -Enz Aw ~ (7) 


n = >, 


Substituting equation (6) and equation (7) in equation (5) we get, 
Euni Aw -Eui? Aw = 0 se (8) 


Thus the tangential components of field intensity at the boundary in both the 
dielectrics remain same i.e. electric field intensity is continuous across the boundary. 


The relation between D and E is known as, 


D = gE ... (10) 


Hence if Dani and Denz are magnitudes of the tangential components of D in 
dielectric 1 and 2 respectively then, 


Dui = £ Etan1 and Dtan2 =€; Eu2 dd (11) 
Dun 1 = Du, 2 (12) 
€ £5 ik 
Dian 1 £i £ 1 
3 oe mos Fee SEE = (13) 
Dianz £2. En 


Thus tangential components of D undergoes some change across the interface hence 
tangential D is said to be discontinuous across the boundary. 


To find the normal components, let us use Gauss's law. Consider a Gaussian surface 
in the form of right circular cylinder, placed in such a way that half of it lies in dielectric 1 
while the remaining half in dielectric 2. The height Ah — 0 hence flux leaving from its 
lateral surface is zero. The surface area of its top and bottom is AS. 


$ D-dS =Q ~ (14) 


:[ + f + f [p-ss-c w. (15) 


lop — bottom lateral 
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But | D-dS=0 as ah>0 -.. (16) 
lateral 
- | Deds + | D:d$-Q .. (17) 
top bottom 


The flux leaving normal to the boundary is normal to the top and bottom surfaces. 
7. |D|- Dy, for dielectric 1 and Dy, for dielectric 2. 


And as top and bottom surfaces are elementary, flux density can be assumed constant 
and can be taken out of integration. 


J DedS = Dy, f dS = Dy AS .. (18) 
top top 


For top surface, the direction of Dy is entering the boundary while for bottom surface, 
the direction of Dy is leaving the boundary. Both are opposite in direction, at the 
boundary. 


J D-dS = -Dm f d$ = -Dw AS . (19) 

bottom bottom 
s Da AS- D; AS = Q . (20) 
But = p,AS .. (21) 
Dy -Dm = Ps we (22) 


There is no free charge available in perfect diclectric hence no free charge can exist on 
the surface. All charges in dielectric are bound charges and are not free. Hence at the ideal 
‘dielectric media boundary the surface charge density pc can be assumed zero. 
Ps = 0 
Da -Duz = 0 


-e 


Hence the normal component of flux density D is continuous at the boundary 
between the two perfect dielectrics. 
Now Dan =€; Eni and Dyz =E2 Enz 
Du _ & Em 


Du = Ez Fip = 1 — As Dm = Dwz 
En E€ £p 

NE uo rcd .Q 
Eno €& En (24) 


The normal components of the electric field intensity E are inversely proportional to 
the relative permittivities of the two media. 
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.. (82) 


.. (33) 


The equation shows that 

1. D is larger in the region of larger permittivity. 
2. E is larger in the region of smaller permittivity. 
3. | D, | =| b;| if €, = 0, =0°. 

4.|E,|=|E,| if 0, 26; =90°. 


To find the angles 0, and 0,, with respect to normal use the dot product if normal 
direction to the boundary is known. 


mmb Example 5.10 : The region with z «0 is characterised by £j = 2 and z»0 by €, =5. If 
D, =24, *5a, -3a. nC / m, find : à) D, b) Dy; c) Dianz d) Energy density in each 
Ib, [Pl 


region e) The angle that D, makes with z exis f) — i| 9 [5 EJ 
1 1 


Solution : The two media are separated by z = 0 plane and t3, are the directions of 
normal to the surface. 
D, = 2a, 45a, -3a, nC/m? 
D, = Du +Duns 
Normal direction to the surface is £a, hence the part of D, in the direction of + a, is 
Di. 


Dia -38a, nC/m? 


Dini = D-Dy, -2a, *5a, nC/m? 
According to boundary conditions, 


Dy, = Drz =-3 az 


while Duni 5 El as E) 
tan 2 2 En 

2a, +5a 5 

Danz 2 
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z>0 


Fig. 5.11 


B = : (2a, +54, ) = 0.8 a, *2a, nC/m? 


D, = D; *D,,;-082,42a,-3a, nC/m? 


_1 (DP 1/5] 
Energy density Wu = 2 E = 2 Egin 
2 
1 [XQY +6)? +(-3)? | x00)? 
= >x 


2 8.854x107? x5 
= 0.4291 uJ/m? 


d we, = LIÉ AE Lo d 
an mi 2 ey 2 8.854107? x 2 


= 0.3851 uJ/m? 
To find angle of D, with z axis ie. —à, is to be obtained by dot product. 
^ [08a, «22, -34,]-(-a,) = (0.8)? (2)? « (- 3)? cos 6; |a,| = 1 


+3 = 3.6932 cos 0; 


0, = 35.678° 
D 2 0.8 * +(2 2 
Alternatively, tan 6, = a - SS 
N2 


0, = 35.678? 
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Now D, = 4(08)! +(2)? «(-3)^ = 3.6932 
D, = (2)? +(5)? «(-3y. = 6.1644 
[Dj] | 3.6932 _ 
I| ^ zieg = 0999 
z [5| 
|P] = Xe Eo | E| = Xe £o (x *1)£, 
as |5| = (x. *1)eo| E| 
»|. (x) 
|P| = TES | But eg -x, 1 
5) (ER) 
|| - € vj 
m Sut!) fm X 1l. 
TT £g» T eg -1 |D,| 
(2-1). 5 
= 0.599 x-——x 55e 


mm Example 5.11: Given that E,=24,-3a,+5a, V/m at the charge free dielectric 
interface as shown in the Fig. 5.12. Find D, and the angle 0,, 02. 


M N 


x7 


27 4 
Fig. 5.12 
Solution : As shown, z axis is normal to the surface. So part of E, which is in the 
direction of a, is normal component of E,. 


And E = En + Eun i 
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Eu; = Ẹ -Ey 23, -3a, V/m -. (1) 
At the boundary of perfect dielectrics, 
Čani = unz =2a,-3a, V/m .-. (2) 
Now Dianz = €2 Etanz =EEn Etanz ~. (3) 
And Dy = e Ey -£5 £4 En -. (4) 
But Dy = Dy =€0€r Ens .. (5) 
And D, = Dy * Dy, ; =E0€n Ena *£o£2 Eton 


= £oDb(2a, -3a,) «26a, )] 
= 8.854 x 10"? [10a, -154, +104, | 


D, = 88.544, — 132.81 4, + 88.543, pC/m* 


As Dy, Ex; are in same direction and D,, E, are in same direction, 


Dui = D, cos (A i.e. Ext =E; cos 0; 


where 0, is angle measured w.r.t. normal. 


lEnal 


cool, = a Bu 


9, = 35.795° 


5 and [E] = (2)? «(-3) +(5} = 6.1644 


This 0, is angle made by E, with the normal while 9, is shown with respect to 


horizontal. 
0, = 90-6, = 90 - 35.795 = 54.205° 
Similarly if 05 is angle made by E, with the normal then, 
2 Em. Dyz Dui 
cos 65 = E D D, D, 


£o£n | En | 


[D| 
E £9X2x5 L8 . 
i a" Jio? +(-15)? +010)? ~ 20.6155 
6, = 60.982° 


0, = 90-0, = 29.017* 
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5.10 Concept of Capacitance 


Consider two conducting materials M, and M, which are placed in a dielectric 
medium having permittivity £. The material M, carries a positive charge Q while the 
material M, carries a negative charge, equal in magnitude as Q. There are no other 
charges present and total charge of the system is zero. In conductors, charge cannot reside 
within the conductor and it resides only on the surface. Thus for M, and M,, charges + Q 
and — Q reside on the surfaces of M, and M, respectively. This is shown in the Fig. 5.13. 


Dielectric 


Fig. 5.13 Concept of capacitance 


Such a system which has two conducting surfaces carrying equal and opposite charges, 
separated by a dielectric is called capacitive system giving rise to a capacitance. 

The electric field is normal to the conductor surface and the electric flux is directed 
from M, towards M, in such a system. There exists a potential difference between the two 
surfaces of M, and M). Let this potential is V,.. The ratio of the magnitudes of the total 
charge on any one of the two conductors and potential difference between the conductors 
is called the capacitance of the two conductor system denoted as C. 


Q 
C= x (1 
V (1) 
In general =- Q 
general, C= v .. (2) 
where Q - Charge in coulombs 


V = Potential difference in volts 


The capacitance is measured in farads (F) and 


1 coulomb 
1 volt 


1 Farad = 


As charge Q resides only on the surface of the conductor, it can be obtained from the 
Gauss's law as, 


Q 


[] 
a 
(w 
*. 
D 
M 
I 
“Ga 
m 
[-1 
m 
la] 
cal 
* 
2 
wm! 
i 
7-5 
m 
rl 
. 
QQ 
[771] 
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While V is the work done in moving unit positive charge from negative to the positive 
surface and can be obtained as, 


= -f É-dL--j E-dt 
Hence capacitance can be expressed as, 


_. Q_s 
C= ġġ =f F sx (3) 


If the charge Q is increased, then E and D get increased by same factor. The voltage V 
also increases by same factor. Thus the ratio Q to V remains constant as C. Hence 
capacitance is not the function of charge, field intensity, flux density and potential 
difference. 

Key Point : The capacitance depends on the physical dimensions of the system and 
the properties of the dielectric such as permittivity of the dielectric. 


5.11 Capacitors in Series 


Consider the three capacitors in series connected across the applied voltage V as 
shown in the Fig. 5.14. Suppose this pushes charge Q on C, then the opposite plate of C; 
must have the same charge. This charge which is negative must have been obtained from 
the connecting leads by the charge separation which means that the charge on the upper 
plate of ai is also Q. In short, all the three capacitors have the same charge Q. 


Equivalent 


H 
i 
i 
Liat V Ceq 4 capacitance 
LI | 
| | 
i I 


Q = GVW = QV = QV 
- Q Q 
Giving , VA E e 2c laum 


If an equivalent capacitor also stores the same charge, when applied with the samc 
voltage, then it is obvious that, 
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0 Q Q 

C = = or Vz.— 

eq V a 
But, V = VA + V2 + V3 

Q Q Q Q 

—— mmo od oL d o— 

Ca G G C 

MN TENES 


Key Point : For all the capacitors in series, the charge on all of them is always same, but 
the voltage across them is different. 


5.12 Capacitors in Parallel 


Key Point: When capacitors are in parallel, the same voltage exists across them, but 
charges are different. 


The total charge stored by the parallel bank of capacitors Q is given by, 
Q = Q4+Q,+Q3 
Ci V + CG V + G V =(C, +C,4+C,)V bus (1) 
Equivalent 


+ + 
capacitance 
| Q, Q, Q, | 6 ie 
+] + +/+ FIES db 


(a) (b) 
Fig. 5.15 Capacitors in parallel 
An equivalent capacitor which stores the same charge Q at the same voltage V, will 
have 


Q = Cq V «++ (2) 
Comparing equation (1) and equation (2), 
As Coq = Ci; +O +C 


oo to find Q,, Q, and Q, EM 
For ‘n’ capacitors in parallel, Coq = C1 + C) €... + C, 
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5.13 Parallel Plate Capacitor 


A parallel plate capacitor is shown in 
the Fig. 5.16. It consists of two parallel 
metallic plates separated by distance 'd'. 
The space between the plates is filled with 
a dielectric of permittivity €. The lower 
plate, plate 1 carries the positive charge 
and is distributed over it with a charge 
density + p<. The upper plate, plate 2 
carries the negative charge and is 
distributed over its surface with a charge 
density — ps. The plate 1 is placed in z = 0 


ie. xy plane hence normal to it is Plate 1 
z-direction. While upper plate 2 is in z = d 
plane, parallel to xy plane. Fig. 5.16 
Let A = Area of cross section of the 
plates in m. 
Q=psAC -. (1) 


This is magnitude of charge on any one plate as charge carried by both is equal in 
magnitude. To find potential difference, let us obtain E between the plates. 


Assuming plate 1 to be infinite shcet of charge, 
E, = PS ay = SS a, V/m w.. (2) 


The E, is normal at the boundary between conductor and dielectric without any 
tangential component. 


While for plate 2, we can write 


E, = PS ay = PS ( a,) V/m (3) 


The direction of E, is downwards i.e. in à, direction. 

In between the plates, 
E = E+E =28 4,428 à, -eSa $e 
E = E+E Je au tog ae ye Fe (4) 


Now dL = dx 4, + dy a, * dza, in Cartesian system. 
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2=0 p 
V=- f T a, * [dxa, +dya, +dza,] 
z=d 
z=0 
_ [Ps _ _Ps pao 2 Ps [- d] 
fep eea 
z=d 
V= Psd V 
€ - 
The capacitance is the ratio of charge Q to voltage V, ^ 
l _ Q_Pså tA 
E aT r po 
£ 
Thus if, £ = ££, 
£g£E, A 
C = d F -. (6) 


Jt can be seen that the value of capacitance depends on, 

1. The permittivity of the dielectric used. 

2. The area of cross section of the plates. 

3. The distance of separation of the plates. 

It is not dependant on the charge or the potential difference between the plates. 


5.14 Capacitance of a Co-axial Cable 
Consider a co-axial cable or co-axial capacitor as shown in the Fig. 5.17. 
Let a = Inner radius 


b = Outer radius 

The two concentric conductors are 
separated by dielectric of permittivity €. 

The length of the cable is L m. 

The inner conductor carries a charge 
density +p, C/m on its surface then equal 
and opposite charge density -p; C/m exists 
on the outer conductor. 


Q-pixL -. (1) 
Assuming cylindrical co-ordinate system, E 
will be radial from inner to outer conductor, 


and for infinite line charge it is given by, Fig. 5.17 Co-axial cable 
= Pi E 
E = AI. . (2) 
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É is directed from inner conductor to the outer conductor. The potential difference is 
work done in moving unit charge against E i.c. from r = b to r = a. 


To find potential difference, consider dL in radial direction whch is dra, 


V = -j E-ac-- f 2a, -ara, 


.. (3) 


w (4) 


5.15 Spherical Capacitor 


Consider a spherical capacitor formed of 
two concentric spherical conducting shells of 
radius a and b. The capacitor is shown in the 
Fig. 5.18. 


The radius of outer sphere is 'b' while ir VE à E 
that of inner sphere is 'a’. Thus b > a. The ^ Et .ÀA ^ Lh 
region between the two spheres is filled with 
a dielectric of permittivity & The inner : 
sphere is given a positive charge + Q while i 
for the outer sphere it is - Q. L 
Li 
t 


-—— —— 


Considering Gaussian surface as a sphere : 
radial direction and given by, 
= Q . 
E = ~â; V/m P 1 
4ner? 0 
The potential difference is work done in moving urit positive charge against the 


direction of E i.e. from r = b tor = a. 
E l 


v = -j E-dl=- | —, a, -dl .. Q) 
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... In radial direction 


u 
a 
4 
w 


Now dL 


r-a r-a 
V Q -à edra =- -Q -dr 
Aner? ' d 4ner? 
r-b mb 


il tla “Be Fea 


. (3) 


Now 


-- (4) 


5.15.1 Capacitance of Single Isolated Sphere 

Consider a single isolated sphere of radius ‘a’, given a charge + Q. It forms a 
capacitance with an outer plate which is infinitely large hence b = œ, 

The capacitance of such a single isolated spherical conductor can be obtained by 
substituting b = æ in the equation (4). 
Ane 


but + =0 


©) 


This is the case of a spherical conductor at a large distance from other conductors. 
Practically this fact is important in obtaining the stray capacitance of an isolated body. 


5.15.2 Isolated Sphere Coated with Dielectric 
Consider a single isolated sphere 

coated with a dielectric having 

permittivity £,, upto radius r,. The radius n 

of inner sphere is 'a' as shown in the CQ LAM n N 


e * ry E "d 
Fig. 5.19. It is placed in a free space so ev ond E N 
3 : RI s 
outside sphere €=€,. It carries a charge ge E x $, 1 
pd L| "o ee 
+Q. oa ‘ >: h 
MUS 1 Iv i 
So for a«r«r,£-£ ie i ES ; 
: r] ae , 
and for r> rs £—£p. / 
Outer sphere 
i at co 
[L| 
! 
Fig. 5.19 
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Conductors, Dielectrics and Capacitance 


The potential difference is work done in bringing unit positive charge from outer 
sphere r = æ to inner sphere r = a against E. This is to be splitted in two as, 


V = -f E-dL=- | E-dL 
d EL 
mro = r-a " 
V = - | E-dt- | E.:dL .. (6 
r=% T=Fr] 
Now fora<r<n, 
Ei = Q a, a (7) 
4n£,r^ 
Now for  «r «es, 
E = Gg: oer} (8) 
4negr 
while dL = dra, as E and E» are in radial direction 
rer) r-a 
Q - Q ke 
V = - a,*dra,—- - edra 
$ 4ngor) ' r a Amr? ' Z 
rary rra 
Q|1 1 1 1 
--—|-— | —dr+— — dr 
án | €o J r? & d. r? 
3» 1- n ol r-r] 1 B rra 
AR| Eo TA. El TAa 
» za) i 
4n Eo n eo € a LET 
.Q[|1(1)1(1) 1(1 
7 4n £g n € a € n 
Q (9) 
... (10) 
1 È a ñ =] 
= = .. (11 
Now C dr (11) 
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i3) 
1 a nmn 1 
[e n 4n£i * Gneon Be (12) 
dre, : , : 
Now Cı = ———L- = Capacitance of spherical capacitor 


HI 


C, = 4m£Qr = Capacitance of isolated sphere 
1 1,1 
T Ga .. (13) 
1 
C= T -.. (14) 
Ci C 


Thus total capacitance can be treated to be the two capacitors C, and C, in series. 


5.16 Composite Parallel Plate Capacitor 


The composite parallel plate capacitor is one in which the space between the plates is 
filled with more than one dielectric. Consider a composite capacitor with space filled with 
two separate dielectrics for the distances d, and d;. 

This is shown in the Fig. 5.20. The Plate 1 
dielectric interface is parallel to the 
conducting plates. 

The space d, is filled with dielectric 
having permittivity ©, while space d, is 
filled with diclectric having permittivity 
£2. 

Let Q = Charge on cach plate 

E: = Field intensity in region d, 


E = Field intensity in region d, 
Both the intensities are uniform. 


Plate 2 
Fig. 5.20 Composite parallel plate capacitor 


V, = Ed; 
and V, = Ed, 
where E, and E; are the magnitudes of the two intensities. 

V = V, +V, = Ed, +E od, . (1) 


At a dielectric - dielectric interface, the normal components of flux densities are equal 
Le. Dyni -Dy. 


Now D, = € E, and D, = €,E, 


Downloaded From : www.EasyEngineerinf.net " 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 5-41 


Substituting in equation (1), 


V z Dad 4-—Z d, 
€ 2 


Conductors, Dielectrics and Capacitance 


w (2) 


The magnitude of surface charge is same on each plate hence 


ps = D; =D; - (3) 
Substituting in equation (2) 
2s [91, d2 
y = s ~ (4) 
-Q-Q 
Now C = V^ 4. d; 
Ps E e 
But Q = psxA 
a PsA A 
seer IC S i 
Ps & €; & & 
1 1 
CT Oat p^ 
£&A £;A G C; 
where C = EA and C; Zak 
di d; 
- (7) 


5.16.1 Dielectric Boundary Normal to the Plates 


Consider the composite capacitor 
in which dielectric boundary is normal 
to the conducting plates. 

The dielectric €; occupying area 
A, of the plates while the dielectric €; 
occupying area A;, as shown in the 
Fig. 521. 

The total potential across the two 
plates is V and distance between the 
plates is d. Hence magnitude of E is, 


V 
diu. 


Fig. 5.21 Dielectric boundary normal to the 
plates 


... (8) 


ir 
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At the boundary, both E1 and E, are tangential and for dielectric - dielectric interface 
tangential components are equal. 


P V 
Ean = Ean E; SE, =a - (9) 
Now D, = &f and D, = & E, 
£V €V 
D = ws and D, = =~ -.. (10) 


On the plate the charge is divided into two parts. 


On area A,, the charge density is ps, =D, while on area A;, the charge density is 
Ps: =D2. 


Q = Qi *Q.; = PsA, tPA: = DA, +D,A, .. (11) 
_ &QVA, &)VA, 
= made m -.. (12) 
&VA, | &2VA2 
ZPQ "d d 
Now C= a ES 
1 2 


c= S81, 2 2640, .. (13) 


Thus if dielectric boundary is parallel to the plates, the arrangement is equivalent to 
While if the dielectric boundary is 


1 
bas 5 
G C 
normal to the plates, the arrangement is equivalent to two capacitors in parallel for which 
Cog =C; +C. 

eq 1 2 


two capacitors in series for which C, = 


wa Example 5.12 : Find the capacitance of a conducting sphere of 2 cm in diameter, covered 
with a layer of polyethelene with €, — 2.26 and 3 cm thick. 


Solution : The sphere is shown in the Fig. 5.22. 


a = Radius of sphere = $= 1 cm 


rı =a + Thickness = 1 + 3 = 4 cm 


This forms two capacitors in series. 


C, = Capacitor due to spherical arrangement of 
concentric spheres 
E 


Here a = 1 cm and b = r) 24cm. 
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= LLL2mX226xtg 1-233527 pF 


M mr 


And C, = Due to isolated sphere of r) = 4 cm = 4mer 
But between this sphere of radius r, and sphere at ©, the diclectric is free space £g- 
C, = 4meor, -4nx8.854x 107 x 4x 1077 2444505 pF 
1 : s 
Ca = T T ... C, and C, in series 
GG 
GC 
C, +C, 
3.3527 x10? x 4.4505 107” 
107! (3.3527 + 4.4505] 


= 1.9121 pF 


Students can use direct formula for such a case, 


mw Example 5.13 : A parallel plate capacitor with a separation of 1 cm has 29 kV applied, 
when air was the dielectric used. Assume that the dielectric strength of air as 30 kV/cm. A 
thin piece of glass with €, = 6.5 with a dielectric strength of 290 kV/cm with thickness - 
0.2 cm is inserted. Find whether glass will break or air ? 


Solution : The arrangement is shown in 
the Fig. 5.23. 
There are two capacitors formcd. 


EnA 


Cair = E 


8.854x10 72 A 
0.8x1072 


1.1067 x 10° A F 


Fig. 5.23 
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C EEA — 8854x107 x65A 
Ee d; 0.2x107 
= 2875x10?A F 


Ca = Ca and C,,,. ,,in series 


Cair X 
= a Cpm =1.0657x107° A F 
Cair * Coss 


Let arca of cross-section A = 1 m?. 


C, = 1.0657x10^? F 


eq 
Total charge Q = C, x V = 1.0657 x107 ? x 29x10? 
= 30905x105 C 
Q  30905x10^? 
Nn. = = 2279259 kV 
1 Car 11067x10^? 
And Vga = V- Var =29 kV —27.9259 kV =1.074 kV 
_ Var 279259x10? — 6 
E,ir = d, maces V/m 
= 349x104 V/cm = 349 kV/cm _ 
b E 
And Ej, m EE MA 557 kV/cm 


glass d, 0.2 

The dielectric strength of air is 30 kV/cm and Eir is more than that hence air will 
breakdown. 

The dielectric strength of glass is 290 kV/cm and E,,,, is less than that hence glass 
will not breakdown. 


Mmb Example 5.14 : The width of the region containing €p; in the Fig. 5.24 is 1.2 m. Find 
Ex, if £g; —2.5 and the total capacitance is 60 nF. 


Conducting 


wa plates 


Fig. 5.24 
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Solution : In this case, the dielectric interface is normal to the plates. Hence two capacitors 
formed are in parallel. 
Now d = 2mm same for both the dielectrics 
A, = 12x2 = 24m? and A, =0.8x2=1.6 m? 
£g£g A, _ 8.854x10 Ep x24 


= = -8 
Q = 4 205 = 1,062x10*e,, F 
-12 
C; - £g£go À > = 8.854x10 x2.5x1.6 = 1.7708x10 F 
d 2x10? 
és Cog = Cy +C = 17708x107 +1.062x107 £g, 
But C, = 60 nF 


60x10? = 1.7708x10^9 +1.062x10e,, 
1.062x10% £}, = 42292x10 
Egi = 3.9823 


5.17 Energy Stored in a Capacitor 


It is seen that capacitor can store the energy. 
Let us find the expression for the energy stored 
in a capacitor. 


Consider a parallel plate capacitor as shown 
in the Fig. 5.25. It is supplied with the voltage V. 


Let ay is the direction normal to the plates. 


E= Ew 0) 


The energy stored is given by, 


Tox 
We = a RRN 
1 = s zu 
= 5 J cE-Edv but E-£ =|E| 
vol 
= 5 J eel av but |E] = 3 
vol 
= yee [v but f dv = Volume = A xd 
vol vol 
1_V7Ad 1 £A 
=> a 2 a 
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w, = Lev?y 
E 2 


If the dielectric is free space then there is increase in the stored energy if free space is 
replaced by other dielectric having £, 51 . 


5.17.1 Energy-Density 
As seen in earlier chapter, energy density is the energy stored per unit volume as 
volume tends to zero. 


1 z? 
Wy = 2€] Ie dv 


We = PLI J/m? = Energy density 


Using |D| = s|E| we can write, 


mw Example 5.15 : A pair of 200 mm long concentric cylindrical conductors of radii 50 mm 
and 100 mm, is filled with a dielectric with €=10€9. A voltage is applied between the 
6 
conductors which establishes E = a,. Calculate : 
a) Capacitance b) Voltage applied c) Energy stored. 


Solution : The arrangement is shown in the Fig. 5.26. 
a) The capacitor is not a function of voltage V or E, 
it depends on dielectric and physical dimensions. For 
coaxial conductors, 
c= ZTEL 


j9 
a 
2r (10 £g )x200x10 


I 100x10 
n| -—————— 
50x10% 


= 160.518 pF 
b) E is furction of r hence using, 


V -j Beat=- fa, - [drà, ] 


ll 


r-a 10* =50 
- | ar =—208 [mr pm 
r=b 


roa 
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= -105[In50x10^ —1n100x107?] = 693.1471 kV 


c) Wp = 26 v? = 160518107 x(693.147x10°)? 


= 38.5606 J 


E 


Alternatively, Wp = f 1eE[' dv=5 * rdrdédz 


2 ?x 


m- Ff ETT 


2=00=0r=a 


10! 


= 38.56 J 


5.18 Method of Images 


The method of images is introduced by Lord Kelvin in 1848. The method is suitable to 
determine V, E, D and p, due to the charges in the presence of conductors. The 
conductors carry the charge only on the surface and surface is an equipotential surface. 
The method of images helps us to find V, E, D and p, due to the charges in the presence 
of conducting planes which are cquipotential, without solving Poisson's or Laplace's 
equations. 


5.18.1 The Image Theory 

Consider a dipole field. The plane exists midway between the two charges, is a zero 
potential infinite plane. Such a plane may be represented by very thin conducting plane 
which is infinite. The conductor is an equipotential surface at a potential V = 0 and E is 
only normal to the surface. Thus if out of dipole, only positive charge is considered above 
a conducting plane then fields at all points in upper half of plane are same. In other 
words, if there is a charge above a conducting plane then same ficlds at the points above 
the plane can be obtained by replacing conducting plane by equipotential surface and an 
image of the charge at a symmetrical location below the plane. Such an image is negative 
of the original charge. 

The images of various charge distributions are shown in the Fig. 5.27 (b). Where the 
conducting plane in the Fig. 5.27 (a) is replaced by an equipotential surface with V = 0. 
The charges may be point, line or volume charges. 

The conditions to be satisfied to apply the method of images are, 

1. The image charges must be located in the conducting region. 


2. The image charges must be located such that on the conducting surface the 
potential is zero or constant. 
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“PL 
+Q* 
Perfectly conducting plane V = 0 Equipotential wale 0j] | 
oor Image 1 Image 2 | Image 3 
. E E 
iz hee” 
PL *py 
[| 
(a) Charge distributions above (b) images of the charges according 
conducting plane to image theory 


Fig. 5.27 Basics of method of images 


The first condition is to satisfy Poisson's equation, while the other to satisfy the 
boundary conditions. 


5.18.2 Method of Images for Point Charges 


Consider a perfect conducting plane in xy plane, infinite in nature. The point charge 
* Q is located at z = h, above the plane. It is required to obtain E at any point above the 
plane. Then replace the plane by the equipotential surface and get the image of Q, below 
the plane. The image charge is — Q, located at z = — h. The original charge and plane are 
shown in the Fig. 5.28 (a) while the image is shown in the Fig. 5.28 (b). 


z P(x,y.z) z P(x.y.z) 
R, -r7 € ? 
+Q o2” —7 E F 
(0.0,h) /Á 
+ 
+ 
/ R2 v=0 


(a) Original charge and conducting plane (b) Method of images 


Fig. 5.28 
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Let us obtain E at P (x, y, z) using method of images. 


E = E «E where Ei due to + Q, E? due to- Q 
Q = -Q _ 
= —* apg, +———_ 8 
ARER? ™ 4ne,R? Y 
Now Ri = (x-0) a, +(y-0)ā, &(z-h)à, 


R _ 092a, +(y)a, *(z-h)a, 
Ag; 7 ay Ra 
| 1 | 4 x? +y? e (z-h)? 


And Ra = (x-02, 4(y-0)8, *[z-(-)]a, 


Roe xa, ty a, +(z+h)a, 
apn = | al MME Re a eer icc 
|R| fx? +y?4+(z+hy? 


g- Q Jaa ty ay He-h) a.) [xa, *y 2, +e+h) 2,] 
(x? +y?4+(2-h)?)9/2 (x? +y? +(z+h)?) 97? 


It can be seen that if z = 0 then E has only the Z component. This confirms that E is 
always normal to the conducting surface. 

Let us obtain potential at P (x, y, z). ~- 

The potential due to the point charge is given by, 


_- 4c 
I 4nEg R 


-Q 


ANONN 

4ne, Ry 4n€ R2 
» soos 1 

R = L |-4 x? «y? *(z-h)? 

| Rz l-4 x? +y? +(z+h)? 


Vp Vi + V» = 


R2 


1 


NEN. PRCENEC INTERES 
P 489 | fx? «y? «(z-h)?]7?. p? ey? «(ze hy?) 
At z = 0, Vp = 0 V which confirms that surface of the conductor is equipotential 
surface with V = 0. 
Similarly other parameters such as p =D, which is £jEy and Ey is E with z=0, can 
be obtained. The total charge induced on the conducting surface also can be obtained from 
Gauss's law. 
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"mb Example 5.16: A point charge of 25 nC located in free space at P (2, — 3, 5) and a 
perfectly conducting plane at z = 2. Find a) V at (3, 2, 4) b) E at (3, 2, 4) ©) pg at 
(3,2, 2). Use method of images. 


Solution : The plane and point P are 
shown in the Fig. 5.29. 


If the perpendicular is dropped from P 
on z = 2 plane at M then M is (2, — 3, 2) 
hence perpendicular distance of P from 
z-2 is 3. Now P is mirror image of P 
about z = 2 plane. 


So co-ordinates of P'(2,— 3,—1) as the 
distance of P' from z - 2 must be 3. The 
charge at P’ is — 25 nC. 


a) V at (3, 2, 4) 


eP(2.—3.5) 


e r------d------- 


sa No Fig. 5.29 
4n£gR, 4x£jR, 


J (3-2)? +[2-(-3)}? +[4-5]? =5.1961 
| (3-2)? +[2-(-3)]? «[4-(-0P 27.1414 


_ 25x10^[ 1 ES 
Y 3 ANE, 5. -ypa |1773 d 


A 
n 


R2 


b) Eat (3, 2, 4) 
Q - i Q2 ~ 


E = E+E, = 
ARER? "! ARER 


R = (3-232, *[2-(-3]a, *(4—5)a, =a, +58, -à, 
[R | = 1345? +1? 2 427 
R2 = (3-22, «[2-(-3]a, +[4-(-Dja, =a, *5a, *5a, 


[Re] = 125? «5? = 51 


= _ 25x10°| R R | Ri R: 
= tre. T2231 =224.693 m3 53 
e [REIR | RZ|R:| Ri R 
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_ 224.6081 7.12 x 10? a, + 0.035 à, -7.12x10™ a, 
~2.745x10~ a, - 0.0137 a, -0.0137 a,] 


0.9834, «47853, -4678a, V/m 
c) ps at (3, 2, 2) 

To find pg, let us calculate E first at (3, 2, 2). 

Q - Q. = 


ANER? ARER? 


wl 


Now Ri = G-23, +[2-(-3)ā, +(2-5)a, =ā, +5ā, -3a 
Re = 8-22, +[2-(-3)la, +[2-(-1)]ä, =a, +5a, 
Substituting | Ri | , | Rz | in the equation of E we get, 


E = -651a, V/m 
D = €,E=— 57.644, pC/m? 
But ps = |Dn|=|D|=57.64 pC/m? 


But as D is directed in —a, direction, p; must be negative, 
ps = -57.64 pC/m? 


Examples with Solutions 


neb Example 5.17 : A capacitor with two dielectrics is as follows : 
Plate area 100 cm’, Dielectric 1 thickness = 3 mm, €, = 3, Dielectric 
2 thickness = 2 mm, €,) = 2. If a potential of 100 V is applied across the plates find the 
energy stored in each dielectric and potential gradient in each dielectric. 
_&A £,A 


Solution : e dee 


And C, and C, are in series. 


£g£yA _ 8854x107? x 3x100x107 


C, = 
1^. d, 3x10? 
= 8854x107! F 
: _ Eg£gA _ 8854x107? x2x100x10 * 
= 8854x107! F 
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: ~ GG _ -11 
os Cog = CPC. = 4427x10 F l 
.9Q 
Now Ca uh 


kA Q = CV= 4427 x1071! x100 = 4.427 x10 °C 


The charge Q remains same for C} and C}. 


Ci s hence V4 2 50 V 


While C 2 hence V, = 50 V 
2 
The energy stored in each dielectric is, 


Lom 1 
Wa = We=5GW = ;GVi = 0.1106 J 


The potential gradients are, 


Ej = Ye 30 L1 16667 kVlm 
di 3x10? 
. re 39 517 
and E; =a maar 


m Example 5.18 : The interface between two dielectrics is defined by x = O plane For 
dielectric 1, x > 0, £g, = 4 while the dielectric 2, x < 0, £g, = 3. If the electric flux density 
in region 1 is given by D, -2a, +38, +43, C/m’, find D,. 


Solution : The arrangement is shown in the Fig. 5.31. 


Fig. 5.31 
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The normal direction to x = 0 plane is a, hence out of D, the component of a, is 
normal component of D,. 
Dm = 2a, 
Dont = 3a,*4a, 


From the boundary conditions, 


Dui = Dye | 

Dyz = 2a, 
And Dun: Z € Erl 
Dun2 £3 fn 


- = 4 = = 
Dun2 = Dian [5 | = 4a, *5.333a, 


D, = Dy; «D, -23, +48, +5.333 2, Chm? 


nab Example 5.19 : A copper conductor having a 0.8 mm diameter and length 2 cm carries a 
current of 20 A. Find the electric field intensity, the voltage drop and resistance for 2 cm 
length. Assume conductivity of copper as 5.8 x107 S/m. 


Solution: d = 0.8 mm, L-2c«m, I-20A 
z I 
BN $ 


20 
7™10.8x10- 5? 


= 39.788 x 10° A/m? 


Now IH = ofE| 
= T 6 
LER _ 39788210" = 9.686 vim 
c 5.8x10 
And V = EL = 0.686x2x107 =0.0137 V 
_ V 00137 4 
T 20 =6.86x10™ Q 


mæ Example 5.20 : A conducting sphere of radius 5 cm has a total charge of 1 uC. The 
sphere is surrounded by an inhomogeneous dielectric sphere 5 &r S10 cm in which relative 
permittivity varies as £, = 0.1/r. A second conducting spherical surface is at r - 10cm. 
Calculate the potential difference and capacitance between the conductors. 


3 
e 
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Solution : The arrangement is shown in the Fig. 5.32. 
As t£, ot , the standard formula for spherical 


capacitor cannot be used. 


In spherical conductor E at a radial distance r is 
given by, 


_ Q . 
E = V, 
Aner? " m 
V = -| Erdl 
r-5cm 
= - Q z a, dra, Note €=€,€ 
r= lom REF 
r- 0.05 0.05 
= -2- roa dr = -72 j 10 
RED ol eae REO cor” 
r 
10Q 10Q | 0.05 
j TERE, {in nir = -Tne i .Qz21pC 
= 62.298 kV 
T6 
And c = Q. X0. 16051 pF 
V  62298x10 


wa Example 5.21 : The relative permittivity of dielectric in a parallel plate capacitor varies 
linearly from 4 to 8. If distance of separation of plates is 1 cm and area of cross section of 
plates is 12 cm?, find the capacitance. 


Solution : The arrangement is shown in the Fig. 5.33. 


The e£, varies linearily from 4 to 8, along ET. £278 
x direction. The equation for linear behaviour / 


is, 
PREE AIL 


At x=0, £ =£ =4 


4204€ | +h [OOF n 
C-4 ! 
- At x= 001, £, =e, - 8 A Tem f 
8 = 00 K+4 x=0 x=1cm 
= 0.01 cm 
Fig. 5.33 
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K - 400 
£, = 400x+4 ... (1) 
Now let plate at x = 0 carries positive charge. 
E, = “Ps a, ... due to plate at x = 0 
And E, = mi (-a,) ... due to plate at x = 0.01 
E = E, +E, =Ps a, ... between the plates 
+ a 0 
Vv = -[E-dk =- f Ps a, -dxà, 
- x= 0.01 
and E€ = £g£, -£g [400 x 4] -.. from equation (1) 
0 
Ps Ps 1 
V=- — => dx--— Anno dx 
xz 001 £o (400 x+4) £g BNET 


ps [In400 x+4 y 


£p 400 
_ Ps 4 
^ 300e, | H 

-ps (- 0.6931) 


400x 8.854x10^? 
= 195715x10$p. V 


And Q- pA 
C= EM. NM .. A = 12 cm? 
V 195.715x10° ps 
_ 12x10” 
195.715x10$ 
- 61313 pF 


wa> Example 5.22 : A spherical condenser has a capacity of 54 pF. It consists of two 
concentric spheres differing in radii by 4 cm and having air as dielectric. Find their radii. 


Solution: C=54 pF and b-a-4cm, £,-1 
The spherical capacitor has a capacitance, 
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C= » where b>a 


4nx 8.854x10-” (ab) 


54x10" = 
(b-a)x102 
but b ~a = 4 cm, 107? as b - a in cm 
ab = 1.9413 x 107? l 
Now b = 4x10? +a .. From b - a = 4 cm 
- — a(4xiQ?«a) = 1.9413x107 


a? +0.04 a -0.019413 = 0 


a | 
eset HOD NC ODI99) a 1509 in 


2 


.. Neglecting negative value 


And b 4x10? +a = 0.1607 m 


imb Example 5.23 : Let A = 120 cm?, d = 5 mm and € = 12 for a parallel plate capacitor - 
a) Calculate the capacitance. 
b) After connecting a 40 V battery across the capacitor, calculate E, D, Q and the total 
stored energy. 
c) The source is now removed and the dielectric is carefully withdrawn from between the 
plates. Again calculate E, D, Q and the energy. 
d) What is voltage between the plates. 


£A 8.854x 107? x12x120x10* 


Solution : C = = 255 pF 
a) d 5x107 ý 
- & 
b) C = V 
Q = CV = 255x107? x40 = 10.2 nC 
E = Ves kVim 
d 5x10^ 


D = €E = EER E = 0.85 pC/m? 
We = icv? =5x255x10-? (40)? = 0.204 pJ 


c) Though source and dielectric is removed, Q on the surface remains same. 


Q = 102 nC 
Q 102x10? " 
D = p == =T = 0.85 pC 
Ps =A 7120x103 ENT 
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D 
Now E = al 96 kV/m .. Now €=£p. 
0 
and as V is now not same across the plates, calculate Wy. as, 
2ley.lc[9T _Q 
We = zC -3cel t ooo AsV=6 
_1Q 
ME un 
and C= BA = 21.249 pF gen 
1 (102x10?)? 
. Wy = ZI — — = 2.448 
- E 221249x10? 2 
-9 
P y = Q._102x10? y 
C 21249x10" 
1 


m»b Example 5.24: A 4 mF capacitor is charged by connecting it across 100 V/d.c. The 
supply is disconnected and another uncharged 2 mF capacitor is connected across it. If 
leakage charge is negligible, determine the potential between the plates. 


Solution : The arrangement is shown in the Fig. 5.34. 


Lala 
C,= C2 Veq = Voltage 
between 
the pletes prs 


Fig. 5.34 
Initially when C, is charged to 100 V d.c., the energy stored is, 


B = n c, V? =5x4x 10-3100? = 20] 


This energy must remain same while voltage across the two must be same as Veq. So 
total energy in the new arrangement is, 


1 2,1 2 
20 = 1x4x10-3 v2, «1x 1073 x v2 
= p^ x eq *3 eq 
2 . 
Veq = 6666.6667 
VQ = 816496 V ... Potential between the plates 
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"mp Example 5.25 : Find the capacitance of the system shown, if length of the plate is L m. 
[UPTU : 2002-03] 


Flg. 5.35 
Solution : The equivalent arrangement is two capacitors connected in parallel, as shown in 
the Fig. 5.36. 
Fo C, Ay = T xL 
W 
QA, 57;L 
c7 7q 7d 
For Cj, A, = XL 
W 
C eA, _ fab 
Fig. 5.36 2 Vr d 
ae C, = AtQ = ad + ... Parallel capacitors 
Ca = 2r *£;) ... Required capacitance 
if length of the plate is L m. 


mp Example 5.26 : Find the capacitance of the system shown 


Fig. 5.37 


[Li 
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Solution : Area A = WxL is common to both the capaciters. The equivalent arrangement 
is two capacitors in series as shown in the Fig. 5.38. 


C = na while C, = £20 
where A = WxL 
d & C4 ; ; 
| The equivalent capacitance of the 
E&A fA 
c I x2 
I * | j C. = GG, __d Xd 
“a G+C, &A A 
dd 
Fig. 5.38 
Age 
" d 1*2 
£i £2 
... Required capacitance 


m Example 5.27 : Find the total current in a circular conductor of radius 4 mm if the 
current density varies according to J = (107 / r) Am”. 


Solution : The current is given by, 
I $ Je 4$ 
5 


, direction, d$ = rdrdó a, 
10^ 


Assuming J given in 


J:dS = —-xrdr do = 10* dr dọ 
2n 4x107 3 -3 
I= f f ogdrde-gotgg pu 
o=0 r=0 


104 x4x107?x2xmx = 801A 


mmb Example 5.28 : The electric field intensity in polystyrene (e, = 2.55) filling the space 
between the plates of a parallel plate capacitor is 10 kV/m. The distance between the plates is 
1.5 mm. Calculate : i) The surface charge density of free charge on the plates ii) The 
potential difference between the plates. {UPTU : 2006-07, 5 Marks] 


Solution : e, = 2.55, E = 10 kV/m, d=1.5 mm 
i) D = £ e, E = 8854 x 10° x 255 x 10 x 10? 


22577 x 10 ^ C/m? - 
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Ps = D = 2.2577 x 107 Cim? nor 
V V 
ii E = 4 ie 10x10 -—— 
i q "6 7*7 15x03 
V 2 15V E 


m» Example 5.29 : The "alectric field infensity at a point on the surface of a aliii is . 
green by 
Ë = 0.24, —0.3 a, —02a, V/m. Find the. surface charge density at that point. 
"[UPTU : 2006-07, 5 Marks] 
Solution : E = 0.2 4, - 03a, - 02a, V/m 
Let the surface of the conductor is the interface between air and thc conductor. 


Dy - Elin where Ey =E 


Dy = 8854x104 (02a, -034, -0.23,] 


1.7708 a, - 2.6562 a, - 1.7708 3, PC/m? ver 
Ps = S Carnes. - 2.6562 a, 4 1.7708 a, pC/m? | 
Ps at that point = V (1.7708)? + (2.6562)? +(1.7708)? 
= 3.6506 pC/m? 


næ Example 5.30 : Given the potential V=10 G + xy) and a point P(2, — 1, 3) on a 
conductor to free space boundary. find V, E, D at point P. [UPTU : 2007-08, 5 Marks] 


Solution : V = 10 (x2 + xy, P (2, - 1, 3) 


i) V = 10 [27 + Q (- ] = 10 [4-2] = 20 V ' 
, pnts [Yz Na ,av. 
4) im -vv = -| a Mat Yy'oz? .] " 
= —[(20x + 10 y) a, + 10x a, + 04,] 
Ep = ~ (20x 2-10)a, + 10 x 2a,] =- 304, - 204, Vim 
ii) D = e E= 8854 x 107 ^ [- 30a, - 20 à,] 


- 0.2656 à, — 0.1771 a, nC/m? 
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Review Questions 


f$ 9 N 9 Ut t6 Non 


[28 E E CN C "I 
NAGASE ERS 


Derive the relation between I and J. 

Derive the relation between J and p,. 

State and explain continuity equation of current in integral form and point form. 
Fxplain the classification of materials based on energy band theory. 


. Explain the properties of conductor. 
. Derive the Ohm's law in point form. 
. Obtain the expression for resistance of a conductor. 


What is relaxation time ? Derive expression for it. 


. Explain the polarization in dielectric materials. 


Explain the properties of dielectric materials. 


. Explain and derive the boundary conditions for a conductor free space interface. 


Explain and derive the boundary conditions for a dielectric - dielectric interface. 
Explain the law of refraction at dielectric-dielectric interface. 

Explain the capacitance and derive its basic expression. 

Derive the expression for capacitance of parallel plate capacitor. 

Derive the expression for capacitance of co-axial cable. 

Derive the expression for capacitance of spherical capacitor. 


. Derive the expression for capacitance of isolated sphere. 


Derive the expression for capacitance of isolated sphere coated with dielectric. 


. Derive the expression for capacitance of composite parallel plate capacitor. 


. Explain the method of images. 
| Find thé current density and E for an aluminium having drift velocity of electrons 5.3 x10 m/s, 
conductivity 3.82 x10" S/m and u, = 0.0014 m?/v-s. [Ans. : 1.45 x 10 A/ m?, 0.379 Vim] 
. A conductor of uniform cross section and 150 m long has a voltage drop of 1.3 V and a current 
density of 4.65 x10° A / m°. What is the conductivity of the material in the conductor ? 

[Ans. : 5.37 x10’ Sim] 


. A potential field is given by V =150(x? — y?). The point P(4,—2,1) lies on the boundary of the 


conductor and free space. At P, obtain the magnitudes of 
av b) E 
c) En d) Ean 
aD and fps 
[Ans. : 1800 V, 1341.64 V/m, 1341.64 V/m, 0 V/m, 11.87 nC/m?, 11.87 nC/m*} 


. Given J =10'sinOa, A /m? in spherical system, find current passing the spherical shell of 


r -002 m. [Ans. : 39.5 A] 


. Find the angle by which the direction of E changes, as it crosses the boundary between two 


dielectrics with dielectric constants 4 and 5. The incident angle is 50° with the normal. 
[Ans. : 0, = 56.1273°, change by 6.1273*] 


u 
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27. Find the capacitance of a parallel plate capacitor, if the plates are of area 1.5 m^, the distance 
between the plates is 2 mm, potential gradient is 10° V/m and pg as 2.5 wC/m’. 
[Ans. : 18.75 nF] 
[Hint : Potential gradient is E = V/d and Qs p, xA] 
. Find the capacitance of a parallel plate capacitor 
a) When the plates are of area 1 m*, distance between the plates 1 mm, voltage gradient is 10? V/m 
and the p; = 2pC/m?. 
b) When the stored energy is 5 m] and the voltage across the plates is 5 V. 
[Ans. : 20 nF, 0.41 F} 
. An electric field strength 1.2 V/m is entering a dielectric medium of £y = 4 from air. The 
orientation of E in air is 65° with respect to boundary. Determine the orientation of E in the 
dielectric and its strength in the dielectric. [Ans. : 0, = 7035? with normal, 0.7308 V/m] 
30. What is method of imges ? What conditions are to be satisfied to apply the method of images ? 
31. Explain the method of images for point charges. 


University Questions 


. Discuss the method of images to plain boundaries prolems. [UPTU: 2002-03, 2003-04, 5 Marks] 
. What is understood by boundary conditions in static electric field ? Why are the equipotential 
surfaces perpendiculat to the electric flux lines ? [UPTU: 2002-03, 5 Marks] 
. Discuss physically why 
i) The electric field is entirely perpendicular on the surface of perfect conductor. 
ii) The surface of a perfect conductor is an equipoténtial surface. | [UPTU : 2003-04, 5 Marks] 
. Discuss the boundary condition for electric field. [UPTU : 2003-04, 10 Marks] 
. Explain convection current" and conduction current. Derive ohm's law in point form. 
[UPTU : 2005-06, 5 Marks] 
. The electric field intensity in polystyrene (€, = 2.55) filling the space between the plates of a 
parallel plate capacitor is 10 kV/m.The distance beween the plates is 1.5 mm. Calculate : i) The 
surface charge density of free charge on the plates ii) The potential difference between the plates. 
[UPTU : 2006-07, 5 Marks] 
7. Derive dielectric - dielectric boundary conditions. [UPTU : 2006-07, 5 Marks] 


8. The electric field intensity at a point on the surface of a conductor is given by 
L-2022,-03à, —02a, V/m. Find the surface charge density at that point. 
[UPTU : 2006-07, 5 Marks] 
9. State and prove continuity equation. [UPTU : 2007-08, 5 Marks] 


10. Given the potentia] V = 10 Ê + xy) and a point P(2, — 1, 3) on a conductor to free space 
boundary find V, E, D at point P. [UPTU : 2007-08, 5 Marks] 
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11. The Fig. 5.39 shows a capacitor consisting of two parallel, conducting plates separated by a 
distance d. The space between the plates contains two adjacent dielectrics, one with permittivity c, 
and surface area Ay and another with €, and A». Find total capacitance C, C = Cy + Cs. 


LY 


Fig. 5.39 


[UPTU. : 2007-08, 5 Marks] 


. Use Fig. 5.39 and find the electric fields E, and E, in two dielectric layers. 
[UPTU : 2007-08, 5 Marks] 


. Show that the capacitance of a parallel plate capacitor is given by C = = where t is the 


permittivity of the dielectric m between the plates, A is the surface-area of the plates, and d is the 

distance between the plates of the capacitor. [UPTU : 2008-09, 4 Marks] 
. Derive an expression for the capacitance per unit length of a coaxial cable with permittivity € 

inner diameter d and outer diameter D. [UPTU : 2008-09, 6 Marks] 
. Define the following terms with suitable examples : [UPTU : 2008-09, 10 Marks] 

i) The dielectric material 

ii) The conductors 

iii) The homogeneous medium 

io) The linear medium 

v) The isotropic medium 


OOO 
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Poisson's and Laplace's Equation 


6.1 Introduction 


In earlier chapters, the E and D in the given region are obtained using Coulomb's law 
and Gauss's law. Using these laws is casy, if thc charge distribution or potential 
throughout the region is known. Practically it is not possible in many situations, to know 
the charge distribution or potential variation throughout the region. Practically charge and 
potential may be known at some boundaries of the region, only. From those values it is 
necessary to obtain potential and E throughout the region. Such electrostatic problems are 
called boundary value problems. To solve such problems, Poisson's and Laplace's 
equations must be known. This chapter derives the Poisson's and Laplace's equations and 
explains its use in few practical situations. 

6.2 Poisson's and Laplace's Equations 


From the Gauss's law in thc point form, Poisson's equation can bc derived. Consider 
the Gauss's law in the point form as, 


V°eD = p, .. (1) 
where D = Flux density and p, = Volume charge density 


It is known that for a homogeneous, isotropic and linear medium, flux density and 
electric field intensity are directly proportional. Thus, 


D = cE . (2) 
VecE = p, -. (3) 
From the gradient relationship, 
E= -VV -. (4) 
Substituting (4) in (3), 
Vee(-VV) = py .. (5) 
Taking —€ outside as constant, 


~e[V V v] = py 


(6 - 1) 
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A - (6 


Now V *V operation is called ‘del squared’ operation and denoted as V?. 


ay = Pv 
viv. B -O 


This equation (7) is called Poisson's equation. 
If in a certain region, volume charge density is zero (p, =0) which is true for 
dielectric medium then the Poisson's equation takes the form, 


(For charge free region) 


, This is special case of Poisson's equation and is called Laplace's equation. The V? 
operation is called the Laplacian of V. 
Key Point: Note that if p, =0, still in that region point charges, line charges and surface 
charges may exist at singular locations. 
The equation (7) is for homogeneous medium for which € is constant. But if € is not 
constant and the medium is inhomogeneous, then equation (5) must be used as Poisson's 
equation for inhomogeneous medium. 


6.2.1 V? Operation in Different Co-ordinate Systems 

The potential V can be expressed in any of the three co-ordinate systems as 
V(x, y,z) V(r.49.z) or V(r,@.¢). Depending upon it, the V? operation required for 
Laplace's equation must be used. 

In Cartesian co-ordinate system, 


_ ave av. wv. 
VV = x x tert 


_ afav), IN] 2 (aV 
vvv = alaala ala) 


2 2 2 ... (8 
vy = 9V,9V,9V. @) 


ox? oy? az? 


The equation (9) is Laplace's equation in cartesian form. 


In cylindrical co-ordinate system, 


av) 1/(a7v) XV 
ixi CES di ud 


The equation (10) is Laplace's equation in cylindrical form. 
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In spherical co-ordinate system, 


1 9 29V), 1 09 99V Y. 1 Vo 
("3 Fane 36 [5^ 090] r'sn?0 09 | ~ (10) 


The equation (11) is Laplace's equation in spherical form. 


6.3 Uniqueness Theorem 


The boundary value problems can be solved by number of methods such as analytical, 
graphical, experimental etc. Thus there is a question that, is the solution of Laplace's 
equation solved by any mcthod, unique ? The answer to this question is the uniqueness 
theorem, which is proved by contradiction method. 


Assume that the Laplace's equation has two solutions say V) and V5, both are function 
of the co-ordinates of the system used. These solutions must satisfy Laplace's equation. So 
we can write, 


V7v, = 0 and V?V,- 0 . (1) 


Both the solutions must satisfy the boundary conditions as well. At the boundary, úw 
potentials at different points are same due to equipotential surface then, 


Vy = V . (2) 
Let the difference between the two solutions is Vg. 
Va = V3-M . (3) 
Using Laplace's equation for the difference V,, 
V? Va = V?(V,-V)-0 a. (4) 
V7v,-V- Vv, = 0 -. (5) 


On the boundary V, =0 from the equations (2) and (3). 
Now the divergence theorem states that, 

J V-A dv = $ A-d5 ON -. (6) 

vol S 
Let A -V4 V V, and from vector algebra, 

V*(aB) = a(V-B)+B-(Va) 
Now use this for V «(V4 V V4) with a =V; and V V, =B. 
Ve(VaV Va) = V4(V*V V4)*V Va *(V Va) 


But VeV = V? hence, 

V e(Va V Va) = Vy V? V, «V VaeV Va - (7) 
Using equation (4), 

V-(V, V Va) = VV,*V V, -. (8) 
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To usc this in equation (6), let A =V} V Va hence 
V e VaV Va = VeA =VV3°V Va 
[ V VaV Va dv = $ VaV Va. dS -. (9) 


vol E 


But V4 =0 on boundary, hence right hand side of equation (9) is zero. 

s [VVasV Va dv = 0 -.. (10) 
vol 

This is volume integral to be evaluated on the volume enclosed by the boundary. 

It is known that, C» C= | C|?, 

ES f Iv val? dv = 0 as V V, is vector. .. (11) 
vol 

Now integration can be zero under two conditions, 

i) The quantity under integral sign is zero. 

ii) The quantity is positive in some regions and negative in other regions by equal 

amount and hence zero. 


But square term can not be negative in any region hence, quantity under integral must 
be zero. 


i 
e 


|V Val? 
ie. VV, = 0 -. (12) 


As the gradient of V, - V,—V, is zero means V4 -V, is constant and not changing 
with any co-ordinates. But considering boundary it can be proved that 
V5 - V, = constant = zero. 

VQ = V, ww» (13) 

This proves that both the solutions are equal and cannot be different. 

Thus Uniqueness Theorem can be stated as : 


If the solution of Laplace's equation satisfies the boundary condition then that solution 
is unique, by whatever method it is obtained. 


The solution of Laplace's equation gives the field which is unique, satisfying the same 
boundary conditions, in a given region. 


6.4 Procedure for Solving Laplace's Equation 


The procedure to solve a problem involving Laplace's equation can be generalized as, 


Step 1 : Solve the Laplace's equation using the method of integration. Assume 
constants of integration as per the requirement. 
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Step 2 : Determine the constants applying the boundary conditions given or known for 
the region. The solution obtained in step 1 with constants obtained using boundary 
conditions is an unique solution. 


Step 3 : Then E can be obtained for the potential field V obtained, using gradient 
operation -V V. 


Step 4 : For homogeneous medium, D can be obtained as £E. 


Step 5 : At the surface, ps - Dy hence once D is known, the normal component Dy to 
the surface is known. Hence the charge induced on the conductor surface can be obtained 
as Q= zl p,ds. 

Step 6 : Once the charge induced Q is known and potential V is known then the 
capacitance C of the system can be obtained. 

If p, #0 then similar procedure can be adopted to solve the Poisson's equation. 
mmb Example 6.1 : Determine whether or not the following potential fields satisfy the Laplace's 

equation : 
a) V=x? -y? +z? b)V=rcoso+z c)V=rcos0+o [UPTU : 2003-04] 
Solution: a) V = x?-y?«z? 
V Ov v Qo 


. V2 V =+ 


at tay? Ilt ail -y ee peas pe -y? Le a? z [€ -y? +z7] 


= 3 ped y Eye (22]= 2-242-22 


So V?V20 
Hence field V does not satisfy Laplace's equation. 
b) V = reoso+z 


In cylindrical co-ordinate system, 


2y 219(,9V) 1/atv |, av 
dide altar Jae er 


ae = 2 [rcos$7]-cosó 

^s - 35 [reste] rino 

X = Z [reoso+z]=1 
rotor) 7 3 == 2 [rcose]a- -coso 
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1|9?v 11|090 . _ rcosó  cosó 
s] - dens] rt 
PAM ut 
—> = «—[120 
92? p 
viv = 1 cose- 99.0 0 


So this field satisfies Laplace's equation. 
c) V = rcos 0*6 


In spherical system, 


2 
yV? yV = oe gr arama 30| "56 | aera get 


r? or r? sin 9 90 90 J| r2sin? 690? 
V a 
r? ba = p [rcos 0-- 9] 2 r? (cos 0) 
7 dV 
sin 0 55 = sin 0-2. [r cos0+¢]= sin 0[-rsin 0]- -rsin? 6 
1 oV 1 9? 
Tante 26 ^ ante aor CPt Tanto I 
vV? V = 52 = Le? cos 0] *——5 l3 38 (-rsin? 6) 
r sin 
= + 2rcose+—t [r 2sin 0cos6]- 2 cos e- 2 cos 6 
r? 2 sin O r r 
= 0 


So this field satisfies Laplace's equation. 


mab Example 6.2 : Verify that the potential field given below satisfies the Laplace's equation. 
V 22x!-3y? +z? 
Solution : Given field is in cartesian system, 
av av atv 
ox? oy? dz? 


=: v?v = 
27 [22 - -3y? ees a 3y? ee) 2 -3y? «z?] 
= 2 ae? Lon? [22] 24-642 =0 
, Ox oy oz" ^ 
As V?V = 0, the field satisfies the Laplace's equation. 
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mab Example 6.3 : The region between two concentric right circular cylinders contains a 
uniform charge density p. Solve the Poisson's equation for the potential in the region. 


Solution : The cylinders are shown in the Fig. 6.1. 


Fig. 6.1 


Select the cylindrical co-ordinate system. In co-axial cable like structure, the electric 
field intensity E is in radial direction from inner to outer cylinder. 
Hence E and V both are functions of only r and not of $ and z. 
oV 


& CAd is existing while 36 and E are zero. 


According to Poisson's equation, 


V?V = iz. here p, =p given 
109 oV| p 
ror or} € 


Integrating both sides, 
ƏV _ pr, pr? 
Sr = j Mu Ure o EA 
where C, - Constant of integration 
NN LE 
Or | €2 r 


Integrating both sides, 


v s - P | lac [inr]«c 
2e} 2 z 
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where C, - Constant of integration 


| pr? | 
V = -Jg 6€ In(r)+C, 


Knowing the boundary conditions, C, and C; can be obtained. 


2 
ma Example 6.4 : In a free space, p, =o 2 
E 


i) Use Poisson's equation, to find V as a function of r, if it is assumed that r?E, — 0 as 
r — 0 and V — 0 as r — œ. Use spherical co-ordinate system. 
ii) Find potential V as a function of r using Gauss's law and line integral. 


Solution : i) Poisson's equation states that, 


V2v = -Px ... as free space €= £o 
0 
200 € 200 

y?y eee 0 ee ees 
Zo rH 


of 0 and 6. 


Integrate, r? di = -f 200 r^ 4 dr C, 


oV 0.6 
rv - A6 =~ 333.33 r?6 +C; -. (1) 


As E is the function of r only we can write, 


Eug acd a, -E,a, 
or 
ov 
and E, - bos on (2) 
-r?° E, = - 33333 r?5 «C, ... (3) 
But as r0, r^ E, 20  ... (given) 
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0 = 0+C, 
Cc = 0 -.. (4) 
ss : 29V 06 
Using in equation (1), r 3 333.33 r 
cid = —33333:- 4 
r 
Integrate, V = -333.33 [ 17 '* dr+C, 
p 833.325 
= = 333.33 —— = ... (5 
333.33 (9. pro (y^ *C; (5) 
Use V0 as ro 
0 853.525 +C, =0+C, 
(«)9* 
C20 -. (6) 
V = V 
(r) 


V.D = p, 
: Vee, E = Py 
VeE = p, _ +200€, _ 200 
Eo r*4 Ey 


where E=E,a, and no other component exist. 


Consider the radial component of E in spherical co-ordinate system and hence 


divergence of E is, 


1dr. 200 
aca (E) = X 
"P 200 
; € E, = yor 
poi 
Integrate, r? E, = 200 06 

But r? E, 90 as r—0 hence C, =0 

r? E, = 333.33 r° 
E = E,a, =333.33 r^ ^ a, 


+ C = 333.33 roe t C, 


V/m 
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Now V 


-Í E-dL where di-dra, in radial direction 
V= -f 333.33 r7! a, * dra, --33333[ rol dr 


; 51 833.33 
— 333.33 zg +C Ne S + C; 


But V=Oas r e hence C, =0 


This is same as obtained above using Poisson's equation. 


6.5 Calculating Capacitance using Laplace's Equation 


As mentioned earlier, the Laplace's equation can be used to find the capacitance under 
various conditions. Let us discuss few examples of calculating capacitance using Laplace's 
equation. 


wab Example 6.5 : Solve the Laplace's equation for the potential field in the homogeneous 
region between the two concentric conducting spheres with radii a and b, such that b >a if 
potential V = 0 at r = b and V - Vg at r = a. And find the capacitance between the two 
concentric spheres. [UPTU : 2002-03] 


Solution : The concentric conductors are shown in the 
Fig. 6.2. 
` At r = b, V = 0 hence the outer sphere is shown at 
zero potential. 
The field intensity E will be only in radial direction 
hence V is changing only in radial direction as the radial 


distance r, and not the function of 0 and 9. = 
V=0, r-b 


According to Laplace's equation, 
Fig. 6.2 
VV = 0 
V 
aa" a) = 0 ... as V is function of r only 
df ,9V 
| Fr |) i 
av 
Integrate, r? 3r J 0+C =C «e (1) 
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Electromagnetic Field Theory 6-11 
Ed = E eC r* 
Integrate, V= f C r? dr+C, = LI- +C, 
V= ECT V 


Use the boundary conditions, 


V=0 at r=b and V=V, at r=a 


0 = atta and Vp -- Rec 


b 


Subtracting the two equations, 


C C 
25. M 
171 
rivo 5H 
C = -Vo 1 Vo 
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As per the boundary conditions between conductor and dielectric, the D is always 
normal to the surface hence Dy. 


Now Q 


Total charge on the surface of sphere of radius r 
£ Vg 


l = 7 Y. 
tzJi 


X Surface area of sphere of radius r 


Now e 9 wherc V - Potential between two spheres 


This is the capacitance of a spherical capacitor. 


ump Example 6.6 : Use Laplace's equation to find the capacitance per unit length of a co-axial 
cable of inner radius ‘a’ m and outer radius 'b' m. Assume V V, at r = a and V = 0 at 
r= b. i 


Solution : The co-axial cable is shown in the Fig. 6.3. 


Fig. 6.3 


Consider cylindrical co-ordinate system. The ficld intensity E is in radial direction from 
inner to outer cylinder hence V is a function of r only and not the function of $ and z. 


Downloaded From : www.EasyEngineerinf.net " 


Downloaded From : 


www.EasyEngineering.net 


Electromagnetic Field Theory 6 - 13 Poisson's and Laplace's Equation 
Using Laplace's equation, i 
VV = 0 
10/(_0V 
t (9 = 0 .. V = f(r) only 
af ƏV 
(3) ui 
ov 
Integrate, rs = f 0+G =G; (1) 
av G 
ðr r 
C 
Integrate, Vs f ——G-6 [1r] C; -. (2) 


Using boundary conditions, V = 0 at r = b and V=V, atr = a, 


0 = C, In(b)+C, 
Subtracting, -V = 
C = n. Vo 
i In B In| 2 
a b 
and 
Now E = -vv--9Vg 
or 


C, {In(b)—In(a)}=C, LE ) 


and Vo zC In(a) * C; 


b 


Downloaded From : www.EasyEngineerin§.net 


ir 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 6-14 Poisson's and Laplace's Equation 
ee eee Lae ae ae ca 


ol 


A Dy =— 


Ps = umo 


Ps exists on entire surface area of inner cylinder. 


Q = pgx Surface area of inner cylinder 


Examples with Solutions 


m»b Example 6.7 : Two parallel conducting discs are separated by distance 5 mm at z 0 and 
z=5 mm. If V = 0 at z = 0 and V = 100 V at z = 5 mm, find the charge densities on the 
discs. 


Solution : The discs are shown in the Fig. 6.4. 
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Consider cylindrical co-ordinates. The potential V 
is the function of z alone and is independent of r 


and 6. V= 100 


AVV = id =0 .. Laplace's equation 
07 
: oV 
Integrating, y J 0dz+G =G, y 
Integrating, V = ! C,dz+C, » Cuz 4 C; » 
Atz-0,V-0V and atz - 0005 m, V = 100 "gos 
T 
0 = Ci (0) * C; thus C; =0 
and 100 = C,x0.005+C, thus C, = 20x10? 
V = 20x10*z V 
- oV — ə J 
Now E = -W=-<—a, =- 5; [20x10°z]a, 


= -20x10?a, V/m 
D = £ E=-8.854x 107" x 20x 103 a, =-1.77x107 a, C/m? 
- The D acts in the normal direction as per the boundary conditions. Thus D = Dn. 
Dn = -17708x107 a, 


Ps = |Dw |=1.7708x 107 C/m? = 177.08 nC/m? 


This is the magnitude of surface charge densities on the discs. So ps 2 £177.08 nC/m?, 
positive on upper plate and negative on lower plate. 


me Exampie 6.8: Two large parallel conducting plates at x = — 1 cm and x = 3 cm are at 
the potentials V, and V, respectively. The region between the plates is filled with the 
dielectric carbon-di-oxide with £, =1. Potential at x = — 0.5 cm is 70 V while at x = 1.5 cm 
it is 450 V. Calculate V, and V, and E between the plates. 
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Solution : The plates are shown in the Fig. 6.5, which are parallel to y-z plane. 


z 


Fig. 6.5 


The potential is changing with respect to x only and is independent of y and z. 


V?v - x: 9 
x 
Integrating, z = IF ere 


Integrating, V f C; dx + C, = Cox + C, 


ll 


Atx=-05cm, V «70V and atx 2 15cm, V = 450 V 
70 = -05x10?C,*C, and 450 = «15x10? C +C 
Subtracting, —380 = -05x10^? C, -15x10-7C, 
-380 = -2x10-?C, hence C, = 19000 
C, - 165 
V = 19000 x + 165 V 
V, = (Vatx--1cm)- -19000x1x107? + 165 


= -25V 
and Vy = (Vatx=3cm)=19000x 3x10? 165—735 V 
E = -Vv - -D* a, - - 190003, V/m 
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wb Example 6.9 : Find V at P (2, 1, 3) for the field of two co-axial conducting cones, with 
V= 50 V at 0-30? and V = 20 V at 0-50". 


Solution : V is a function of 0 only and not the function of r and 9. 


av . 1 Of. aV) f 
V^V = EIE -.. Laplace's equation 
af. Q9V] _ 
Zines] = 0 
Integrating, 
sin 9v = f0de«C =C, 
ve Q — 
96 = so"! cosec 0 
Integrating, V = JC, cosece d0 C; 


= C in tan ze 
At 62307, V 2 50 V and at 0-507, V = 20V 


jo o 
50 = C, In tan S. C. and 20-2C, in| tan 4n C; 


ic. 50 = —1.3169 C, +C, and 20 = —0.7629 C, +C, 
Subtracting, 30 = — 0.5539 C, 


C, = = 54.152, C; = — 21.3125 
V = -54.152 in| tan 5 | 21.3125 v ... Use 0 in degrees. 


ForP(21,3, x22,y-i1z-3 


0 = cos! 4 =cos™! — cos [A] 
r x? «y? ez? 14 
= 36.6692? 
Vp = -54.152 Inf tan son |-213125 
= 38.4489 V 
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nab Example 6.10: If V = 2 V at x = 1 mm and V = 0 at x = 0 and volume charge density 
p. is -10° c C/n? constant throughout the region between x = 0 to x = 1 mm, calculate 
V at x = 0.5 mm and E, at x = 1 mm in free space. 


Solution : Asp, is not zero, use Poisson's equation. 


v2y = Pye kb 71 2106 .. Ex£g as free space. 


x 
As V is the function of x only and not of y and z, 


2 
VV = ð V 1.105 


oV 


Integrating, Ox [105 dx+ C, =10° x+ Ci 


10° x? 
2 


Integrating, V [(105x +C,)dx+C, = +C)x+C, 
Atx =0,V=0V hence, 020-04 C,, C,-0 
At x = 1mm =1x10%m V=2V 


2 


6 
10 (1103)! «C (110) 


C, - 1500 
V = 05x105 x?+1500x V 
At x = 0.5 mm = 0.5x10~ m, 
V = 05x105[05x107?]* +1500x(0.5x 10?) =0.875 V 


From V, E = Lg 50V ui 
ox 


=- 2 [osx 10° x? +1500 x]a, 
= [-1x 10° x-1500]a, 
E, = —1x10° x—1500 V/m 
At x = 1 mm =1x107 m, 
E, = -1x105x1x10^ —1500 =- 2500 V/m 


mmb Example 6.11 : Two long metal plates of width 1 m each, held at an angle of 10° by an 
insulated hinge (plates are electrically separated). Using Laplace’s equation, determine 
potential function. 
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Solution : The plates are shown in the Fig. 6.6. 


Insulated 
hinge 


Plate 2 
V2 = Vg V 


Fig. 6.6 


Consider cylindrical co-ordinate system. 


91 0° for plate 1 
$9 = a= 10° for plate 2 


The potential is a function of $ only and constant with r and z. Hence Laplace's 
equation in cylindrical sytem is, 


19v = 0 
r oc 
Integrating, x = [0de«C, - C 
Integrating, V = JC, do+C, =C 0* C, .- (1) 
At 6, = 0°, Vi = 0V ie.0=C, x0+C,soC, = 0 
- V 2-006 
Now V = Vo at O= $2 = 
. Vo 
Ci = P" 
V = No V 
a 
For o = 10°, v=o V e $ must be in degrees. 
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wab Example 6.12 : Given the volume charge density p, =-2 10’ £p Jx C/m? in free space, 
let V =0 at x = 0 and V = 2 V at x = 2.5 mm. Find V at x = 1 mm. 


Solution: Asp, #0, use Poisson's equation 


-2x10? e, vx 
VV = Y [209 85g ..£-f£g as free space 


Now V is a function of x alone, hence V?V = FEE 
x 


dV 


L— = 210" x 
ox? 
7.,9/2 
Integrating, x = BG =13.33x 108x5 +C, 
2 
Integrating, V = [f [1233x105 x5 +C, ]dx+C3 
[13.33 106 x5] 
= -vta x*C, 
V = 533x10*x?? € C, x «C; 


At x =0,V=Ohence 0=0+0+C,, C; -0 
Atx =25 mm, V = 2 V hence 
2 = 533x109(25x107?)"* «C, (255x107?) 


C, = 13375 
V = 5.33x10° x?" 413375 x V 
Atx-1mmz1x10^? m, Eee 


V = 533x105 (1x10) «13375 (1x10?) 
- 0.30229 V 


Mb Example 6.13 : A capacitor of two large horizontal parallel plates has an internal 
separation 'd' between plates. A dielectric slab of relative permittivity ©, and thickness a is 
placed on the lower plate of capacitor. Neglect edge effects. If the potential difference between 
the plates is 4$, show that the electric-field intensity E, in the dielectric is 


G= and capacitance C of the arrangement will be : 


—, d a(£, —1) 
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EoAj Er 
d ( a a | where A — Area of the plate. 
-— |£ +- 
d TUPTU : 2005-06, 10 Marks} 


Solution : Assume that the plates are placed parallel to x-y plane as shown in the Fig. 6.7. 


z z-d 
V=o 


Upper plate 


Lower plate 


Fig. 6.7 
The space between the plates is filled with two dielectrics, 
1. For thickness 'a' with £, 
2. For thickness 'd — a’ with air €, 
Using Laplace's equation in cartesian form 
2 2 2 
pius vov. 
ox? oy? oz? 
But V = f(z) only and not the functions of x and y. 
2 t 
SV _ 4 


az? 


Integrating, x [ O+A=A $ 
V 


Integrating, [Adz*B- Az + B 


Let the potential for z < a, Vy = Aqz + By .z «a ...(1) 


Downloaded From : www.EasyEngineerinf.net " 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 6-22 Poisson's and Laplace's Equation 
Let the potential for z > a, V) = Az + B, ..2 a ...(2) 
Atz-0, V-0 hence B,=0 ...From equation (1) 
Atz=d, V= hence B, =9- A;d ...From equation (2) 
At z= a, Vi = V3 

A, a = Aga + B, = A, a + 0- Ad 
A (a-d)}+0 
A, = Mir ioi AM d ...(3) 


a 
At the boundary, at z - a there are two perfect diclectrics giving, 
Dui = Dw? ie €En = £2Ep2 
where £j = £g£, and £, = £p 
€, Eq; = Eno 
ML dV, 
* dz dz 
d d 
£: dz [Aiz] = a [Az t B] 
£, ^1 = A2 ...(4) 
Solving equations (3) and (4), 


A2 A(a-d)+ọ 
£, a 


aA, = Age, (a- d) 4 £,0 


- Ay [a — £,a + £,d) = £,0 


- Er 9 durius dede 
A, = a(1—e,)+e,d and. = a(1-e,)+e,d 
£, od 


Bom sa -£,)-£,d 
a(1-£,) 94 $£,d - e, 0d 
a(1-£g,)*e, d 


a (1 -£,)60 
a(1—2,)4s, d 


. ò E £, 0 a(1—€,)9 
a(1—£,) «e, d d x a(1—e£,) * e, d d a(1-2,) «e, d 
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oV te o = 
dz ^* ^ a(i-e,)+e,d ^* 


E $ 
|^ ae, -1)-e, d E -.. Proved 
_ &A _ EA 

C = — and G -aj 

Two capacitors are in serics, 
£,£9^A . £gA 
c. SG lla dca. Ae) 
~ C+, — 


,te^  toAle,(d-a) a] 
£9A 
E,EyA d 1 a a ...Proved 
zl EE 


mab Example 6.14 : Two conducting cones (Q=n/10 and 0-n/6) of infinite extent are 
separated by an infinitesimal gap r = 0. If V (@=1/ 10) = 0 and V (0-n/ 6) = 50 V. Find 
V and E between the cones. 


[UPTU : 2006-07, 5 Marks] 
Solution : The two cones are shown in the Fig. 6.8. 


Fig. 6.8 
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The potential is constant with r and $ and is the function of 0 only. 
So Laplace's equation reduces to, 


M M a [sino SS | = 0 7 


r?sin 0 dO do B 
: j dv 
Integrating, sin 0 du f O+A=A 
. dV A 
Integrating "Uu Lene d@+ B= J Acoseco+B 
V = Ain [(2] +B 
x 
For 0, = io: V,=0V 
0= Aln | (527 J +B ie 0=-18427A+B 
For 0; = c, Va = 50 V 


50 = Aln [ran( 25° J +B ie 50=-13169A+B 


Solving equations (3) and (4), A = 95.09319, B = 175.2282 


V = 95.09319 In [tan (5 


2 


mi 
i 
l 
< 
< 
L| 
l 
l 
L 
D 


tt 
l 
-+ j 
o. 
Sio 
" 
e 
S 
D 
Ps 
S 
Lead 
um [5 
“ “whe 
M 
+ 
3 
8 
| a ) 
— y 
tj 
e 


-1 95.09319 x 1 xs? (3) x 


e 
95.09319 cos (5 | — 
= ————MX x ag 
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...(1) 


...(2) 


...(4) 


...Other terms are zero 


[Li 
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95.09319 1 = 
= — x 


—— A, rn 8a 
. {9 8 
2sin (2) ex(; 
M 95.09319 _ 


rsinO ay Ym 


mæ Example 6.15 : Determine E in spherical co-ordinates from Poisson's equation, assuming 
a uniform charge density p. [UPTU : 2006-07, 5 Marks] 


Solution : The Poisson's equation for charge density p is, 
yi = -Pe 
£ 
In spherical co-ordinates, 
1 a2), 1 0 (ug), 15 29V. py 
ron or r? sin 0.. 98 98 ] x? sin? 6 ae? 2b E 


The charge density is uniform and is 4 function of r only. 


1 0f.20V\_ py 
T F) Ta ---Other terms are neglected 
av p,r -p.r 
2 = pee ic Ata = = 
Integrating r y= f ct A LEM A 


. oV = -p.r -2 
Integrating = = [Seas | dr + B 


2 
Vo TD 
is ov .. __ 9|-Pvr du R 
Be ort i| 6e r ale 


... Where A = Constant 


imp Example 6.16 : Let V = 2x? and £ - £,. Given point is P(1, 3, — 1). Find V at point 
P. Also find out if V satisfies Laplace's equation. [UPTU : 2007-08, 5 Marks! 


Solution : V -2 xyz? 
Vp = 2x 1x (3? x - 1? - - 18V 
The Laplace's equation is V?V = 0 
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9v Qv QV 0 


dð ð 
2 + ay? + zi = Py 2 3 Laxye 1+ 5 [oxy 227] 


= 0 + 12 xz? + 12 xyz 


As V?V 2 0, the given V does not satisfy Laplace's equation. 


Review Questions 


. Derive Poisson's and Laplace's equations. 
. State the applications of Poisson's and Laplace's equations. 
. State and prove Uniqueness theorem. 
. Write a note on product solution of Laplace’s equation. 
. Obtain the capacitance of parallel plate capacitor using Laplace's equation. 
. Obtain the capacitance of spherical plate capacitor using Laplace's equation. 
. Obtain the capacitance of co-axial cable capacitor using Laplace's equation. 
. In cylindrical co-odinates, V = 75 V at r = 5 mm and V = 0 at r = 60 mm. 
Find the voltage at r = 130 mm, if the potential depends only on r. [Ans. : - 23.3366 V] 
. Long concentric and right conducting cylinders in free space, at r = 5 mm and r = 25 mm in 
cylindrical co-ordinates, have voltages 0 and V, respectively. 
lf E=-8.28x10 a, V/m at r = 15 mm, find V, and pg on the outer conductor by using 
Laplace's equation. [Ans. : V, = 199.89 V, 44 nC/ni?] 
. Find the potential V at the point P (2, 3, 4) for the field of two co-axial conducting cylinders, 
given V = 60 Vatr=3 mand V=10Vatr=5m. 
[Hint : Find V as a function of r. Then for P (2, 3, 4), r = yx? +y? using cartesian to 
cylindrical conversion] [Ans. : V 2 — 97.8 In r + 167.53 V, 42 V] 
. Find the potential at P (1, 2, 3) for the field of two infinite radial conducting plates, given 
V = 40V at 09215? and V = 15 V at 9 = 40° [Ans. : — 8.4426 V] 
. Find the potential between two co-axial cones using Laplace's equation with V = V, at 0-0, 
and V = 0 at 6—- 6,. 


$9 ND BR WH MM, 


9; 


In tans —In| tan-t 


] 
Inf tan | tn tan 


[Ans.: V V, 


. Find V at 02 20? for the field between two conducting cones with V = 0 V at 0— 30° and 
V = 100 V at 0 x 10". Also calculate 0 for a voltage to be 50 V. {Ans. : 37.4 V, 0 - 17.417] 


. Two semi-infinite conducting planes à - 0 and =F are separated by an infinitesimal insulating 


gap. If V = 0 V for 6 0 and V = 100 V, for ọ=100V, find V and E in the region between the 
planes. [Ans.:V = V, B= a, vim 
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15. Find a solution to Laplace’s equation subject to the boundary conditions V = 100 V at 
z = 0.01 and V = — 33 V at z = 0.02. [Ans.: V =- 1.33 x10* z + 2.33 x10? V] 


University Questions 


1. Consider two concentric spheres of radii a and b, a < b. The outer sphere is kept at a potential V, 
and the inner sphere at zero potential. Solve Laplace's equation in spherical co-ordinates to find the 
potential and electric field in the region between the two spheres. [UPTU : 2002-03, 5 Marks] 


. Derive Poisson's equation and discuss its application is electrostatics. 
[UPTU : 2003-04(A), 5 Marks] 


. Discuss the solution of Poisson's and Laplace's equation in one dimension. 
UPTU : 2003-04(B), 10 Marks] 


. A capacitor of two large horizontal parallel plates has an internal separation 'd' between plates. A 
dielectric slab of relative permittivity c, and thickness a is placed on the lower plate of capacitor. 
Neglect edge effects. If the potential difference between the plates is o , show that the electric - field 


intensity E, in the dielectric is 1} = and capacitance C of the arrangement will be : 


RN, 
—£, i 4 a(e, -1) 


ü 
der 


d 


& 
) ~a | where A - Area of the plate. 


[UPTU : 2005-06, 10 Marks] 
. Calcualle the potential at any point between two grounded semi-infinite parallel electrodes 
separated by a distance 'b' and a plane electrode at potential V, {UPTU : 2005-06, 10 Marks] 


. Two conducting cones (021/10 and O=x/6) of infintie extent are separated by an 
infinitesimal gap r = 0. If V(0— 1/10) = 0 and V (0- x / 6) = 50 V. Find V and E between 
the cones. 

[UPTU : 2006-07, 5 Marks] 

. Determine E in spherical co-ordinates from Poisson’s equation, assuming a uniform charge 
density p. [UPTU : 2006-07, 5 Marks] 

. Write down Poisson's and Laplace equation in cylindrical co-ordinates system. Let V = 2x ^2 and 


E-E£y Given point is P(1, 3, —1). Find V at point P. Also find out if V satisfies Laplace's 
equation. (UPTU : 2007-08, 5 Marks) 


OOO 
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Maganetostatics 


7.1 Introduction 


Uptill now static electrostatic fields are discussed. The electrostatic field exists due to 
the static charges i.e. charges at rest. The magnetic field exists due to a permanent magnet, 
which is a natural magnet. But in electromagnetic engineering a link between electric and 
magnetic field is required to be studied. Such a link is absent with magnetic field due to a 
natural magnet. 


The scientist Oersted has discovered the relation between electric and magnetic fields 
in 1820. Scientist Oersted stated that when the charges are in motion, they are surrounded 
by a magnetic field. The charges in motion ie. flow of charges constitutes an clectric 
current. Thus a current carrying conductor is always surrounded by a magnetic field. If 
such a current flow is steady ie. time invariant then the magnetic field produced is a 
steady magnetic ficld which is also a time invariant. The direct current (d.c) is a steady 
flow of current hence magnetic field produced by a conductor carrying a d.c. current is a 
static steady magnetic field. The study of steady magnetic field, existing in a given space, 
produced due to the flow of direct current through a conductor is called magnetostatics. 
The various other concepts like e.m.f. induced, force experienced by a conductor, motoring 
action, transformer action etc are dependent on the magnetostatics. Hence the study of 
steady magnetic field ie. magnetostatics plays an important role in the engineering 
electromagnetics. This chapter explains the steady magnetic field in free space due to the 
conductor carrying a direct current. 


7.2 Magnetic Field and its Properties 


Beforc beginning the study of stcady magnetic fields, let us study the basic properties 
of the magnetic field. To understand these properties, consider a permanent magnet. It has 
two poles, north (N) and south (S) The region around a magnet within which the 
influence of the magnet can be experienced is called magnetic field. Thc existence of such 
a ficld can be experienced with the help of compass necdle. Such a ficld is represented by 
imaginary lines around the magnet which are called magnetic lines of force. These are 
introduced by the scientist Michael Faraday. The direction of such lines is always from N 
pole to S pole, external to the magnet as shown in the Fig. 7.1. These lines of force are also 
called magnetic lines of flux or magnetic flux lines. 


(7 - 1) 
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Magnetic lines An important difference between electric 
of force 


flux lines and magnetic flux lines can be 
observed here. In case of electric flux, the flux 
lines originate from an isolated positive charge 
=: N and diverge to terminate at infinity. While for 
a negative charge, electric flux lines converge 
on a charge, starting from infinity. But in case 
of magnetic flux, the poles exist in pairs only. 


Fig. 7.1 Permanent magnet and Key Point: An isolated magnetic pole cannot 
magnetic lines of force exist. 


Closed path 


Hence cvery magnetic flux line starting from north pole must end at south pole and 
complete the path from south to north internal to the magnet. 


Key Point: Thus magnetic flux lines exist in the form of closed loop. 


This is true whether the ficld is due to permanent magnet or due to conductor 
carrying direct current. 


7.2.1 Magnetic Field duc to Current Carrying Conductor 


Direct When a straight conductor carries a direct 
pameng current, it produces a magnetic ficld around 
it, all along its length. The lines of force in 
such a case are in the form of concentric 
circles in the planes at right angles to the 
conductor. This is shown in the Fig. 7.2. The 
direction of such magnetic flux can be 
experienced using a compass needle. The 
direction of concentric circles around, 
depends on the direction of current through 
the conductor. As long as direction of current 
is constant and current is time independent, 


-—- Conductor 


conductor magnetic lines of force are also constant, 

Fig. 7.2 Magnetic field due to conductor static and time independent, giving a steady 

carrying direct current magnetic field in the space around the 
conductor. 


A right hand thumb rule is used to determine the direction of magnetic field around a 
conductor carrying a direct current. It states that, hold the current carrying conductor in 
the right hand such that the thumb pointing in the direction of current and parallel to the 
conductor, then curled fingers point in the direction of the magnetic lines of flux around it. 
The Fig. 7.3 explains the rule. 


Practically the current carrying conductor is represented by a small circle ie. top view 
of straight conductor while the direction of current through it is indicated by a 'cross' or a 
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Right 


d. Current 
Ve 
Fig. 7.3 Right hand thumb rule 


‘dot’. The cross indicates that the current direction is going into the plane of the paper 
away from the observer. The dot indicates that the current direction is coming out of the 
plane of the paper coming towards the observer. Using right hand thumb rule, the 
direction of magnetic flux around such a conductor is either clockwise or anticlockwise as 


shown in the Fig. 7.4. 


Beide 
conductor 
(Clockwise) (antictocknise) 
i 


(a) Current going into the (b) Current coming out of 
plane of paper the plane of paper 
Fig. 7.4 

Another method of identifying the direction of magnetic flux around a conductor is 
right handed screw rule. It states that, imagine a right handed screw to be along the 
conductor carrying current with its axis parallel to the conductor and tip pointing in the 
direction of the current flow. Then the direction of magnetic field is given by the direction 
in which the screw must be turned so as to advance in the direction of the current flow. 
The Fig. 7.5 illustrates this rule. 


Screw Screw 

! Direction of 
rotation i.e. 
flux 


" " 


Advancement 


i 


Fig. 7.5 Right handed screw rule 
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Thus the magnetic lines of force i.e. magnetic flux lines always form a closed loop and 
exist in the form of concentric circles, around a current carrying conductor. The total 
number of magnetic lines of force is called a magnetic flux denoted as $. It is measured in 
weber (Wb). One weber means 10? lines of force. 


7.2.2 Magnetic Field Intensity 


The quantitative measure of strongness or weakness of the magnetic field is given by 
magnetic field intensity or magnetic field strength. The magnetic field intensity at any 
point in the magnetic field is defined as the force experienced by a unit north pole of one 
weber strength, when placed at that point. The magnetic flux lines are measured in webers 
(Wb) while magnetic field intensity is measured in newtons/weber (N/Wb) or amperes 
per metre (A/m) or ampere-turns/metre (AT/m). It is denoted as H. It is a vector 
quantity. This is similar to the clectric ficld intensity E in electrostatics. 


7.2.3 Magnetic Flux Density 

The total magnetic lines of force i.c. magnetic flux crossing a unit area in a plane at 
right angles to the direction of flux is called magnetic flux density. It is denoted as B and 
is a vector quantity. It is measured in weber per square metre. (Wb/m?) which is also 
called Tesla (T). This is similar to the electric flux density D in electrostatics. 


7.24 Relation between B and H 

In electrostatics, E and D are related to each other through permittivity € of the region. 
In magnetostatics, the B and H are rclated to each other through the property of the 
region in which current carrying conductor is placed. It is called permeability denoted as 
H. It is the ability or ease with which the current carrying conductor forces the magnetic 
flux through the region around it. For a free space, the permeability is denoted as po and 
its value is 4nx10~’. As £ is measured in F/m, the permeability u is measured in henries 
per metre (H/m). For any other region, a relative permeability is specified as p, and 
HM -uol 

The B and H are related as, , 


B - uH = po, H 
For free space, B = poH 


For all nonmagnetic media, u, =1 while for magnetic materials u, is greater than unity. 


7.3 Biot-Savart Law 


Consider a conductor carrying a direct current I and a steady magnetic field produced 
around it. The Biot-Savart law allows us to obtain the differential magnetic field intensity 
dH, produced at a point P, due to a differential current clement IdL. The current carrying 
conductor is shown in the Fig. 7.6. 
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e! Consider a differential length dL hence 

"rd the differential current element is IdL. This is 

y NO very small part of the current carrying 

aL f “4 eP conductor. The point P is at a distance R from 

rf R dH the differential current element. The 0 is the 

5 angle between the differential current element 

I and the line joining point P to the 

Ug differential current element. 

Current The Biot-Savart law statcs that, 

PEE The magnetic field intensity dH produced 

Fig. 7.6 at a point P duc to a differential current 


clement IdL is, 
1. Proportional to the product of the current 1 and differential length dL. 


2. The sine of the angle between the element and the line joining point P to the 
clement. : 

3. And inversely proportional to the square of the distance R between point P and the 
clement. 


Mathematically, the Biot-Savart law can be stated as, 


UH = ceram ~ (1) 
dH - LU : ~ (2) 
where k = Constant of proportionality 
In SI units, k= un 
dH = AC NS 
Let us express this equation in vector form. 
Let dL - Magnitude of vector length dL and 
*. äg = Unit vector in the direction from differential current 
element to point P I t 
; Then from rule of cross product, 
dixa, = dL]aj|sin 0 = dL sin 0 [Rl 2 1 
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Replacing in equation (3), 


IdLXxàg 
4nR? 


A/m ^. (4) 


-. (5) 


The equations (4) and (5) is the mathematical form of Biot-Savart law. 


According to the direction of cross product, the direction of dH is normal to the plane 
containing two vectors and in that normal direction which is along the progress of right 
handed screw, turned from dL through the smaller angle 0 towards the line joining 
element to the point P. Thus thc direction of dH is normal to the plane of paper. For the 
casc considered, according to right handed screw rule, the direction of dH is going into 
the plane of the paper. 


The entire conductor is made up of all such differential elements. Hence to obtain total 
magnctic field intensity H, the above equation (4) takes the integral form as, 


-. (6) 


The closed line integral is required to ensure that 
all the current elements are considered. This is 
because current can flow only in the closed path, 
provided by the closed circuit. If the current element 
is considered at point 1 and point P at point 2, as 
shown in the Fig. 7.7 then, 


dH, = oe 
4nR?, e 
where I, = Current flowing through dL, at point 1 
dL; = Differential vector length at point 1 
āg = Unit vector in the direction from element at point 1 
to the point P at point 2 
-. (8) 


This is called integral form of Biot-Savart law. 
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7.3.1 Biot-Savart Law Interms of Distributed Sources 
Consider a surface carrying a uniform 
current over its surface as shown in the 
Fig. 7.8. Then the surface current density is 
denoted as K and measured in amperes per 
metre (A/m). Thus for uniform current 
b , density, the current I in any width b is 
a given by I = Kb, where width b is 
perpendicular to the direction of current 
Fig. 7.8 Surface current density flow. 
Thus if dS is the differential surface area considered of a surface having current 
density K then, 
IdL = Kds -. (9) 
If the current density in a volume of a given conductor is J measured in A / m? then 
for a differential volume dv we can write, 
IdL = J dv -.. (10) 
Hence the Biot-Savart law can be expressed for surface current considering K dS while 
for volume current considering J dv. 


... (11) 


and -.. (12) 


The Biot-Savart law is also called Ampere's law for the current element. Let us study 
now the various applications of Biot-Savart law. 


mab Example 7.1: Find the incremental field strength at P, due to the current element of 
2n@, p Am at P,- The co-ordinates of P, and P, are (4,0,0) and (0, 3, 0) respectively. 
Solution : The two points P, and P, alongwith the dL, current element at I, are shown 
in the Fig. 7.9. 
According to the Biot-Savart law, 
z un I, dlaXagp 


dH, = — 
i 4xR2, 


R, = (0-4)a, +(3-0)a, +08, 


ann i 
2 
-4a, 3a,  -la,*3à, 
|. 44649 5 
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i 
a, a, a, | 7 
HdL,Xag, =] 0 0 2n|- -ix2ná, -$ 2rä,= 7 [3a, +45] 
1 4 3 0 | 
ls 5 


2n 
-—]|3a, +42 
axl iiid eee UN +4ā,] nA/m 
4nx(5)? m t 


dü, = 


= -12a,-16à, nA/m 


7.4 H due to Infinitely Long Straight Conductor 


Consider an infinitely long 
straight conductor, along z-axis. 
The current passing through the 
conductor is a direct current of | 
Amp. The field intensity H at a 
point P is to be calculated, which 
is at a distance 'r' from the z-axis. 
This is shown in the Fig. 7.10. 


Consider small differential 
element at point 1, along the 
z-axis, at a distance z from origin. 


- IdL- Idza, « (0 


Fig. 7.10 H due to infinitely long straight conductor 
The distance vector joining point 1 to point 2 is R, and can be written as, 


R,--zà,-ra, ... (2) 
= Rp ra, -za, J 
a -—— = —-— — oes (3) 
m [R2] r? +22 
a, a, a, 
-dbXag;-|0 0 dz|-rqza, 
r 0 =| . ] 
Fig. 7.11 1 


While obtaining cross product, |R| is neglected for convenience and must be 
considered for further calculations. 


Irdza, 


Aur 


! 


I dL x aan = m" (4) 
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According to Biot-Savart law, dH at point 2 is, 


qg - Pre Irdzà, 


AnRb andr? +a? (drit)? 
- Irdza $ . 6) 
4n(r? +22)°? 
Thus total field intensity H can be obtained by integrating dH over the entire length of 
the conductor. 


-. (6) 


Put z-rtanO, z?-r?tan?0 


and dz-rsec?0d60 z =-%, 0--L and z +, 0-45 


2 
vo xi? Irrsec? 6d0a, 
iD anf [23032 
i=. n/2 An(r +r“ tan 0) 
m2 Ir? sec? Od04, ; " 
e f — .. L+ tan“ 0=sec* 0 
ek) 4nr™ sec” 0 
ni2 n/2 
I 1 I 
= j Xr: ae dð a, Bi [ cos 6d0 a, 
9--1/2 O=-n/2 
= iz [sin or^, a, An [sn 5-sin( 5 J FA 
I 21 . 
= dar [1-(-0]a, = Inr ag r 
HOLT 
= 534,4». A/m ... (7) 


... (8) 


The following observations are important about H : 

1. The magnitude of magnetic ficld intensity H is not a function of 6 or z. It is 
inverscly proportional to r which is the perpendicular distance of the point from the 
conductor. 

2. The direction of H is tangential i.e. circumferential along a,. This direction is going 
into the plane of the paper at point P. 

3. The streamlines i.c. magnetic flux lines are in the form of concentric circles around 
the conductor. Thus if conductor is viewed from the top with I coming out of the paper 
towards observer, then the streamlines are anticlockwise. 
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7.5 H due to Straight Conductor of Finite Length 


Consider a conductor of finite length 
placed along z-axis, as shown in the 
Fig. 7.12. 


It carries a direct current I. The 


Finite perpendicular distance of point P from 
alk z-axis is r as shown in the Fig. 7.12. The 
eee conductor is placed such that its one end 
is at zz, while other at z =z). 
Consider a differential element dL 
along z-axis, at a distance z from origin. 
= dL-dza, -. (1) 
p The unit vector in the direction 
x^ joining differential element to point P is 
áp? and can be expressed as shown in 
the Fig. 7.13. 
, i Re -za, trà, 
R2 ^7 £L, 7 pBpe———— 
Ral Jc zh «e 
ra, -za, 
= ———— one (2) 
Jr. 
dL 
h This is same as obtained in the earlier section for 
FN infinitely long conductor. 
Na " 14x Irdza, 7 
I 12 ^ agp = — X» 
cm b E 2 T 4r? +2? 
' n According to Biot-Savart law, dH at point P is, 
, — dH = 19 aro 
ra, 4nR 
Fig. 7.13 a Ira. 
Andr? +z? (Vr? +27)? ] 
Irdza, 


= — KM -. (8) 


an(r? ez?) 7 


The total H at P due to conductor of finite length can be obtained by integrating dH 
over 7=4, to z-z,. 


etg EM 
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-f PN z Irdza, © 
a 4n(r? An(r? +z?) a ~ 
Use z=rtano, z*=r? tan’? a 
dz = r sec” oda 
For z = z,, Z =rtan .. : 
` From the Fig. 7.12. 
For z = Zp, Z, = rtan Q, š 
€, = tan (z, /r) and a;-tan"!(z;/r) - (7) 
= ip Irrsec? a doa, "? ‘daa, 
me 3 J azx(secolr 
a, An(seco)r 


" Bi An[r? +r? tan? o] 


I f ecol a 
xr cosa daa, = gry [sine], ao 


«1 


I : : = 
A [sin a, -sina,]a, A/m .. (8) 


... (9) 


7.5.1 Sign Convention for a, and a, 


If both the ends of conductor are above point P, then a, and a. are positive. If both 
the ends of conductor are below point P, then both o, and œ, are negative. While if one 
end of the conductor is above P and other below then a, is negative and 0, positive. This 
is shown in the Fig. 7.14. 


2 2 
1 \ P 
NE BEN 
i 1 
[] i) 
1 ' 
I 
{a} Both a,, a, positive (b) Both a4, a2 negative (c) a, negative, œ positive 


Fig. 7.14 
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The result given by equation (8) can be used directly to obtain H caused by current 
filaments which are arranged as the sequence of straight lines. 


Very important note : While using this result, if segment carrying current I is not 
along z axis then the direction of H can not be a,. It depends on in which plane segment 


carrying current is placed. The magnitude of H is grisin &, -sin ©; ] but direction is 


always normal to the plane containing the source and to be decided by right handed 
screw rule. PE 


7.6 H at the Centre of a Circular Conductor 


Consider the current carrying 
conductor arranged in a circular form as 
Point 2 shown in the Fig. 7.15. 


The H at the centre of the circular 
signi rio loop is to be obtained. The conductor 
ree space — carries the direct current I. 

Consider the differential length dL at 

a point 1. 


The direction of dL at a point 1 is 
tangential to the circular conductor at 
point 1. 


Fig. 7.15 


Let 0 = Angle between I dL and agy 
apy = Unit vector in the direction of R, 
R, = Distance vector joining differential current element at 
point 1 to point P at point 2 which is centre of circle. 
Using the definition of cross product, 
Idbxàg; = 1/dL] {aga sin@ay = I dL sin ay „ (1) 


ay Unit vector normal to the plane containing dL and apy 


i.e. normal to the plane in which the circular 


conductor is lying 
According to Biot-Savart law, the differential magnetic field intensity dH at point P is, 
IdLxag; IdLsin vay 
 4nRL  4nR? 


dH = .. R = Ry = Radius 
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Hence total magnetic field intensity H at point P can be obtained by integrating dH 
around the circular closed path. 


= IdLsin 9a, Isin 0a 
H = $dH= =———_™ $ dL ww (2 
$ Pu ^ 4nR 4nR? j v 
But jar = Circumference of the circle = 21 R .. (3) 
321 
- Isin@2nRay — IsinO _ 
= e oR an ... (4) 


As IdL is tangential to the circle and R is the radius, angle 0 must be 90*. 
Isin 90° 


H- D. - 6) 


if the circular loop is placed in xy plane 


mI 
z 
I 


£ 


wl 
i 


Now Ho H ... for free space 


The flux density B at centre of the circular conductor carrying direct current I, placed 
in a free space is given by, 


ay Wb/ m? -. (6) 


Consider a circular loop 
carrying a direct current I, placed in 
xy plane, with z-axis as its axis as 
shown in the Fig. 7.16. The magnetic 
field intensity H at point P is to be 
obtained. The point P is at a distance 
z from the plane of the circular loop, 
along it's axis. 

The radius of the circular loop is 
r. Consider the differential length dL 
of the circular loop as shown in the 
Fig. 7.16. 


In the cylindrical co-ordinate 
system, 


aL Point 1* 


à dL = dr à, +r doa, +dza, 
Fig. 7.16 
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But dL is in the plane for which r is constant and z = 0 = constant plane. The IdL 1s 
tangential at point 1 in a, direction. 


IdL = Irdoa, - (1) 


The unit vector ag, is in the direction along the line joining differential current 
element to the point P. 


= ‘Re 
Sen = oth .. (2) 
[Raj 
From the Fig. 7.17, it can be observed that, 
Rp = -ra, +z4, -.. from 1 to 2 
|&| = WY «X - Je +2? 
—ra.--za 
8n = Te = Z . (3) 
r ra 
a, Aae a8, 
Point 1 Now dLXāgn =|0 rdó 0}= 21 doa, +r? doa, 
Fig. 7.17 Toz 


Note that while calculating cross product [R;;| is neglected for convenience, which must 
be considered in further calculations. ayy 


According to Biot-Savart law, the differential field strength dH at point P is given by, 


dH - Idbxag, _ l[zrd6à, «r?d0a, | b 
4n Ri Andr? +z? (dr? «z?)? i 


Note that [R,2| neglected while obtaining the cross product is considered in dH. 
The total H is to be obtained by integrating dH over the circular loop i.e. for ¢=0 to 
2n. i 


Note : It can be observed that though dH consists of two components a, and a,, due 
to radial symmetry all 3, components are going to cancel each other. So H exists only 
along the axis in a, direction. Let us prove this mathematically. 

— o T I[zra,72,]40 
H = ie - (5) 
2-0 4n(r? +27) ‘ 


IIT zrdó . 7 r?a,dé 
- NUT ING. ~ (6 
2 {i (r? +z?) I (r? +22)? B 
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Consider first integral to prove that its value is zero due to radial symmetry. 

2r zrdó " f zrdó 
372? 

es (P2) de (242) 


The unit vector a, is expressed in rectangular co-ordinate system as 


uu »* [cos oa, +sin ea, ] 


cos Qa, + sin Qa,. 


?n 
Now f cosodp = [sin eL. =sin 2x-sin 0 2 0 


o=0 


2n 
And f singddp = [-cos ep" =—cos 2 n- [-cos0]- -141 -0 
$-0 


7 ^ zrdó . 
"i (r? "s 


20 


r 


This proves that H at P can not have any radial component. 


5 I rid)  _ Ir?a, 
H = — —— a M M ———— 
4n Í (r? +22)" sm. 4n(r? +27)” sd 


dra, [o2 "i Ir? 273, 


4n(r? e22)^ 4n(r? +z?) 


he. 2 
Hmm ee ae (2) 


2(r? +z)? 
where r = Radius of the circular loop 
z = Distance of point P along the axis 


Note : If point P is shifted at the centre of the circular loop i.e. z = 0, we get the result 
obtained in earlier section. 


where a, is the unit vector normal to xy plane in which the circular loop is lying. 


neb Example 7.2 : A current filament carries a current of 10 A in the à, direction on the 
z-axis. Find the magnetic field intensity H at point P (1,2,3) due to this filament if it 
extends from, 
a) z = -œ to œ b)z-0to5m c)z=5 tow, 
Express answers in cartesian co-ordinates. 
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Solution : The arrangements are shown in the Fig. 7.18. 


H 


Now r 


= 


(b) (c) 
Fig. 7.18 
Case a : It is infinitely long straight conductor. 


zB, — P(L23, 1=10A 
x? +y? =J1 +4=J/5 m 
10 . = 
-a, = 0.7117 A 
2nxv5° ae A/m 


To find x component, take dot product with a,. 


H, 


Similarly H, 


r 


9, 


Qe 


Hea, = 07117 4,4, =- 07117 sin ọ 


Hea, = 07117 a, ea, = + 0.7117 cos Q 


tan! $ =6343° .. For point P 


- 0.6365 a, + 0.3183 a, A/m 


Case b : It is a finite length conductor with z; =0 and z, 2 5 m. 
Jx +y? - A194 - 5 m 


tan` 


13- 


45 


= 53.3? 


^ 


but negative as that end is below point P. 
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Now Hac [sin œ, -sin œ, Ja 
4nr : yet 
10 


= sin 41.81?-sin(—53.3?)|a, = 0.5225 a 
ic | ( | e $ 


H, = Hea, = 0.5225 (a, «a, ) = 0.5225 (-sin €) 
H 


and H, = Hea, = 0.5225 (a, -a, ) = 0.5225 (cos 4) 
6 = tan? 2 -tan = 2 = 63.43° ... For point P 
H, = - 04673, H, = 02337 
H = - 0.4673 a, + 0.23374, Alm 


Case c : It is a conductor from z = 5 tọ z = e 


yx? ty? =/1+4 =/5 m 


r 


tant = an“! = 41.81° 


œ 


Q, = tan"! = = 90° 
Both a, and 0, are positive as above point P. 


33 I . : : 
He rr [sin a, -sin a, Jay 


AE [sin 90 -sin 41.81]a, = 0.1186 a, 


H, = Hea, = 01186 (@g°4x) = 0.1186 (-sin $) 


and H, = Hea, = 0.1186 (a, *3,) = 0.1186 (cos) 
6 = tant P eun 32 = 63.43° ... For point P 
H, = -0106, H, = 0.053 
H = -0106à, + 0.053 à, A/m 


mwmb Example 7.3 : Find the magnetic flux density at the centre 'O' of a square of sides equal 
to 5 m and carrying 10 amperes of current. 


Solution : The squarc is placed in the xy planc as shown in the Fig. 7.19. 
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, -yay 
Point 2 P 
RO N 
dx 
y 
x 
Fig. 7.19 
Consider differential element dx along AB of the square. 
dL = dx a, 
The R, joining differential element to point P is, 
Ri = ~xa, -yā, 
[Ra] = Jie? 
2 -TXa,-ya 
agn = z z 
x^ y 
a, ay a, 
dL X apy = |dx 0 0 |=-ydxa, 
-<x -y 0 
According to Biot-Savart law, 
za  IdLxa I(-y dx)a, - 
dH - E = ee cs | e. Considering | Rz | 
4nRy An x? +y? (fx? +y?)? 
10x (- 2.5) dxa 
- Racial sacl sab -. y = 2.5 for segment AB 
4n(x? +257) 
-25 0 _ = 0 = = 
ii = ciel we? f 25 dxa, - 
x25 4n (x? +257)" x22540(x? 42.5?) 


Put x=25tan6, dx=25 sec?0 dë 
l 
Limits, x = 25, 0=45° and x=0, 0=0° 
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a T .5 sec?0d0a o 
H me f 25 sec 0008s 7 - 06966 f des 
T azas (25)°(1+tan? 0) NL 


o 
=- 0.6366 [ cos0d6a, =- 0.6366 [sin 0]; a, =- 0.6366 [0—sin 45°]a, 
0245 
= 045014, A/m 
This H is due to the segment AB of the square. All sides will produce same H at point 
P. 


Haa = 4H-4x 0.4501 a, = 1.88, A/m 


Alternative method : Consider 
one side of a square as shown in the 
Fig. 7.20, in xy plane. Consider 
segment BC, which is finite length of 
the conductor. As B is above P, @, is 
negative and &, is positive. 


& = tan 2579 " but 
a, =-45° 
a, = +45° 


n» 1 -— 2 — 
[H| = Jrg SiN G2 sina, = LL. [sin (45*) - sin (—45°)] 


0.4501 A/m 


Important note : As BC segment is not along 
z-axis while using formula derived earlier do not 
use direction as a,. Remember that H direction is 
normal to the plane containing the source. In this 
case, square is in xy plane normal to which is a, 
hence direction of H is a,, as shown in the 
Fig. 7.21 by right handed screw rule. 


- | H-04501a, A/m 
- Hon =4H=183, A/m 


Fig. 7.21 
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ma Example 7.4 : Find the magnetic field intensity at point P for the circuit shown in the 


Fig. 7.22. 
' 20 m 1 
La ————————————— ————— má 
mE i 1 Semicircle 
10m A 
Radius 5 m 
m 1=10A — 
Fig. 7.22 
Solution : Consider the various sections of the loop. 
e 
Going 
into the 
paper 
Fig. 7.23 
Section I : From the Fig. 7.23, 
a, = tan a =14.036° N 
5 E: 
OQ, = tan“! zg = 14.036° but a, = — 14.036° 


_ But o, is negative as point A is below P. If the loop is placed in xy plane, direction of 
H at P is going into the paper, normal to xy plane according to right hand thumb rule. 
This is -a, direction. 


I , : = 
H, = er (sin a2 -sin a, ) ba] 


dag [sin 14036-sin(- 14.036) ][-a, ]= - 0.0193 , A/m 
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Section II : Consider section BC as shown in the Fig. 7.24. 


rz20m 


Going into 
the paper 


Fig. 7.24 


From the Fig. 7.24, œ, 20? as point C and P are colinear. 


œ = tan”! 2 = 75.96° 
But o, is negative as point B is below P, a, =—75.96°. The direction of H at P is 
going into the paper according to the right hand thumb rule ie. —a, as the circuit is 
placed in xy plane. 


H, 


I : A = 
Fat [sin a, -sin o, ] (-a,) 


1nx5 ae z [sin 0°-sin(— 75.96°)(—a, ) = — 0.1544 a, A/m. 


Section III : The semicircular loop CDE as shown in the Fig. 7.25. 
The H at the centre of a circular loop is given by, 


a p : 
H z zR aN ... (Refer section 7.6) 
c Hence for a semicircular section 
CDE, 
Curied 
fingers E ) 
P I - 2RJ, _ 10 ,. 
P D 3) Hy = 07-*(73,) = jx C8.) 
Going (thumb) =- 0.5 a, A/m 
into the paper 
! 
Fig. 7.25 


Section IV : The section EA is exactly similar to the section II BC and hence H, due to 
EA is equal in magnitude and direction at P, to that of H}. 


H, - H, = -0.1544 a, A/m 
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Hence the total H at P is, 


H = H, +H, +H, +H, =-[0.0193 + 0.1544 4 0.5 0.15-H1]a , 


- 0.8281 a, A/m 


7.8 Ampere's Circuital Law 


In electrostatics, the Gauss's law is useful to obtain the E in case of complex problems. 
Similarly in the magnetostatics, the complex problems can be solved using a law called 
Ampere's circuital law or Ampere's work law. 

The Ampere's circuital law states that, 

The line integral of magnetic field intensity H around a closed path is exactly equal to 
the direct current enclosed by that path. 


The mathematical representation of Ampere's circuital law is, 


The law is very helpful to determine H when the current distribution is symmetrical. 


7.8.4 Proof of Ampere's Circuital Law 

Consider a long straight conductor carrying direct current I placed along z axis as 
shown in the Fig. 7.26. Consider a closed circular path of radius r which encloses the 
straight conductor carrying direct current I. The point P is at a perpendicular distance r 
from the conductor. Consider dL at point P which is in a, direction, tangential to circular 
path at point P. 


dL- r doa,  Q) 
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While H obtained at point P, from Biot-Savart law duc to infinitely long conductor is, 


zi 


= l—À, -. (3) 


i] 
"1 
£. 
€ 

it 
A 

oe 
kad] 
e 

. 

LI 
e 

M 

€ 


4 


-dI = J es 


= I = Current carried by conductor 
This proves that the integral H*dL along the closed path gives the direct current 
enclosed by that closed path. 


Key Point: The path enclosing the direct current I need not be a circular and it may be 


any irregular shape. The law does not depend on the shape of the path but the path must 
enclose the direct current once. This path selected is called Amperian path similar to the 
Gaussian surface used while applying Gauss's law. 


7.8.2 Steps to Apply Ampere's Circuital Law 

Follow the steps given to apply Ampere's circuital law : 

Step 1 : Consider a closed path preferrably symmetrical such that it encloses the 
direct current I once. This is Amperian path. 

Step 2 : Consider differential length dL depending upon the co-ordinate system used. 

Step 3 : Identify the symmetry and find in which direction H exists according to the 
co-ordinate system used. 


Step 4 : Find Hedi, the dot product. Make sure that dL and H in same direction. 


Step 5 : Find the integral of H*dL around the closed path assumed. And equate it to 
current I enclosed by the path. 


Solving this for the H we get the required magnetic ficld intensity due to the direct 
current I. 


To apply Ampere's circuital law the following conditions must be satisfied, 
1. The H is either tangential or normal to the path, at each point of the closed path. 
2. The magnitude of H must be same at all points of the path where H is tangential. 


Thus identifying symmetry and identifying the components of H present, plays an 
important role while applying the Ampcre's circuital law. 
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7.9 Applications of Ampere's Circuital Law 


Let us steady the various cases and the application of Ampere’s circuital law to obtain 
H. 


7.9.1 H due to Infinitely Long Straight Conductor 


Consider an infinitely long straight 
conductor placed along z-axis, carrying a direct 
current I as shown in the Fig. 7.27. Consider 
the Amperian closed path, enclosing the 
conductor as shown in the Fig. 7.27. Consider 
point P on the closed path at which H is to be 
obtained. The radius of the path is r and hence 
P is at a perpendicular distance r from the 
conductor. 


The magnitude of H depends on r and the 
direction is always tangential to the closed 
path ie. a,. So H has only component in à, 
direction say H,. 


Fig. 7.27 


Consider elementary length dL at point P and in cylindrical co-ordinates it is r d$ in a, 
direction. 
H = H,a, and dL =rdoa, 
HedL = H,a,*rd$a, =H, rd 
According to Ampere's circuital law, 


$ H*dL = I "nu 
2n 
J He rdo =I 
o=0 
2n 
Har | do = I 
o=0 - 
Pd 
He r(27) = I 
I 
Hy = on i 


Hence H at point P is given by, 
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7.9.2 H due to a Co-axial Cable 


Consider a co-axial cable as shown in the Fig. 7.28. Its inner conductor is solid with 
radius a, carrying direct current I. The outer conductor is in the form of concentric 
cylinder whose inner radius is b and outer radius is c. This cable is placed along z axis. 
The current I is uniformly distributed in the inner conductor. While — I is uniformly 
distributed in the outer conductor. 


Cross-sectional view 


Fig. 7.28 Co-axial cable 


The space between inner and outer conductor is filled with dielectric say air. The 
calculation of H is divided corresponding to various regions of the cable. 


Region 1 : Within the inner conductor, r « a. Consider a closed path having radius 
r « a. Hence it encloses only part of the conductor as shown in the Fig. 7.29. 


Inner 
conductor 


Path 


Fig. 7.29 
The area of cross-section enclosed is nr? m?. 


The total current flowing is I through the area na”. Hence the current enclosed by the 
closed path is, x 


I (1) 
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The H is again only in à, direction and depends only on r. 
H = H,a, 
So consider dL in the a, direction which is r d$. 


dL = rdéa, 
H*dL = H,à,-rdóa, =H, rdo .. (2) 
According to Ampere's circuital law, 
$ H*dL = I’ ... Current enclosed 
2 
H, rdo = 1 
$ ot dg a? 
2r r? 
f Herd = 4 1 
*-0 3 
H, rr] = — 1 
r? r 
H, = = I 
: 2nra? 2na? 
1 Ire 
~ Zna?’ Am 


.. I < a within conductor 


Region 2 : Within a « r « b consider a circular path which encloses the inner 
conductor carrying direct current L This is the case of infinitely long conductor along 
z-axis. Hence H in this region is, 


I 
Tre =z—-a, A/m ..(a«r«b) 


Region 3 : Within outer conductor, b < r < c 


Consider the closed path as shown in the 
Fig. 7.30. The current enclosed by the closed path is 
only the part of the current — I, in the outer 
conductor. The total current — I is flowing through 
the cross section r(c?—b?) while the closed path 
encloses the cross section x (r? —b?). 

Hence the current enclosed by the closed path of 
outer conductor is, 


EQ ED, " 
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Key Point: Note that the closed path also encloses the inner conductor hence the current I 
flowing though it. 


I” = I = Current in inner conductor enclosed .-- (4) 

Total current enclosed by the closed path is, 

2.2 
lene = lH = EE ean II 

[9 

= 1| - e|. [2-2 (5) 
(c? -b?) c -p? NS 
According to Ampere's circuital law, 
$ HedL = oL 


Now H is again in a, direction only and is a function of r only. 
H = H,a, and dL -rd$a, 
H-dL = H,a,* rdoa, =H, rdo 
?n 
J Herdo = Ten 


o=0 


H, r[2n] = J =] 


c? -b? 


bDb«r«c 


Region 4 : Outside the cable, r > c. 


Consider the closed path with r » c such that it encloses both the conductors i.e. both 
currents + I and - I. 


Thus the total current enclosed is, 
I = +I-I=0A 


enc 


$ H-dL = 0 .. Ampere's circuital law 


H = 0 A/m ww T>C 


The magnetic field does not exist outside the cable. The variation of H against r is 
shown in the Fig. 7.31. 
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Co-axial cable 


0 b f 
Region "IS ° | i. i= Region 4 


Region2 ^ Region 3 


Fig. 7.31 Variation of H against r in co-axial cable 


7.9.3 H due to Infinite Sheet of Current 
Consider an infinite shect of current in the z = 0 plane. The surface current density is 
K. The current is flowing in positive y direction hence K-K, a,- This is shown in the 
Fig. 7.32. 
iA 
Consider a closed path 1-2-3-4 as shown in the Fig. 7.32. The width of the path is b 
while the height is a. It is perpendicular to the direction of current hence in xz plane. 


Fig. 7.32 
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The current flowing across the distance b is given by K, b. 
lene = Kyb 


Magnetostatics 


~ (6 


Consider the magnetic lines of force due to the current in a y direction, according to 


right hand thumb rule. These are shown in the Fig. 7.33. 


Ma 


— 
Current direction 


(a) 
Fig. 7.33 


ae. 
Hz 


H, components 


cancelling each 
other 


Position 4 


(b) 


In Fig. 7.33 (b), it is clear that in between two very closely spaced conductors, the 


components of H in z direction are oppositely directed (-H, for position 1 and +H, for 
position 2 between the two positions). All such components cancel each other and hence H 
can not have any component in z direction. 


As current is flowing in y direction, H can not have component in y direction. 


So H has only component in x direction. 
H = H, à, .forz»0 
= -H,àa,  ..forz«0 
Applying Ampere's circuit law, 
jH-a = Ian 
Evaluate the integral along the path 1-2-3-4-1. 
For path 1-2, dL = dza,, 
For path 3-4, dL = dz a, 
But H is in x direction while à, +a, = 0. 
Hence along the paths 1-2 and 3-4, the integral $ H° dL =0. 
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Consider path 2-3 along which dL = dx a,. 


u omy y 


3 3 
H*dL = f (-H,a,)+(dxa,) =H, Í dx = bH, 
2 2 


The path 2-3 is lying in z < 0 region for which H is —H, a,. And limits from 2 to 3, 
positive x to negative x hence effective sign of the integral is positive. 


Consider path 4-1 along which dL = dx a, and it is in the region z > 0 hence 
H-Il, à,. 


f H*dL = f (H, dat] dx = bH, 
4 L| 1 


$ H-dL = bH, «bH, =2bH, (9) 


Equating this to Ie»: in equation (6), 


2bH, = K,b 
H, = 5K, ~ (10) 
Hence, H = ; K a, for z>0 ~ . (11 (a)) 
= -IK,a, for z<0 .. (11 (9) 


In gencral, for an infinite shect of current density K A/m we can write, 


= I. S 
H = 7 KXay w (12) 
where ān = Unit vector normal from the current sheet to the point 


at which H is to be obtaincd. 


mab Example 7.5 : Obtain the expression for H in all the regions if a cylindrical conductor 
carries a direct current I and its radius is 'R' m. Plot the variation of H against the 
distance r from the centre of the conductor. [UPTU : 2003-2004] 


Solution : Let the cylindrical conductor of radius R, carries a uniform direct current of I 
A. It is placed along z-axis and has infinite length. H is to be obtained considering two 
regions. 

Region 1 : Within thc conductor, r « R. 


Consider the closed path of radius r within the conductor as shown in the Fig. 7.34. 
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mR?. 


path, 


Fig. 7.34 


H has only 4, component and it is the function of r only hence, 
H = H,a, and dL-rdóa, ina, direction 
HedL = H,a,° rdoa, =H, rdo 


According to Ampere's circuital law, 


$ Hdl = lox 
2x r? 
J Hy,rdo = 1-5 
9-0 
r? 
H, r(27) = Icy 
Lot Ir 
Pn Zur" R?  2nR? 
Hack A/m . forr<R 
2nR? 


Inside the conductor H « r and on the surface r = R hence H becomes, 


| - 
= 3i a, on the surface of conductor 


Region 2 : Outside the conductor, r > R. 


Magnetostatics 


As current I flows uniformly, it 
flows across the cross-sectional area of 


While the closed path encloses only 


part of the current which passes across 
the cross-sectional area of xr?. 


Hence current enclosed by the 


. (1) 


.. (2) 


The conductor is infinite length along z-axis carrying direct current I hence using the 


earlier result, 
= I . 
H = 57 a, for r>R 


So outside the conductor, H =t, 
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The graphical variation of H against r measured from centre of the conductor is shown 
in the Fig. 7.35. 


Conductor 


on the surface 


Fig. 7.35 


ne Example 7.6 : The plane y = 1 carries current density K=40a, A/m. Find H at 
A (0,0,0) and B(1,5,-2). 


Solution : The sheet is located at y = 1 on which K is in à, direction. The sheet is 
infinite and is shown in the Fig. 7.36. 
The H will be in x direction. 

a) Point A (0,0,0) 


z 


ay —- —à, normal to current sheet at P 
Point A 
1 H = $ KX än 
= i [40a, x-a,] 
Now a,Xa, = -àa, 
H = 5 [+40]a, -202, Alm 


b) Point B (1,5, -2) 
ee ne DADA. 5 for B. 
normal : sheet at point B 
Kxay =5 [40a, xa,] =-20a, A/m 


an 
H 


1 
2 
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ump Example 7.7 : In the region 0 < r < 0.5 m, in cylindrical co-ordinates, the current 
density is, 
J =45e7 a, A/m? 
And ] =0 elsewhere. Use Amperes circuital law to find H. 


Solution : The current from current density is given by, 


I = $J-ds 
dS = rdrdoa, normal toa, as J is ina, 
I = f f 4562, *rdr doa, 
e=0r=0 


2n r 
4.5 J [ re? dr dó 


o=0r=0 
Using integration by parts, 


45 i do {rf e dr—f 1f e dr dr} 
: o=0 


r 


45 con [52 -Í d ar} 


l 
© 
a 
M 
- 
} n 
bd 
|= 
m 
R 
rr at 
m 


LI 
o 
a 


-re 1 z,l 9n -2r _ ,-2r 
l ai k +7 = {I-2re -e }A 


For r = 0.5, I = 7.068 [1 — 0.3678 ~ 0.3678] = 1.8676 A 
Consider a closed path with r20.5 such that the enclosed current I is 1.8676 A. 


According to Ampere's circuital law, 
 $Hedb-I 


l 
deem 
zl 
" 
L 
e 
I 
e 
a 
mi 
| 
le] 
a 
O 
T 
o 


p 
J H, rdo = 


0-0 


2nrH, = 1.8676 


18676 _ 0.2972 
H, = ae = 

2nr r 
H =- 997, Alm fo r205m 
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wa Example 7.8 : A 'z' directed current distribution is given by, 
J=(r? +ur) for rsa. 
Find B at any point r za using Ampere's circuital law. 


Solution : As current density is given, 


I = $J-dS, J isina, direction 
dS = rdr doa, 
2n r 
I= Í f (i? *ur) r dr dd .8,*a,-1 
$-0 r=0 
= 2x f 3 2 drz r* ur? r 
= [8], INL *ur?] r-2m T+ 3 
r=0 0 
r* ur? 
= intr 3 A 
a* ua? 
For r = a, l= E 3 j^ 


Consider a closed path with r >a which is Ampcrian path. 
H = H,a, while dL=rdo a, 
According to Ampere's circuital law, 


$ Hedk = I], As path has r za, it encloses total I. 


2n 4 3 
a ua 
J, Ho r dọ = EE 3 | 


2nrH, = oe [425 3u2?] 
H, = 2; [4a*+3ua*] 


jj, HEP 


[4a*+3ua*]a, A/m 


Assuming permeability of medium as p 


= — 0.08: 
B = pH = SSE [sat 44ua?*]a, Wb/m? 
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In electrostatics, the Gauss's law is 
applied to the differential volume 
element to develope the concept of 
divergence. Similarly in magnetostatics, 
the Ampere's circuit law is to be applied 
to the differential surface element to 
develope the concept of a curl 

Consider the differential surface 
element having sides Ax and Ay plane, 
as shown in the Fig. 7.37. The unknown 
current has produced H at the centre of 
Fig. 7.37 Differential surface element this incremental closed path. 


The total magnetic field intensity at the point P which is centre of the small rectangle 


is, 
H = Hwa, * Hyya, * Hoà, -. (1) 
While the total current density is given by, 
J = Jy a, +), ay +J, a, zd (2) 
To apply Ampere's circuit law to this closed path, let us evaluate the closed line 
integral of H about this path in the direction abcda. According to right hand thumb rule 
the current is in à, direction. 
Along path ab, H-H, a, and dL = Ay à, 
H*dL = H,a,*Ay a, = H, Ay .. (3) 


The intensity H, along a-b can be expressed interms of H „ existing at P and the rate 
of change of H, in the x direction with x. The distance in x direction of a-b from point P 
is (^ x/2). Hence H» dL along a-b can be expressed as, 


oH 

"- A 

(HedL) , = |t Me eee (4) 
For path b-c, H is in —a, direction hence -H, à, and dL = Ax a, . 


H*dL - -H, Ax - (5) 


Now H, can be expressed interms of H,, at point P and rate of change of H, in y 
direction with y. 


The distance of bc from P is A y/2. 


` 
^ 
^ 
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(Heat), = [H,. +428] 4 (6 
s = xO EN 3 y x a 


For path c-d, H is in -ā; direction hence -H, ay and dL = Ayà,. 
H*dL = -H, Ay - (7) 


But Hy, can be expressed interms of Hyp and rate of change of H, in negative x 
direction. The distance of cd from point P is (Ax/2) in negative x direction. 


Hy * Hy (2 Ox 
"e: Ax 9H, 
(R . dL) a = Ts 72 39x Ay e (8) 


For the path d-a, H is in + a, direction hence H, a, and dL = Ax a,. 
H*dL = H, Ax -. (9) 


But H, can be expressed interms of H,) and rate of change of H, in negative y 
direction. The distance of da from point P is (4y/2) in negative y direction. 


H, = Hyg -2 s 
(H-a), = [ms | Ax . (10) 
Total H* dL can be obtained by adding the equation (4), (6), (8) and (10). 
H:dL = Hy ay Y - Y Ho SY = 
-Ho Ay Y ds L Hyg ax- e 
$ Hep = Ax "Es E ~ (11) 


According to Ampere's circuital law, this integral must be current enclosed by the 
differential element. Án 


Current enclosed = Current density normal to closed path x Area of the closed path 


I J, AxAy -. (12) 


enc 


where J. Current density in a, direction as the current enclosed 


is ina, direction. 
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From equations (11) and (12) we can write, 


$ H*dL oH, dH, 


Ax Ay Ox Oy 


=J, . (13) 


This givcs accurate result as the closed path shrinks to a point i.e. Ax Ay area tends to 
zero. 


$H:dL aH, _aH, 
- lim = = — =J, 
Axsyy=»0 Ax Ay Ox oy 


.. (14) 


This equation gives relation between closed line integral of H per unit area and the 
current per unit area ic. current density. To have equality sign between the two, the 
surface area of closed path must shrink to zero. 


Considering incremental closed path in yz plane we get the current density normal to 
it ie. in x direction considering incremental closed path in zx plane we get the current 
density normal to it i.e. in y direction. So we can write, 

H*dL aH, 9H, 
mum Ay Az - “ay oz 


jH:dL on, oH, 
and aan A Az Ax OZ OK =Jy - 06 


=), -. (15) 


In general we can write, 
] H-dL 
Num. ASN T Jn € (7) 


where Jn = Current density normal to the surface AS. 


The term on left hand side of the equation is called curl H. The AS, is area enclosed 
by the closed line integral. 


The total J now can be obtained by adding (14), (15) and (16). 


J = 43,,2,*),2, 
" oH, 9H,]. ,[9H.. 9H]. OH, dH, ]_ 
J 3y oz |t az ox |*'|3àx y | 42 


[b= annn ] —. (18) 


The curl H is indicated by V x H which is cross product of operator 'del' and H. 


The equation (18) is called the point form of Ampere's circuital law. 


cul H = VxH -=J 


This is one of the Maxwell's equations. 


Key Point: The curl is not refering to any co-ordinate system though it is developed using 
cartesian co-ordinate system. 
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7.10.1 Curl in Various Co-ordinate Systems 


As the curl of H i.e. V XH is a cross product it can be expressed in determinant form 
in various co-ordinate systems. 


1. Cartesian co-ordinate system : 


a, E. a, 
VXH = 2 2 2 eV 

ox Oy Oz| . 

H, H, H,|-H 


 [eH, 9H,] fəH, oH,]. [9H, on, |_ 
= [3y az |t az ox |r "| ox ay |" 


2. Cylindrical co-ordinate system : 


r ra, a, 
= ithe OMS 
NSH mir do az 
H, rH, H, 
_fiaH, 2H, 1. gom, 9H, 1895) 1 OH, |. 
“lt 00. oz |° 3r |7 + Or — ELI 


Key Point: Note that in Tum 2 r is constant as differentiation is with respect to z 


aH, ET at), 
hence it becomes r T . But i the r can not be taken out of differentiation, as 


differentiation is with respect to r. 


3. Spherical co-ordinate system : 
tag rsinOa, 
1 0 9 9 
~ r'sino|ór 90 99 
H, rH, rsin6H, 
1 


vxH=—_— rc i ae 1| 1 93H, XA @ 


rsin 0 06 ad rte sin® 06 or 


+ PS Se 


7.10.2 Properties of Curl 
The various properties of curl are, 
1. The curl of a vector is a vector quantity. 
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2. VX(A«B) -VXA +VXB 
3. VXVXA - V(V-A) -V?A 
4. The divergence of a curl is zero. 
V-(VxA) =0 
5. The curl of a scalar makes no sense 
V xa = No sense if o is scalar. 
6. The curl of gradient of a vector is zero. 
VxvV=0 
7. VXAxB = A(V-B)-B(V-A)«(B-V)A-(A-V)B 


7.10.3 Physical Significance of a Curl 


The curl is a closed line integral per unit area as the area shrinks to a point. It gives 
the circulation per unit area i.e. circulation density of a vector about a point at which the 
area is going to shrink. Thus curl of a vector at a point quantifies the circulation of a 
vector around that point. In general if there is no rotation, there is no curl while large 
angular velocities means greater values of curl. The curl also gives the direction, which is 
along the axis through a point at which curl is defined. 


The magnetic field lines produced by the current carrying conductor are rotating in the 
form of concentric circles around the conductor. Thus there exists a curl of magnetic field 
intensity which we have defined as V xH. The direction of curl is along the axis about 
which rotation of a vector field exists and the proper direction is to be obtained by right 
handed screw rule. If the direction of rotation of vector field about a point reverses, the 
sign of the curl also reverses. 

The water velocity in a river which increases linearily towards the surface, the 
magnetic field lines due to current carrying conductor, the body rotating about a fixed axis 
are few examples of a curl. 


Key Point: Thus if curl of a vector field exists then the field is called rotational. 
For irrotational vector field, the curl vanishes i.e. curl is zero. 


Another physical interpretation of a curl is about a rigid body rotating about a fixed 
axis with uniform angular velocity. Thus if v is its linear velocity then its angular velocity 
(@) is half the curl of its linear velocity. The curl v represents the net rotation of a body 
about the axis. 


mab Example 7.9 : A H due to a current source is given by, 
H =[ycos(ax)] 4, * (ye? ) a,. Describe the current density over the yz plane. 


Solution : From the point form of Ampere's circuital Jaw, 
VxH = J 
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In the cartesian system, 


a a a 
co(ax) 0 y+e* 


[569]. [exe E. à, [rente 


=(1)a, + (0-e*)à, +(-cosax) a, 
On yz plane, x = 0 
n Jon yz plane = à, -e°a, —cos 04, 
= a, -a,-a, A/m? 


imb Example 7.10 : Given the general vector, A =(sin 20) a, in cylindrical co-ordinates. Find 
curl of A at (2, n./ 4,0). 


Solution : In cylindrical co-ordinates V XA is given by, 
— 9A 9(rA 
vxx - [122228 [ORs Ohad, : ED) Us. 


r or 


Now A,=0, A, =sin2> and A, =0 


vXÁ = [o- s «[0-0]a, pesa. JS 


Oz or 


[0-0]a, «0 a, snes oie? 


az r z 


< 
X 
» 
{I 
mi 
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web Example 7.11 : Given that the general vector A is, H = 2.5 Gig +5 ay in spherical 
co-ordinates. Find the curl of H at (2,1 /6,0). 


Solution : In the spherical co-ordinates, curl H is given by, 


= i H 
vxH-.1 [m ea -l 1 aH, alr Jis 


rsin 0 00 + 0$ r|sinO ó$ ðr 


or 008 


» i ES 2:1 a 


Now H,=0, Hg-25 H,=5 


. vxH=— E d z, = ,-292 a : [2522.0] z, 


rsinO| 90 OO or or 


1 T cl E x = 
= tuno [5 cos 0-0] a, +1) ae b [2-5] a. 


« 
x 
zi 
T 


7.11 Stoke's Theorem 


Analogous to the divergence theorem in electrostatics, there exists Stoke's theorem in 
magnetostatics. The Stoke's theorem relates the line integral to a surface integral. Basically 
it is a mathematical theorem which is to be applied in magnctostatics. 


The Stoke's theorem states that, 


"The line integral of a vector A around a closed path L is equal to the integral of curl 
of A over the open surface S enclosed by the closed path L". 


The theorem is applicable only when A and V XA are continuous on the surface S. 


! as] 
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7.11.1 Proof of Stoke's Theorem 


Consider a surface S which is splitted into number of incremental surfaces. Each 
incremental surface is having area AS as shown in the Fig. 7.38 (a). 


(a) (b) 
Fig. 7.38 Stoke's theorem 


Applying definition of the curl to any of these incremental surfaces we can write, 


Ex H . d Las 
(V x H) N = USE ooo (1) 
where N = Normal to AS according to right hand rule 


dL,g; = Perimeter of the incremental surface A S 


Now the curl of H in the normal direction is the dot product of curl of H with ay 
where ay is unit vector, normal to the surface AS, according to right hand rule. 


(VxH), = (VXH)-ay ... Using in (1) we get, 
$ Hedlyg = (VXH)-ay A5 
$ Hed gc = (VxH)-4S ». (2) 


To obtain total curl for every incremental surface, add the closed line integrals for each 
AS. From the Fig. 7.38 (b), it can be seen that at a common boundary between the two 
incremental surfaces, the line integral is getting cancelled as the boundary is getting traced 
in two opposite directions. 

This happens for all the interior boundaries. Only at the outside boundary cancellation 
does not exist. Hence summation of all closed line integrals for each and every AS ends up 
in a single closed line integral to be obtained for the outer boundary of the total surface S. 
Hence the equation (3) becomes, 

j H-dL = J (¥xH)-dS NT 


where dL - Perimeter of the tota] surface S 


Thus line integral can be expressed as a surface integral which proves the Stoke's 
theorem. 
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Key Point: The Stoke's theorem is applicable for the open surface enclosed by the given 
closed path. Any volume is a closed surface and hence application of Stoke's theorem to a 
closed surface which encloses certain volume, produces zero answer. 


ma Example 7.12 : Prove that divergence of a curl of a vector is zero, using Stoke's theorem. 
Solution : Consider a vector A. 
The curl of A is VXA and its divergence is V *(VXA). Now VXA is a vector while 
divergence of a vector is a scalar say o. 
V+(VxA) = o ~ 0) 


Let us evaluate integral of both sides over a volume 
e J V-(VxA)dv= fa dv ~ (2) 
vol vol 


Applying divergence theorem, the left hand side can be converted to a surface integral. 
G J V-(VxA) dv =j (VxA)-d5 » (8) 
vol s 


where the S is closed surface enclosing the given volume. 
f (vx2)-a$ = fo dv ~ (4) 
S val 


Now if Stoke's theorem is applied, it can be seen that surface S on left hand side of 
equation (4) is enclosing given volume and is not the open surface. The Stoke's theorem 
applied to closed surface produces zero answer. 

Jadv =0 ww (5) 


vol 


This is true for differential volume also. 


adv = 0 .. (6) 
But dv # 0 asitisa differential volume. 
a= 0 .. (7) 


From equation (1), 
V-(VxA) = 0 .. (8) 
This proves that the divergence of curl of a vector is zero. 
ma Example 7.13 : Evaluate both sides of the Stoke's theorem for the field 
H -6xya, —3y? a, A/m and the rectangular path around the region, 2<x <5, -1 <y<1, 
z = 0. Let the positive direction of dS be à. 
Solution : According to Stoke's theorem, 
$H:dL- [(vxH)-as 
L 


S 
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Let us evaluate left hand sidc. The integral to bc evaluated on a perimeter of a closed 
path shown in the Fig. 7.39. The direction is a-b-c-d-a such that normal to it is positive à, 
according to right hand rule. 


Now y = - 1 for path ab, J H-dL = 63(-1)=-63 
ab 


Similarly f H-dL 
be 


1 AM e 
J -3y? dy= žy --[r?], =-fl-(-1)] = - 2 


yz-i 


z x? z 6 
I 6 xy asfi] (y — [4—25] =~ 63y 
5 


x25 


But y = 1 for path cd hence J HedL = - 63 
cd 


-1 
J -3y! dy -- b? E! =- 170 2012-3 -1]=+2 
y 


-63-2-6342--126 A 


Now evaluate right hand side. 
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a, a, a, 
uu ð ð ð 
6xy -3y? 0 


a, [0-0] «a, [0-0] «a, [0—6x] a, 2—6xa, 
J (VxR)-dS = J (-6xa,)- (dxdya,) 
S s 


dS = dxdyaà, normal to direction a, 


J (vxn)-as = j f -xax ay =-6] >] 2 
2 


S y=-l x-3 
z -$ [25-4] [1-(-1)]=-3x21x2=- 126 A 


Thus both the sides are same, hence Stoke's theorem is verified. 


7.12 Magnetic Flux and Flux Density 


The magnetic flux density B is analogous to the electric flux density D. The relation 
between B and H is already mentioned, which is through the property of medium called 
permeability u. The relation is given by, 


-0 
For the free space, p =po =4nx107 H/m hence, 
B = poH for free space .- (2) 


The magnetic flux density has units Wb/m? and hence it can be defined as the flux in 
webers passing through unit area in a plane at right angles to the direction flux. 


If the flux passing through the unit area is not exactly at right angles to the planc 
consisting the area but making some angle with the plane then the flux $ crossing the area 
is given by, 


> = J B*dS  wcbers (Wb) -. (3) 


wherc 9 = Magnetic flux in webers 


Magnetic flux density in Wb/ m? or Tesla (T) 
dS = Open surface through which flux is passing. 


Now consider a closed surface which is defining a certain volume. The magnetic flux 
lines are always exist in the form of closed loop. Thus for a closed surface the number of 
magnetic flux lines entering must be equal to the number of magnetic flux lines leaving. 
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The single magnetic pole can not exists like a single isolated electric charge. No magnetic 
flux can reside in a closed surface. Hence the integral B-dS evaluated over a closed 
surface is always zero. 


feus = 0 E (4) 


This is called law of conservation of magnetic flux or Gauss's law in integral form 
for magnetic fields. 


Applying divergence theorem to equation (4), 
f$ BedS = | V-Bdv=0 .. (5) 
S 


where dv = Volume enclosed by the closed surface. 


But as dv is not zero, we can write, 


The divergence of magnetic flux density is always zero. This is called Gauss's law in 
differential form for magnetic fields. This is another Maxwell's equation. 


7.12.1 Maxwell's Equations for Static Electromagnetic Fields 
Let us summarize the Maxwell's equations for static electric and magnetic fields. 


Maxwell's equations in differential or point form 


Gauss's law 


Conservation of electric field 


Ampere's circuital law 


Single magnetic pole can not exist i.e. 
conservation of magnetic flux 


Table 7.1 
The Maxwell's equations in integral form can be summarized as, 


Table 7.2 
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7.12.2 Application of Flux Density and Flux to Co-axial Cable 


Let us obtain the flux between the conductors of a co-axial cable using the concepts of 
flux density and the flux. 


The co-axial cable is shown in the Fig. 7.40, such that its axis is along the z-axis. 


I -7 
Se 
r 
I 
(a) Co-axlal cable (b) Cross-sectional view 
Fig. 7.40 


The radius of the inner conductor is 'a' while the inner radius of the outer conductor is 
'b'. It carries a direct current I which is uniformly distributed in the inner conductor. The 
outer conductor carries same current I in opposite direction to that carried by the inner 
conductor. 


As derived in the section 7.9.2, H in the region a « r « b is given by, 


P I 
H = 577 3e A/m  .a«r«b 


We are interested in the flux in the region a « r « b. The cable is filled with the air as 
dielectric with p zu ,. 
EA Hel Wb/m?^  .a«r«b 
Let d be the length of the conductors. The magnetic flux contained between the 


conductors in a length d is the magnetic flux crossing the radial plane from r = a to r = b 
and for z = 0 to z = d. 


The magnetic is given by, 
d= f Beds 
S 
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The dS normal to the 4, direction is dr dz. 
dS = drdza, 


meh ae Bol. " 
> = jhe =f 25, ae dr dz dy 


4 b 
" Hol Ho 
* INI Far dr dz = hor [28 [mr] ~ [E-m 
= pold [In b-In a] 
_ Hold , fb 
Liu 2n mfe] We 
mab Example 7.14 : A radial field, i1 = 2:39%10" cos 67 A/m exists in free space. Find the 


magnetic flux crossing the surface defined s 0<o<n/4 and 0 xz <1 m. 


Solution : The portion of the cylinder is shown in the Fig. 7.41. The flux crossing the 
given surfacc is given by, 


dS normal to a, direction is, 
dS = r dé dz à, 
“$= [ no H-dS ~B =u H 
S 


6 
-Hpg joe cos Qa, *rdódza, 


S 
ma 
Ho j f 2.39x 10° cos odo dz 
2=00=0 


= 239 x 105, [sin 6] 5^. [z]) 


Fig. 7.41 


$ = 239x105x4nx107x [sin -sin o] [1-0] 


2.1236 Wb 
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mab Example 7.15 : In cylindrical co-ordinates B-(2.0/r)a, Tesla. Determine the magnetic 
flux 6 crossing the plane surface defined by 0.5 <r < 2.5 m and 0 Sz <2m. 


Solution : The surface is shown in the Fig. 7.42. 
The flux crossing the surface is given by, 


9 = [ BedS 
s 
The dS normal to à, direction is dr dz. 
2220 -. dS = dr dz à, 
o = f 29a, - raza, 
S 
Ones 2 
uc - | | See 
2= 06205 
Oin 8, direction = 2.0 [In ri: [215 


= 2.0 [In 2.5 - In 0.5] [2 - 0] 


Fig. 7.42 
= 6.4377 Wb 


mwa Example 7.16 : Find the flux passing the portion of the plane o=n/4 defined by 
0.01 < r < 0.05m and 0<z<2m. A current filament of 2.5 A is along the z-axis in the a, 
direction, in free space. 

Solution : The arrangement is shown in the Fig. 7.43. 


Due to current carrying conductor 
in free space along z-axis, H is given 


by, 
= I - 
H = zzy ag 
-25 x 
2nr ° 
EM Alm 
-7 
B z uo H = 471x107’ x 0.3978 à, 


r 


o= nA 
plane 
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The flux crossing the surface is given by, 


> = J Beds 
S 
Now dS = drdza, normaltoa, direction 
2 0.05 =% 
o= | | Pa, -ardza, 
z=0r=001 


2 005 E : 
= f [ 5x10 dr dz = 5x107 [In ro [z]2 


z=0r=0.01 


= 5x107 In Ea [2] = 1.6094 u Wb 


7.13 Magnetic Scalar and Vector Potentials 


In electrostatics, it is seen that there exists a scalar electric potential V which is related 
to the electric field intensity E as E= -VV. 
Is there any scalar potential in magnetostatics related to magnetic field intensity H ? 
In case of magnetic fields there are two types of potentials which can be defined : 
1. The scalar magnetic potential denoted as Vm- 
2. The vector magnetic potential denoted as A. 
To define scalar and vector magnetic potentials, let us use two vector identities which 
are listed as the properties of curl, earlier. 
VxVV - 0, V = Scalar - (1) 
Ve(VxA) = 0, A = Vector -. (2) 
Every Scalar V and Vector A must satisfy these identities. 


7.13.1 Scalar Magnetic Potential 
If V,, is the scalar magnetic potential then it must satisfy the equation (1), 


VxVV, = 0 ~ (3) 
But the scalar magnetic potential is related to the magnetic field intensity H as, 
H = -VV,, -. (4) 
Using in equation (3), 
Vx(-H) - 0 ie VxH=0 -. (5) 
But VxH = J ie. J=0 -. (6) 
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Thus scalar magnetic potential V,, can be defined for source free region where J ie. 

current density is zero. 
H = -V Va only for J = 0 (7) 


Similar to the relation between E and electric scalar potential, magnetic scalar potential 
can be expressed interms of H as, 


7.13.2 Laplace's Equation for Scalar Magnetic Potential 
It is known that as monopole of magnetic field is non existing, 


fB-dS = 0 . (8) 

Using Divergence theorem, 
$B- dS = f v: Bav =0 -. (9) 

vol 
V*B-0 ... (10) 
V e(o) = 0 but puo #0 --- (11) 
VeH = 0 -.. (12) 

V*(-VV,) = 0 ..using H--VV, 

v7v,, = 0 fo J=0 -. (13) 


This is Laplace's equation for scalar magnetic potential. This is similar to the Laplace's 
equation for scalar electric potential V ?V = 0. 


7.13.3 Vector Magnetic Potential 


The vector magnetic potential is denoted as A and measured in Wb/m. It has to 
satisfy equation (2) that divergence of a curl of a vector is always zero. 


V*(VxA) = 0 .. A = Vector magnetic potential 
But V-B = 0 ... From equation (10) 


Thus curl of vector magnetic potential is the flux density. 


Now VxH = J 
B . E " 
Vx— = . B = H 
Ho J Ho 
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VxB = uoj .. B = VxA 
VxVxA = HoJ -.. (15) 


Using vector identity to express left hand side we can write, 
V(V* A)-V?À = ny 


;.2 «11 XXX 
= NEC V V = VIV ° -V “A vee 
J = u[vxvxA]- - [v A-VA] 16) 


Thus if vector magnetic potential is known then current density J can be obtained. For 
defining A the current density need not be zero. 


7.13.4 Poisson's Equation for Magnetic Field 
In a vector algebra, a vector can be fully defined if its curl and divergence are defined. 
For a vector magnetic potential A, its curl is defined as V x A = B which is known. 


But to completely define A its divergence must be known. Assume that V * A, the 
divergence of A is zero. This is consistent with some other conditions to be studicd later in 
time varying magnetic fields. Using in equation (16), 


Yo D wg 
Ys [v^ M 


This is the Poisson's equation for magnetostatic fields. 


7.13.5 A due to Differential Current Element 


Consider the differential element di carrying current I. Then according to Biot-Savart 
law the vector magnetic potential À at a distance R from the differential current element is 
given by, 


a" dL 
A= § pe Wb/m ... (18) 


For the distributed current sources, IdL can be replaced by K dS where K is surface 
current density. 


(19 
( ) 


The line integral becomes a surface integral. If the volume current density j is given in 
A/m? then I dL can be replaced by J dv where dv is differential volume element. 


... (20) 
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It can be noted that, 
1. The zero reference for A is at infinity. 


Magnetostatics 


2. No finite current can produce the contributions as R — e». 


mæ Example 7.17 : In cylindrical co-ordinates 


A -50r? 


crossing the surface 0 <r <1, 0<O<2n and z = 0. 


Solution : 


Vector magnetic potential, A =50 r? 3, Wb/m 


Now, B - VxA 
_ |! 9A, 9A, = 9A, OA, x +1 1f XrAg) _ 9A, 
= iz 00 óz|''|oz or|*"r| or oo 
Now A,=0, A,-20, A, =50r? 
a 1 060r?) |]. o(50 r?) E 
s - [RA [o sl it as 
B - -100ra, Wb/m* 
H = B M A/m 
Ho Ho 
Now J = VxH 
HOHE ee, Tela 
Ho 
a _100r a | 
Ez Hu = - 1 | Ho SS 
VxH = |0- x a, «[0-0]a, +— 3 1-0/8, 
1f 100 - 200 _ 3 
= [0-0]a, +0 a, +-|-—- | [2 = ———8, À/m^ 
lo-oja, «oa, «| |a a, =a, A/ 
; 200 
J= m” 
) Ere 4 
Now I = IEEE where dS = r dr doa, 


i f a, erdr 


6-0r-0 
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Tf -22 rar de 


o=0r-0 


doa, = 


a, Wh/m is a vector magnetic 
potential, in a certain region of free space. Find, H, B,] and using J find total current I 


E 
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200[r? T | ios mn] 
= -—|-—— = ——]= [20 
Ho BE us 12)" 
= -500x10* A 


So current is 500 MA and negative sign indicates the direction of current. 


Examples with Solutions 


m» Example 7.18 : Find out the magnetic vector potential in the vicinity of a very long 
straight wire carrying a current 1. Hence find magnetic field density and magnetic field 
strength. [UPTU : 2002-03, 10 Marks] 

Solution : Consider an infinitely long filament carrying direct current I placed along 

z-axis as shown in the Fig. 7.44. 


Fig. 7.44 
The magnetic field intensity due to such filament is given by, 
I «= 


H ay 


= Jnr 
If it is placed in free space, B- ui, H 
B Mol - 


= L0. a 
2nr '? 


Assuming cylindrical co-ordinate system, 


B = VxA 
Hd . [19A, 9A, 9A, 9A,]. .1[«XrA) OA, l 
2nr 97 E zi 92 OF I2 4 ór oo |°? 
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_ He ð = Hoy 1 
- On 3 n(0] a 


el 
Ii 
4 
x 
> 


zi 
T 


a, ... Magnetic field strength 


p. Example 7.19 : A flat perfectly conducting surface in xy plane is situated in a magnetic 
field, 
H = 3cos xai, +z cos xii, A/m for zz0 
-0forz«0 
Find the current density on the conductor surface. 
Solution : From the point form of Ampere's circuit law, 
VxH = J= current density 


pa} 
LI 


x y z 
= à à 9|. s 
j = Jx Dy 3z in cartesian form 
H, H, H, 
.[?H, 9?H,|. fH, 2H,]. |9H, oH, 
~ [oy oz oz Ox T3 Jy 
From H, Hy, = 3cosx, H, = z cos x, H, = 0 
js dz cos x|- [23sx olz ðz cosx O3cos x]. 
= iaz |a az y ^ 8X Oy az 
= -cos xa, +0ā, +0a, = —cos xa, A/m? ? 
Thus, J = -cos xa, A/m? .. For zz 
= 0 Alm ... For z <0 


nab Example 7.20 : A current sheet K = 10 a, A/m lies in the x = 4 m plane and a second 
«  ShetK- -8a, A/m is at x = —5 m plane. Find H in all the regions. 
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ma Example 7.21 : A circular conductor of 1 cm radius has an internal magnetic field given 
by 


H = zs sinar- cosar a, A/m 
ria a 


T 


Where a = — 
2ro 


and ro = radius of conductor. 


Calculate the total current through the conductor. 


Solution : Consider the conductor as shown in the Fig. 7.46 along z-axis. Consider a 
closed path of radius r. The current enclosed by the path is part of the total current. The 
total current I is uniformly distributed in area nr while the closed path encloses the area 


TE xr? Ir? 
P ES . r 
Now H, = d sin ar—— cos ar] 
Tla a 


dL = rdq ina, direction 


According to Ampere's circuit law, 


$ü-aL = Io 
2n 2 
J Hy rdo = ie 
@=0 To 
2 
2H, r = — 
ro 
Ir? Ir 
Hy 2 27 2 
Trrg 2mnrj 
1[1 . r Ir 
-|-zSsinar-—cosar| = ; 
rla a 2nr$j 
x i 
But a = 2n ove given 


21 2ro 


1 1. sin =] IX cos nr Ir 
d] 2 ro (= 2 1g 2nrg 
But if the closed path selected, has to enclose the total current I, then r = r,. 
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dut. M ut oct. 
wif 2, 2| 2x5 
(5) x) 
Now cos; =0 and rg =1 cm =1x10 m 
1 33. I 
gor [4092x105] = saz 


I = 2nx4.052x10> =2.5464x10 A 


næ Example 7.22 : if a particular field is given by, 

F =(x+2y+a2)a, 4(bx -3y—2)8, +(4x+cy+22)4, 

then find the constants a, b and c such that the field is irrotational. 
Solution : 


Key Point: The vector field is irrotational if its curl is zero. 


VxF = 0 ... For F to be irrotational 


Now VxF 


gr, oF, JE, OF, E, OF 


oy Oz oz Oz dx dy 


And F, =x+2y+az, E -bx-3y-z, F, =4x+cy+2z 


oF, oF, : 

By Oz =c-1=0 ie.c-1 
oF OF, — "n : B 
POE x a-4z0 ie.a-4 
oF, Ə, í 

dx dy = b-2=0 ie. b = 2 


Thus a = 4, b= 2 and c = 1 to have F irrotational. 
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ON -3 
-3 
while H, = xa o A/m 


So atr = 1.5 cm, 


H = 


Xu 14x10% _ "a 
H, +H, = Tsxio* =0.933 LP A/m 


At r = 2.5 cm, second sheet also gets enclosed for which, 


K, = 
fueris 


enc 


-250x107 4, A/m 
K, x 2nr, =—250x 107 x 2nx 2x10 .. T2 = 2 cm for sheet 
— 0.03141 A . 


According to Ampere's circuital law, 


$ H-*dL = 


2n 
Í Hy r dọ = 
o=0 


H, = 
Hs = 


So at r = 2.5 cm, 


enc 


Lone 


036a, A/m 


mm Example 7.26 : Evaluate both sides of Stoke's theorem for the field H =10sinOa, and the 
surface r = 3, 050590°, 0<50590° Let the surface have the à, direction. 


Solution : According to Stoke's theorem, 


$ H-dL = $ (VxH)-d5 
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In spherical system, 

dL = dra, +r d@aq +r sin 0d$ a, 

The closed path forming its perimeter $09 
is composed of three circular arcs. The "EN 
first path 1 is r = 3, $20, 0«0«90? as z dL- dea, 
shown in the Fig. 7.47. The second path 2 rd6a, i 
is r = 3, 0=90°, 056390? while the path ! 
3is r= 3, ġ=90% 0<0<90°. For all the — | | e0772 = 
three arcs r= 3m. 

Let us evaluate $ H*dL over these Pd 
three paths. x 

` ¢ = 90? 


Path3 $- 90? 


< $ H-db- f Hardo+ f Her sinddg+ f Herdo 
Path Path2 Path 3 
Now, H, =0, H,-0, H, -10sin 0 ... Given H 
Thus only second line integral cxists. 


ni2 
J 10sin Orsin 0do=10r sin? 6 [9] ^ ... Path 2 
$-0 


$ H-dL 


10x 3x[sin 90* x5 .. r = 3 m, 60290? for path 2 


47.1238 A 
Now evaluate second side of Stoke's theorem. 
V x H in spherical co-ordinates is, 

201 E H, sin e | 1 83H, 2 ors 


20 39 +T 
zi 9(rH,) ə se 


r 


or 00 


^ rsinO sn® 06. or |° 


As H, =0, H, =0, H, -10sin0 


u. 1 dsin?6 |- 1f, 9(rl0sn8]. 1 E 
VxH = ese [i05 Sos. 1 ]o-2 6522 4o +—[0-0}a, 
= — [tox 2sin 6coso]a, +} [-10sin o]a 
rsinĝ r'r i 
oci. sinapa -S sins 
rsin@ r 
while dS = r? sind dda, .. as given in à, direction 
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(VxH)-d$ = > sin20 r? sino dodo PEERS 
r sin E UE 
n/2 n/2 


f (V x H)-4$ f f 10 rsin 20 de dọ 
S $-0 6=0 


-cos 207"? 
= orf 2 | C 
0 


mn 


2 2 


= 10x] 2 


1. 1j x 
= 10x 3x{ 5+5 bez = 47-1238 A 


„r=3m 


.. Thus Stoke's theorem is verified. 


ma Example 7.27 : A conductor in the form of regular polygon of 'n' sides inscribed in a 


circle of radius R. Show that the expression for magnetic flux density is B akon! tan É 


the centre, where I is the current. Show also when 'n' is indefinitely increased then the 


expression reduces to pater 


Solution : Consider a polygon of n sides inscribed in a circle of radius R, as shown in 


the Fig. 7.48. It carries a current I. 


n sided 


Fig. 7.48 


Let the polygon is placed in the xy plane. Consider the side AB of polygon. The angle 
subtended by cach side at the centre is say 6. The PM is perpendicular to AB. Thus 


Z BPM = Z AMP = 2. 
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Now as the sides are n, the angle 0 can be written as, 
e- 2nradians _ 360° .Q) 
n n 


Using the formula for H due to finite length conductor, [Hael at centre P is given by, 


z I p : 
[Essl = du [sin a, -sin o, | -. (3) 
where a, = -$ as point A is below P 
e : z 
@, = 5 as point B is above P 
jo m e 
[Enel = i [sin 160 -sin 10 j -.. Sin (-0) =—sin 8 
Ii I x I 
[Fag Saar LER z) “Tn 28 h 
I. x 
= Zar sin A ove (4) 
Now r = I (MP) = Perpendicular distance of P from AB 


= R cos 5 = R cos( =) 
2 n 


[Hel = : x sin 
2nRcos— n 
n 
= dan 
|. 2nR n 
But there arc n such sides hence, 
= _ I xn |4nl x 
Hoal = nkara = mR" R 


As the polygon is in free space, [B| -Ho [Hi P 


ww. (5) 


-. (6) 


- (7) 


.. Proved 
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(a) Finite length, 0 varies from 62 to 0, (b) Very long solenoid, 0 varies from 0 to x 
Fig. 7.50 
Now | ari] due to circular conductor, at a point P which is at a distance z from the 
conductor on the axis is given by, 


2 
[an - IT -.. Refer equation (7) of section (7.7) 
2(a tz ) 


Radius of the solenoid 


where 


-Z v 


I Current in the turns N/1 


Hence total H at a point P on axis can be obtained by summing H due to all such 
elementary rings spreaded from one end of solenoid to other. i.e. within the 0 from 0, to 


02- 
From the geometry of the Fig. 7.50 


tan = = Le. z = a cot @ 
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o tie 


69 
_ = l 
H| = dH[- 
| | JI | J 2(a? +a? cot? 0)°7 
Now dz = a(- cosec? 9) de eT cot 0 -- cosec?0 
_ 6 La? Na (- cosec? e) do 
|R| = fi I .. 1+ cot? 0 cosec?ü 


à 2a? (a +cot? e) 


[7] 
NI : 
de - zl] —sin 0 d0 


= -M Ecos of? = A [co50, -cos6,] 
[Hi] = P [ cos 0, -cos6,] AT/m 
The direction of H is to be obtained using right hand thumb rule. 
|B] = u[R|- ET. [coso; ~coso, | Wb/m? 


If the solenoid is having large length then 6, «180? and 0, =0°. 


^ NI 
" [HI = FL cos0°-cos(180°)]= 5 (2) 
= NI ATIm 


Review Questions 


. State and explain Biot-Savart law. 

How Biot-Savart law can be applied to the distributed forces ? 

. Using Biot-Savart law, find ll due to infinitely long straight conductor. 

. Using Biot-Savart law, find H due to conductor of finite length. 

. Using Biot-Savart law, find Il at the centre of a circular conductor. 

. Using Biot-Savart law, find H on axis of circular loop." 

. State and explain Ampere's circuital law. 

. Using Ampere's circuital law, find H due to infinitely long straight conductor. 
. Using Ampere's circuital law, find H due to a co-axial cable carrying current I. 
. Using Ampere's circuital law, find H due to infinite sheet of current. 

. Derive the expression for a curl, applying Ampere's circuital law to an incremental surface 
element. 


1 
2. 
3 
4 
5. 
6 
7. 
8 
9. 


bi bab 
m S 
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. State the point form of Ampere's circuital law and explain it. 

. Explain the physical significance of a curl. 

. State and prove the Stoke's theorem. 

. State the relation between magnetic flux and flux density. Also explain Gauss's law in integral and 
differential form for the magnetic fields. 

. Derive the expression for the flux in a co-axial cable. 

. Explain the concept of scalar and vector magnetic potentials. 

. Derive the Laplace's and Poisson's equations for the magnetic ficlds. 

. Find the field intensity at a point on the axis, 5 m from the centre of a circular loop carrying 
current of 50 A with area 100 cm? [Ans. 6.36 x10 * a, A/m] 

. The conducting triangular loop is shown in the Fig. 7.51, carries a current of 10 A. Find H at 
(0, 0, 6) due to side 1 of the loop. [Ans. : — 49.257 a, mA/m] 


. A circuit carrying a direct current of 5 A forms a regular hexagon inscribed in a circle of radius 
1 m. Calculate the magnetic flux density at the centre of the hexagon. Assume the medium to be 
the free space. [Ans. : 3.4644 a, nWb/m?] 

- A circular loop located on x^ + y^ =9, z = O carries a direct current of 10 A along 4,. Determine 
H at point (0, 0, 5) and (0, 0, — 5). [Ans. : 0.227 a, for both] 

. The magnetic field intensity H is given by, 

H =-y(x?+y)a, +x(x?+y?)a, A/m in z = 0 plane 
for -5 <x S5 and -5 Sy S5 m. Calculate the current passing through the z = O plane in the a, 
direction inside the rectangle — 1 < x < 1 and -2 < y <2. [Ans. : 53.33 AJ 


. A current carrying conductor is in the form x? + y? =r? at z = 0 plane carrying current I in &, 
direction. Find the expression for H at 
a) (00,0 6)(0,0,h) c) (0, 0,- h) 
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25. Find the flux crossing the plane surface defined by 0.5 <r <2 mand0<z<3 m if 


Bfm |r 


[Ans. : 16.64 Wb] 

. The planes z = 0 and z = 6 rry current K =-204, A/m and K = 20%, A/m respectively. 
Determine H at 4) (1, 1, 1) b) (0, - 3, 10). [Ans.:20 a,, 0 A/m] 

. Evaluate both sides of the Stoke's theorem for the field H = 6 xy à, — 3y^n, A/m and the 
rectangular path around the strip, 1 «x $3, —2<y<z, z — 0. Let the positive direction of dS 
be a,. [Ans. : - 96 A] 

. Given the vector magnetic potential as, 

r? 


A= --g A. Wh/m in cylindrical system. 


Calculate the flux crossing the surface 05 1srs2m,0szs5m. [Ans. : 3.75 Wb] 


. If the vector magnetic potential is given by, 


a a, Find B. 


O° (gy) 


20 
2 


[Ans. : 


n T (za,-ya,) Wb/m?] 


. f A «r$z 2, calculate curl of A at the point (2, 30°, 3). [Ans.: 3a, — 15713,] 
ss Li 9 


. Find J at (3, 2, 1) if H = xyza,+ xyz a, Afm. lAns.:-63, + 63, - à, A/m!] 
. The H = 0.1 y^ a, + 04xa, A/m in a region. Determine the current flow through the path a-b-c-d 

when a (5, 4, 1), b (5, 6, 1), c (0, 6, 1) and d (0, 4, 1). [Ans. : - 75 A] 
. Find H at the centre of a square loop of side 'L' in xy plane at the origin as centre, carrying 


current I. [Hint : Refer Ex. 7.3] [Ans. 991 a] 
STO: 


. Evaluate both sides of the Stoke's theorem for the portion of a sphere specified by 
r=4,0<0<0.1n, 0550.31. Given that the field H is, 


H =6rsinoa, +18rsinOcosoa, A/m. ` 
Assume dS in the direction of a. 


[Hint : Refer Ex. 7.26 ] [Ans. : 222 A] 


University Questions 


1. What is Stokes' theorem ? State and prove it. (UPTU : 2002-03, 5 Marks] 
. How is magnetic flux density related to the magnetic vector potential ? Find out the magnetic 


vector potential in the vicinity of a very long straight wire carrying a current I. Hence find the 
magnetic field strength. [UPTU: 2002-03, 10 Marks] 
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3. Verify that within a long conductor carrying a current L the magnetic field strength at a distance 
r from the center of the wire is gwen by 
Ir 
2nR? 
where R is the radius the wire. The current density is constant across the cross-section of the 
conductor. [UPTU: 2003-04(A), 10 Marks] 


. A current sheet with surface current density k is given by k = k-ii, Am 1 where k is a constant 


coincides with the xz plane as shown in Fig. 7.52. Find a general relation for flux density. 


y 


a b 


0000000000000000 


Fig. 7.52 


[UPTU : 2005-06, 10 Marks} 
- Define Biot Savart law and Ampere's law A long, straight conductor cross-section with radius ‘a’ 


Ir 


2na? 
(r « a). Find J in both the region. [UPTU : 2006-07, 10 Marks] 

. State and explain Ampere's circuital law in integral form. [UPTU : 2008-09, 4 Marks] 
7. Define and explain the terms magnetic force, magnetic flux density and magnetic permeability and 


the units in which each of these quantities is measured in the MKS unit. 
[UPTU : 2008-09, 10 Marks] 


has a magnetic field strength H -( 


F. with in the conductor (r <a) and H "(zs for 


BIEN 
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8.1 introduction 


In the last chapter, we have studied various basic concepts in magncetostatics. We have 
discussed Biot-Savart law, Ampere's circuital law and the concepts of magnetic flux, flux 
density, scalar and vector potentials. 


In this chapter, we shall study the magnetic forces. We shall discuss the concepts of 
the magnetic torque, magnetic dipole moment. We shall study the behaviour of different 
magnetic materials on thc basis of quantum theory and the magnetization along with the 
concept of permeability. Similar to the boundary conditions in electrostatic fields, we shall 
study the boundary conditions for the magnetostatic fields. Under the magnetic circuits, 
we shall discuss the similarities and dis-similarities between the electric and magnetic 
circuits. 


8.2 Force on a Moving Point Charge 


According to the discussion in the previous chapters, a static electric field E exerts a 
force on a static or moving charge Q. Thus according to Coulomb's law, the force Fe 
exerted on an electric charge can be obtained. The force is related to the electric field 


intensity E as, 
Fe=QEN (1) 


For a positive charge, the force exerted on it is in the direction of E. This force is also 
refered as electric force (F. ). 

Now consider that a charge is placed in a steady magnetic field. It experiences a force 
only if it is moving. Then a magnetic force (Fm) exerted on a charge Q, moving with a 
velocity 7 in a steady magnetic field B is given by, 


The magnitude of the magnetic force Fm is directly proportional to the magnitudes of 
Q, ï and B and also the sinc of the angle between v and B. The direction of Fm is 
perpendicular to the plane containing 7 and B both, as shown in the Fig. 8.1. 


(8 - 1) 
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Fn =A x B) 


Plane 
containing 
vand B 


a, : Normal to the plane 


Fig. 8.1 Magnetic force on a moving charge in magnetic field 


From equation (1) it is clear that the electric force F. is independent of the velocity of 
the moving charge. In other words, the electric force exerted on the moving charge by the 
electric field is independent of the direction in which the charge is moving. Thus the 
electric force performs work on the charge. On the other hand, the magnetic force Fm is 
dependent on the velocity of the moving charge. But Fm cannot perform work on a 
moving charge as it is at right angle to the direction of motion of charge. (F« dL - 0). 


The total force on a moving charge in the presence of both electric and magnetic fields 


is given by, 
F=Fe+ Fm 2Q(E«v XB) N -. (3) 


Above equation is called Lorentz Force Equation which relates mechanical force to the 
electrical force. If the mass of the charge is m, then we can write, 
do 


"dr =Q(E+ x B) N -- (4) 


F=ma=m 


neb Example 8.1 A point charge of Q = — 1.2 C has velocity 6 =(5a, +24, -3ā, ) m/s. Find 
the magnitude of the force exerted on the charge if, 
a) E = -18a, +54, —10ā, V/m, 
b) B= -44, +44, +34, T, 
c) Both are present simultaneous. 


Solution : a) The electric force exerted by E on charge Q is given by, 
Fe = Q E 


~ 1.2 [-18a, +54, -10a, ] 


21.64, -6a, «12a, N 
Thus the magnitude of the electric force is given by 


[Fel = (21.6)? +(-6)? +(12)? = 254275 N 
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b) The magnetic force exerted by B on charge Q is given by, 
= -12 [(5a, + 2a, -3a, )x(-42, +44, + 32,)] 


(763, -24a, +3.6a,)x(-4a, +43, +3 a,) 


y 


a, ay, a, 


-6 -24 3.6 
-4 4 3 


= [-72- 144] a, - [- 18 + 144] a, + [- 24 - 9.6] a, 
= (-2162, + 36a, -3363,)N 
Thus, the magnitude of the magnetic force is given by 


[Fm] = (- 21.6)? +(+ 3.6)? +(-33.6)? = 40.1058 N 


c) The total force exerted by both the fields (E and B) on a charge is given by, 
F = Fe +Fm - Q(E«vx B)=QE+Qo0xB 
[(21.6a,-6a, +124, )4(-216 2, + 3.62, - 33.62, )] 


(02, -24a, -2163,) N 


[i] 


Thus, the magnitude of the total force exerted is given by 


|F| = (0)? «(724 +(-21.6)? = 217329 N 


8.3 Force on a Differential Current Element 


The force exerted on a differential element of charge dO moving in a steady magnetic 
field is given by, 


dF = dOv xB N . (1) 


The current density J can be expressed interms of velocity of a volume charge density 
as, 


J p. - (2) 


But the differential element of charge can be expressed in terms of the volume charge 
density as, 


dQ = p, dv -. (3) 
Substituting value of dQ in equation (1), 
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dF = p, dvo x B 
Expressing dF interms of J using equation (2), we can write, 
dF = jx B dv .. (4) 


But we have already studied in previous chapters, the relationship between current 
element as, 


Jdv = KdS=Idi 


Then the force exerted on a surface current density is given by, 


dF = Kx B dS . (5) 
Similarly the force exerted on a differential current element is given by, 
dF = (IdLx B) ^. (6) 
Integrating equation (4) over a volume, the force is given by, 
F = f J x B dv - (7) 
vol 


Integrating equation (5) over cither open or closed surface, we get, 


F-[Kx B ds ... (8) 
S 


Similarly integrating equation (6) over a closed path, we get, 


If a conductor is straight and the field B is uniform along it, then integrating equation 
(6) we get simple expression for the force as, 


F-ILx B ww (10) 


The magnitude of the force is given by, 


F-ILB sin 0 w (11) 


Actually the magnctic field exerts a magnetic force on the electrons which constitutes 
the current L But these electrons are part of the conductor, this magnetic force gets 
transfered to the conductor lattice. Now this transfered force can perform work on a 
conductor as a whole. 


mab Example 8.2 : A conductor 6m long, lies along z-direction with a current of 2A in a, 
direction. Find the force experienced by conductor if B — 0.08 a, (T). 


Solution : A force exerted on current carrying conductor in a magnetic field is given by 
F = I dLxB 
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F = 2(6a,) X (0082,) 
12a, X 0.08 a, 
= 096 a, N 


"T "mi 
It 
9| 


Xa, =ay 


8.4 Force between Differential Current Elements 


While discussing the electrostatic fields, we have studied that a point charge exerts a 

force on another point charge, separated by 
distance R. If these charges are of same type 
(Le. both positive or negative), then they 
repel each other. But when two charges are ij I, l lb 

FF F F 

-—- a- _ — 

(a) (b) 


of different type (i.e. one positive and other 
negative), then they attract each other. 


Now consider that two current carrying 
conductors are placed parallel to each other. 
Each of this conductor produces its own flux Fig, 8.2 Force between two parallel 
around it. So when such two conductors are current carrying conductors 
placed closed to each other, there exists a 
force due to the interaction of two fluxes. The 
force between such parallel current carrying 
conductors depends on the directions of the 
two currents. If the directions of both the 
currents are same, then the conductors 
experience a force of attraction as shown in 
the Fig. 8.2 (a). And if the directions of two 
currents are opposite to each other, then the 
conductors experience a force of repulsion as 
shown in the Fig. 82 (b). 


Fig. 8.3 Force between two 
Let us now consider two current g current elements 


elements I, dL1 and I,dL2 as shown in the 
Fig. 8.3. Note that the directions of Ij, and I; are same. 


Both the current elements produce their own magnetic fields. As the currents are 
flowing in the same direction through the elements, the force d(dFi) exerted on element 
I,dla due to the magnetic field dB? produced by other element I,dL2 is the force of 
attraction. 

From the equation of force the force exerted on a differential current element is given 
by, 

d(dFi) = I,dIa xdBz . (1) 

According to Biot-Savart's law, the magnetic field produced by current element I,dL2 

is given by, for free space, 
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z = I,dL2 xà 
dB; = go dH» =p, |-2—— —— mo 
? Ho re | irR;, ) 
Substituting value of dBz in equation (1), we can write, 
= Hd x(L,dLz xa 
d(d&) = pu, hdl x(I,dL2 xaga ) . (3) 


4n RÀ, 


The equation (3) represents force between two current elements. It is very much 
similar to Coulomb's law. By integrating d(d F,) twice, the total force Fi on current 
element 1 due to current element 2 is given by, 
dia x(dL; Xana ) 

— Rh w- (4) 


Hac EE 


Lı L2 


Exactly following same steps, we can calculate the force F2 exerted on the current 
element 2 due to the magnetic field Bi produced by the current element 1. Thus, 


-. (5) 


Actually equation (5) is obtained from equation (4) by interchanging the subscripts 1 
and 2. By using back-cab rule for expanding vector triple product, we can show that 


Fo = -F |. (6 
Thus, above condition indicates that both the forces F1 and Fz obey Newton's third 
law that for every action there is equal and opposite reaction. 
For the two current carrying conductors of length / each, the force exerted is given by 


a ul, LI 


F = tnd - (7) 


where I, and [, are the currents flowing through conductor 1 and conductor 2 and d 
is the distance of separation between two conductors. 


If the two currents flow in same directions, the current carrying conductors attract 
each other. While if, the two currents flow in opposite direction to each other, the current 
carrying conductors repel each other. 


nab Example 8.3 : A current element, I, AL, =10~° a. A.m is located at P, (1,0,0) while a 
second element, 1, AL, = 10% (06a, -2 4, *3a,) Am is at P, (-1,0,0), both in free 
space. Find the vector force exerted on 1, ALz by 1, AL1. 


Solution : The magnetic field intensity at point P, due to I,AL1 can be obtained using 
Biot-Savart's law as follows. 
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For the side BC, the lever arm extends from origin to the midpoint of the side BC. 
Thus the lever arm for side BC is given by, 


_ 1 = 
R = 3 dx ax ...(6) 


Hence torque on side 2 is given by, 


dT; = Roxd F2 


Fx à.x1 dy [Bop ax -Box az] 


+ 5 dx dy IB, ay .-(7) 


For side CD, the torque contribution is exactly same as that by side AB. The torque on 
side 3 is given by, 
1 


dT; = “5 


dx dy 1B,, ax ...(8) 


Similarly for DA, the torque contribution is exactly same as that by side BC. The 
torque on side 4 is thus given by, 
1 


dT; = +5 


dx dy I Bo az ...(9) 


Hence the total torque is given by, 
dT = d Th «d T +d Ts +d T4 


- 1 - 1 - 1 = 
dT = (29 dy IB, ax pza dy I Box ay MEDALS ax } 


(#5 dx dy 1B ay | 


dT = -dxdylB,, ax * dx dy IB, ay 
dT = Idxdy (Box ay -Boy ax) 
dT = Idx dy [az x(B,, ax * By, ay * Bo, az)] 


dT = Idx dy (az x Bo) ...(10) 


We can modify above equation by replacing the product term ie. dx dy by vector area 
of the differential current loop i.e. dS. 


ET 


Above equation indicates that even though the total force exerted on the rectangular 
loop as a whole is zero, the torque exsists along the axis of rotation. i.e. in the z-direction. 
The expression is valid for all the flat loops of any arbitrary shape. 
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8.5.2 Magnetic Dipole Moment 

The magnetic dipole moment of a current loop is defined as the product of current 
through the loop and the area of the loop, directed normal to the current loop. From the 
definition it is clear that, the magnetic dipole moment is a vector quantity. It is denoted by 
m. The direction of the magnetic dipole moment m is given by the right hand thumb rule. 
The right hand thumb indicates the direction of the unit vector in which im is directed and 
the figures represents the current direction. The magnetic dipole moment is given by 


03 


In the previous section we have obtained the expression for the torque along the axis 
of rotation of a planar coil as, 


T = BIS(-a,) 


Using definition for the magnetic dipole moment, the torque can be expressed as, 


09 


Above expression is in general applicable in calculating the overall torque on a planar 
loop of any arbitrary shape. But the basic requirement is that the magnetic field must be 
uniform. The torque is always in the direction of axis of rotation. When the planar loop or 
coil is normal to the mangetic field, the sum of the forces on the planar loop as well as the 
torque will be zero. 


meb Example 8.4: A rectangular coil as shown in the Fig. 8.7 is in the magnetic field given 
B= 0.05 = y 
u 4 


Find the torque about z-axis when the coil is in the position shown and carries a current of 
5A. 


Fig. 8.7 


Solution : The magnetic dipole moment is given by, 


m = [Sap 
where S = Area of coil = (0.08) x (0.04) = 3.2 x 10? m? 
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The angular momentum of an clectron is called spin of the electron. As clectron is a 
charged particle, the spin of the electron produces magnetic dipole moment. In an atom 
with completely filled orbits the contribution in spin magnetic moment is zero. In other 
words, the spins of the electrons in incompletely filled shells contribute more in the 
resultant spin magnetic moment. 


Similar to the electro spin, the nuclear spin contributes to the magnetic moment called 
nuclear spin magnetic moment. The mass of the nucleus is much larger than an electron. 
Thus the dipole moments due to the nuclear spin are very small. The contribution of 
nuclear magnetic moment to the magnetic properties of materials is negligible. 


The total magnetic dipole moment of an atom can be calculated by summing up all the 
above mentioned magnetic dipole moments in appropriate manner. 


8.6.2 Classification of Magnetic Materials 


According to the previous discussion, it is clear that the characteristics of the magnetic 
materials are decided by the different components of moments and also their summations. 
On the basis of the magnetic behaviour, the magnentic materials are classified as 
diamagnetic, paramagnetic, ferromagnetic, antiferomagnetic, ferrimagnetic and 
supermagnentic. 

The magnetic materials in which the orbital magnetic moment and clectron spin 
magnetic moment cancel each other making net permanent magnetic moment of each atom 
zero are called diamagnetic materials. Thus with no external field, in diamagnetic 
materials the net torque produced on atom is zero with no effective realignment of 
magnetic moment. But an applied field makes spin moment slightly greater than that of 
orbital moment. This results in small magnetic moment which opposes the applied field. 
Hence when a diamagnetic material like bismuth is kept near either pole of a strong 
magnet gets repelled. Other examples of diamagnetic materials are lead, copper, silicon, 
diamond, graphite, sulphur, sodium chloride and inert gases. 


The magnetic materials in which the orbital and spin magnetic moments do not cancel 
each other resulting in a net magnetic moment of an atom are called paramagnetic 
materials. In the paramagnetic materials, atoms are oriented randomly. In the absence of 
an external field, the paramagnetic materials do not show any magnetic effect. But when 
an external field is applied, each atomic dipole moment experiences a torque. Due to this, 
all the atomic dipole moments tend to align with the external field. Thus inside material, 
value of the field increases than the value of the external field if the perfect alignment of 
the dipole moments is achieved. When the paramagnetic material is kept near the pole of a 
strong magnets, it gets attracted. The common examples of paramagnetic materials are 
potassium, tungston, oxygen, rare earth metals. 


The materials in which the atoms have large dipole moment due to electron spin 
magnetic moments are called ferromagnetic matcrials. In the ferromagnetic materials, the 
adjacent atoms line up their magnetic dipole moments in parallel fashion in the lattice. The 
regions in which large number of magnetic moments lined in parallel are called domains. 
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When an external field is applied, the domains increase their size increasing internal field 
to a high value. When the external field is removed, the original random alignment of 
dipole moments is not achieved. Some of the moments remain in a small region which 
results in residual field or remanant field. This effect is called hysteresis. Iron, nickel and 
cobalt are the examples of ferromagnetic materials. 


The behaviour of a ferromagnetic material can be represented interms of magnetic 
domains. A magnetic domain is a small region in which all the magnetic dipoles are 
perfectly alligned as shown in the Fig. 8.8. But the direction of allignment of the dipoles 
vary from domain to domain. Hence this virgin material is said to be in non-magnetized 
state. 


Magnetic 
domain 


Fig. 8.8 Random orientation of the magnetic dipoles in ferromagnetic material under 
nonmagnetized state 


When a current carrying wire is wound around the magnetic material, a magnetic field 
is produced. So when the magnetic material is placed in an external magnetic field, all the 
magnetic dipoles will try to allign in the direction of magnetic field. The domains in the 
material, which are already in the direction of magnetic field, grow in size at the cost of 
neighbouring domains. The remaining domains rotate their dipoles in the direction of 
magnetic field. Thus magnetic flux density within the magnetic material increases. 


Fig. 8.9 Magnetic flux due to current carrying coil 


Due to the current in wire, H is produced in material. The applied field H produces B 
field within the medium. The movement of the domain walls is reversible till the B field 
within medium is weak. 


When the current in wire is increased, the H field increases and B field becornes 
stronger and stronger. This is due to more number of magnetic dipoles align with the B 
field. Now if we measure B field, it is observed that initially B field increases slowly, then 
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it increases rapidly. Then again slowly B field increases and then it flattens off finally as 
shown in the Fig. 8.10 (a). 


H(A.Um) 


H 


m 


(a) Magnetization characteristics (b) Hysteresis loop 
of a ferromagnetic material 


Fig. 8.10 Magnetization characteristic and hysteresis loop of the ferromagnetic 
material 


The changes in B are due to the changes in M is magnetization. The flattened region 
indicate that almost all the magnetic dipoles are alligned themselves in the direction of B 
field. 


Now if we lower the H field by decreasing current in wire, the B field does not follow 
the same path but it slowly decreases as shown by the dashed path in the Fig. 8.10 (a). 
Thus it is clear that even though the H field becomes zero, there exists certain magnetic 
field density in material. So it is called residual flux density or remanent flux density. It 
is denoted by B,. The magnetic material which retains high residual fiux density is called 
hard magnetic material. 


When the direction of the current through wire is reversed, the flux density B becomes 
zero at a certain value of H in opposite direction. The value of H to make B zero is called 
coercive force denoted by H,. By increasing and decreasing H field in both the directions, 
we get a loop which is called hystersis loop. The area of this hysteresis loop determines 
the loss in the energy per cycle which is known as hysteresis loop. Thus to minimise the 
hysteresis loss, the area of the hysteresis loop should be small. That means the residual 
flux density of the material should be as small as possible. The material with small values 
of the residual flux density is called soft material. 


The materials in which the dipole moments of adjacent atoms line up in antiparallel 
fashion are called antiferromagnetic materials. The net magnetic moment in such materials 
is zero. Thus when a specimen of antiferromagnetic material is kept near a strong magnet 
gets neither attracted nor repelled. This property is observed in materials like many of the 
oxides, chlorides and sulphides at low termperatures. 
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Let the bound current I, flows through a closed path. Assume that this closed path 
encloses a differential area dS. Then the magnetic dipole moment is given by 


m = I,dS -. (1) 


Now consider a differential volume AV. Assume that there are n magnetic dipoles per 
unit volume. The total magnetic dipole moment can be obtained summing up all the 
individual magnetic dipole moment of each magnentic dipole. Note that, we must add all 
these moment vectorically. 

nav 


Mott = > m, . (2) 


azi 


The magnetization is defined as the magnetic dipole moment per unit volume. Its unit 
is A/m. 


n. (3) 


: Consider a differential volume Vv. When external field is not applied to the material, 
there is random orientation of the magnetic dipole moments as shown in the Fig. 8.12 (a). 
Thus the total sum of the magnetic dipole moments is zero. Thus the magnetization M is 
also zero. With the application of an external field B, the magnetic moments of electrons 
tend to aling with B on there own such that net magnetic moment is not equal to zero. 
Refer Fig. 8.12 (b). 


External 


magnet 
TD 
B 
Differential 
volume AV —e d 


B=0.M=0 r 
(a) (b) 


Fig. 8.12 Magnetic dipole moments in differential volume V v 
(a) with no external field (B = 0) (b) with external field applied. 


Let us consider alignment of a magnetic dipole along a closed path as shown in the 
Fig. 8.13. 
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B =) - 
I = —-M þdL . (8 
Fw) (&) 
Compare this equation with the expression of Ampere's circuital law given by, 
I-$H:aL 
We can write the relationship between B, H and M as, 


-M ~. (9) 


or [s = uo (H« M) | -.. (10) 


The relationship in equation (10) is true for all the materials irrespective of the nature 
of material whether it is linear or not. 


For linear, isotropic magnetic materials, 


The quantity Xm is dimentionless and is called magnetic susceptibility of the medium. 
Thus the magnetic susceptibility measures how susceptible the material is to a magnetic 
field. 


Substituting value of M, from equation (11), in equation (10), 
B = uo (H«x,H)-no(0*x4)H -. (12) 


But for any magnetic material we can write 


zi 
n 
Sw 


B = pH=po,H -.. (13) 


Comparing equations (12) and (13), the relative permeability can be expressed interms 
of magnetic susceptibility as 


u 
= (1 = 
BM, = (1+%m) T m. (14) 


In general u =p qt, is called permeability of a material. It is measured in henry/meter 
(H/m). But the relative permeability is a dimensionless quantity similar to the magnetic 
susceptibility. 

Consider again the expressions for the currents. These currents can be expressed 
interms of the current densities. Let J; be the total current density, J, be the bound 
current density and J be the free current density. Then we can write the expressions for 
currents as, 


I, = $J,°d8, 
S 
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c) n = 82x10? atoms/m* 

m = 5x107 A.m? 
The magnetization is given by, 

M = (n) (m) = (82x10) (5x1077) = 410 A/m 
The magnetic field intensity is given by, | 


M eu 2 14.1379 Alm 


HE H,-1 -1 


nab Example 8.6 : In certain region, the magnetic flux density in a magnetic material with 
Xm =6 is given as B 20.005 y? a, T. At y = 0.4 m, find the magnitude of ; 
(a) J (b) Jy and (0 Jr. 
Solution : a) J = VxH E 
But H = B B —— 
M Hole Ho (Xm *1) 


Putting value of H in equation (1) 


= B 1 S 
= V x— = —_____(V xB 
J Ho (Xm+1) Tears M ) 
a, a, a 
VxB = 2 3 Ej 
ox dy oz 
0.005y* 0 0 


[0-0]à, -[o-ġ00s5 y» iy uL -5, 0005 2] a, 


- (0.01 y) a, 

M M 
Ho(Xmt1) 

= -0.01y 

4x rx107 (641) 


[-0.01 ya,] 


|] 


Calculating value of J at y = 0.4 m. 


J = -454.7284 ā, A/m? 
The magnitude of J is 454.7284 A/m? 
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8.8 Magnetic Boundary Conditions 


The conditions of the magnetic field existing at the boundary of the two media when 
the magnetic field passes from one medium to other are called boundary conditions for 
magnetic fields or simply magnetic boundary conditions. When we consider magnetic 
boundary conditions, the conditions of B and H are studied at the boundary. The 
boundary between the two different magnetic materials is considered. To study conditions 
of B and H at the boundary, both the vectors are resolved into two components ; 


a) Tangential to boundary and 
b) Normal (perpendicular) to boundary. 


Consider a boundary between two isotropic, homogeneous linear materials with 
different permeabilities p; and p, as shown in the Fig. 8.14. To determine the boundary 
conditions, let us use the closed path and the Gaussian surface. 


Gaussian 
surface Hy 


Fig. 8.14 Boundary between two magnetic materials of different permeabilities 


8.8.1 Boundary Conditions for Normal Component 


To find the normal component of B, select a closed Gaussian surface in the form of a 
right circular cylinder as shown in the Fig. 8.14. Let the heizht of the cylinder be Ah and 
be placed in such a way that Ah/2 is in medium 1 and remaining Ah/2 is in medium 2. 
Also the axis of the cylinder is in the normal direction to the surface. 
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According to the Gauss's law for the magnetic field, 
$B:d$ = 0 . (1) 
S 


The surface integral must be cvaluated over three surfaces, (i) Top, (ii) Bottom and 
(iii) Lateral. 

Let the area of the top and bottom is same, equal to AS. 

TS $ B-dS+ $ BedS+ f BedS = 0 -. (2) 


top bottom lateral 


As we are very much intetrested in the boundary conditions, reduce Ah to zero. As 
Ah — 0, the cylinder tends to boundary and only top and bottom surfaces contribute in the 
surface integral. Thus surface integrals are calculated for top and bottom surfaces only. 
These surfaces are very small. Let the magnitude of normal component of B be By, and 
By, in medium 1 and medium 2 respectively. As both the surfaces are very small, we can 
assume By, and By, constant over their surfaces. Hence we can write, 


For top surfaces : 
$ B-aS 
Top 


By, $ dS =By, AS - (3) 
Top 


For bottom surface : 


$ BedS = By, $ dS=By,AS w (4) 


Bottom Bottom 


For lateral surface 
f BedS 


Lateral 


A 
e 


-. (5) 


Putting values of surface integrals in equation (2), we get 
By, 4S-By, 45 = 0 .. (6) 


Note that the negative sign is used for one of the surface integrals because normal 
component in medium 2 is entering the surface while in medium 1 the component is 
leaving the surface. Hence By, and By, are in opposite direction. 


From equation (6), we can write, 
By, 4S = By, AS 
i.e. By, = Bw, (7) 
Thus the normal component of B is continuous at the boundary. 
As the magnetic flux density and the magnetic field intensity are related by 
B = pH 
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Thus, equation (7) can be written as, 


HiHy, = njHy, 


-. (8) 


Hence the normal component of H is not continuous at the boundary. The field 
strengths in two media are inversely proportional to their relative permeabilities. 


8.8.2 Boundary Conditions for Tangential Component 


According to Ampere's circuital law, 


fuat = I .. (9) 


Consider a rectangular closed path abcda as shown in the Fig. 8.13. It is traced in 
clockwise direction as a-b-c-d-a. This closed path is placed in a plane normal to the 
boundary surface. Hence j H*dL can be divided into 6 parts. 


Hur.[menm.[men.[me.mer.[meat.]RHeat 21 a0 
a b 1 c d 2 


From the Fig. 8.14 it is clear that, the closed path is placed in such a way that its two 
sides a-b and e-d are parallel to the tangential direction to thc surface while the other two 
sides are normal to the surface at the boundary. This closed path is placed in such a way 
that half of its portion is in medium 1 and the remaining is in medium 2. The rectangular 
path is an elementary rectangular path with elementary height Ah and elementary width 
Aw. Thus over small width Aw, H can be assume constant say Hm in medium 1 and 


Hum in medium 2. Similarly over a small height ==, H can be assumed constant say Hy, 


2 , 
in medium 1 and Hy; in medium 2. Now assume that K is the surface current normal to 
the path. Also from the Fig. 8.14 it is clear that the normal and tangential components in 
medium 1 and medium 2 are in opposite direction. Thus equation (10) can be written as, 


Kedw = Hum (Av) Ha (A a| F Halaw) 
Ah Ah 
-H2 (7 ps (2) nee (11) 
To get conditions at boundary, Ah — 0. Thus, 
K«dw = Han (Aw)- Hug (Aw) 
Hen -Han = K -.. (12) 


In vector form, we can express above relation by a cross product as 
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Hanm -Hean = An, XK . (13) 


where ay, is the unit vector in the direction normal at the boundary from medium 1 
to medium 2. 
For B, the tangential components can be related with permeabilities of two media 
using cquation (12), 
Brant _ Bun =K -.. (14) 
Hy H2 
Consider a special case that the boundary is frec of current. In other words, media are 
not conductors; so K = 0. Then equation (12) becomes 


Hag -Haw = 0 


or Hun = H an a.. (15) 
For tangential components of B we can write, 
Brant a Binz = 0 
Hy H2 
Brant = Piano 
Hy H2 
Bini ES Hi Un 
Ban — H2 Hg (16) 


From equations (15) and (16) it is clear 
that tangential component of H are 
continuous, while tangential component of B 
are discontinuous at the boundary, with the 
condition that the boundary is current free. 


Let the fields make angles o, and c, 
with the normal to the interface as shown in 
the Fig. 8.15. 


Interms of angle a, and 05, we can write 
relationship between normal components and 
tangential components of B. 


Fig. 8.15 Component of B at boundary 


In medium 1, 

tang, = = .. (17) 
Similarly in medium 2, 

tano; = ae -. (18) 
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Dividing equation (17) by equation (18) 
tang, — Bun f Bu 
tana, By, Bua 
As we know, By, - By, 
tanai — Bin ug 
tan Qe 7 Beant Ha x (19) 


Consider an interface between air (medium 1) and soft iron (medium 2) For air, 
H =1. For soft iron, let y, =7000. Then 


Bunt tan à 1 


If œz =85°, then a, =0.093° and Bun =0. 


Thus practically when fields cross a medium of high p, to lowu,, then the magnetic 
ficlds B and H are always perpendicular to the boundary. 


mab Example 8.7 : In region 1, as shown in the Fig. 8.16. 


z 


B; . H, 


Medium 2 
Hy 7 1 
Boundary 


Medium 1 


B,. F pi eu 


Fig. 8.16 


B, =1.24, +0.83, «042, T 


4 Determine B, and H, in other medium and also calculate the angles made by the fields 
witk the normal. 


Solution : Assume that the boundary is current free. 


In medium 1, 


E 15 


Bi B B zd 1.24, *0.8a, +0.4a, 
Hı Holl Ho 
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fh = M [0.082, «0.05332, +0.0266a, ] A/m wa (1) 

0 


As per the boundary shown in the Fig. 8.16, x and y are tangential, while z component 
is normal So according to the boundary conditions for current free boundary, the 
tangential component for Hi and Hz remain same. The normal component can be 
calculated as 


Hm o2 Ho 


Hi; Hn, 


Hy = ra Hm i 
r2 


From equation (1), the normal component i.e. component in z-direction is 


Hy, = 0.0266 


Hy 


= (0.0266) 20.399 =0.4 A/m 2 


Hence in medium 2, 


Aan x = Huna 3 0.08, 
Huny = Huy M => 0.0533, 
Hy, = 04 
A 1 a = a 
Ho = 7 [0.08 a, +0.0533 a, +0.4 ā, ] A/m -. (3) 


Then the magnetic flux density in medium 2 is given by 


B; = u: A, =the) Hs 
B, = no |. (0083, *00533a, «04a, )| 
0 B 
B, = 008 a, «005332, 404a, T .. (4) 


As z-direction is perpendicular to boundary, in medium 1, we can write, 
Bisa, = |B: [ES [cos o 
<. (12a, +0.8a, +0.43, Jra: = 4:2)? +(0.8)? - (0.4? (1) (cos a) 


0.4 


(1.4966) (cosa) PENEFMEEFNEFI 


a, = 7449 


Similarly in medium 2, 
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24 


cosa, = 5.6814) =0.483 


en Q4 = 61.12° 
Thus the angle made by B1 with tangent to the interface is given by, 
0, = 90?-o, -90?—61.12?— 28.88? 


The angle made by Bz with normal i.c. à, is given by, 


| B: | |a, | cosa, 


J (22)? +(24)? (1) cosa, 


B2°a, 


(22a, *24a,)-a, 


24 
cos Q4, = 25576) 0771 
a, = 4251? 


Thus the angle made by Bz with tangent to the interface is given by 
0, = 90°, =90°-42.51°=47.49° 


tanO, _ tan (28.88°) 0.5515 


ian, ^ tan(4749?) 1.0909 jac sla 


8.9 Magnetic Circuits 


In general, in magnetic circuits, we determine the magnetic fluxes and magnetic field 
intensities in various parts of the circuits. The magnetic circuits are analogous to the 
electric circuits. If we study this analogy between the electric and magnetic circuits, we can 
achieve simple techniques for analysis of the magnetic circuits. Also we can directly’ use 
the concepts of the electric circuits in solving the magnetic circuit problems. 

The common examples of the magnetic circuits are transformers, toroids motors, 
generators, relays and magnetic recording devices. 

Let us study analogy between the electric and magnetic circuits. An electric circuit 
forms a circuit (i.e. closed path) through which current can flow. Similar to this magnetic; 
lines of flux are continuous and can form closed paths. So a single magnetic line of flux or 
all parallel magnetic lines of flux may be considered as magnetic circuit. H 

Similar to electromotive force (e.m.f) in an electric circuit, we can define a new 
quantity in case of a magnetic circuit called magnetomotive force (m.m.f) The 
magnetomotive force (m.m.f.) is defined as, 


E NI § Hed (1) 


em 
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The SI unit of m.m.f. is ampere (A). But generally, in magnetic circuits, the source of 
m.m.f. is a coil carrying conductors with N number of turns as shown in the Fig. 8.15 (c). 
Thus m.m.f. is measured in ampcre-turn (A-t) very often. Note that m.m.f. is not a force 
measured in newton. 

In an electric circuit, resistance is defined as the ratio of voltage to current given by 


zhi 


In case of analogous magnetic circuits, we define a new quantity reluctance (9i) as the 
ratio of the magnetomotive force to the total flux. 


e 
R= m 
$ w (2) 
Ampere - turn 
Weber — 
The resistance in electric circuit can be expressed interms of conductivity © as 


mod 
^ oS 


The reluctance is measured in 


R 


where l = Length in m 
S = Cross-sectional area in m? 
o = Conductivity of the linear isotropic homogeneous matcrial. 


In case of magnetic circuits, we can define reluctance in very much similar way as, 
l 


R = us ... (3) 
where Hu = Permeability of the isotropic, linear homogeneous material 
For electric circuit, Ohm's law can be expressed in point from as, 
j = oË 


Now consider magnetic circuit. The magnetic flux density is analogous to the current 
density, thus we can write, 


B-puH -. (4) 


The basic equations derived in magnelostatics are very much helpful in the analysis of 
the magnetic circuits. These basic equations are 


V*B = 0, and a (5) 
VxH = J --- (6) 
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In other form, the two equations can be expressed in terms of the total current flowing 
in the magnetic circuit and the total magnetic flux density through cross-section of the 
magnetic circuit. 

The total current in the magnetic circuit is given by, 


I = [ jeds (7) 
S 


The total magnetic flux density flowing through the cross-section of the magnetic 
circuit is given by 


e = [ Beds .. (8) 
E 


In electric circuit, the reciprocal of the resistance is called conductance. In magnetic 
circuits, the reciprocal of the reluctance is called permeance denoted by 7. The permeance 
is measured in henries (H). 


Nt 


The analogous electric and magnetic circuits can be represented in simple way as 
shown in the Fig. 8.18. 


(a) Electric circuit (b) Magnetic circuit 


(c) Coil of N turns carrying current 


Fig. 8.18 Analogous electric and magnetic circuits 
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Flux density. 
B-$-uH Wb/m* 


7. Reciprocal of resistance is conductance (G) Reciprocal of reluctance is permeance (P) 


Ohm's law : 

en = OR 
Kirchhoffs laws : 
ELI 


YMMF.-Y6oS-YH.I 


Table 8.1 Similarities between the electric and magnetic circuits 


in the electric circuit the current actually 
flows i.e. there is a movement of electrons. 


The energy must be supplied to the electric 
circuit to maintain the flow of current. 


The resistance and the conductivity are 
independent of current density under constant 
temperature ; but may change due to the 
temperature. 


The electric lines of flux are not closed. They 


The dis-similaritics between the electric and magnetic circuits are given in Table 8.2 


Due to the magnetomotive force, flux gets 
established and does not flow in the sense in 
which current flows. 


The energy is required to create the 
magnetic flux, but is not required to maintain 
it. 


The reluctance, permeance and the 
permeability are ali dependent on the flux 
density. 


The magnetic lines of flux are closed lines. 


start from positive charge and end on 
negative charge. 


Table 8.2 Dissimilarities between the electric and magnetic circuits 


8.10 Inductance and Mutual Inductance 


When a coil with N turns, carrying current I, the flux is produced by it. This flux links 
with each turn of the coil. Thus total flux linkage of the coil having N turn Nọ Wb-turns 
(Wb. t). 

The flux linked with the coil is proportional to the current I flowing through it. The 
ratio of total flux linkage to the current producing that flux is called inductance denoted 
by L. It is measured in henry (H). 
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Thus the inductance of a solenoid is given by 
_ Total flux linkage 
~ . Total current 
_ & N'IA 
~ d 2 
Wwe n 
N?A 
L.HÀ H -. (4) 


I 


mmi» Example 8.9 : Calculate the inductance of a solenoid of 200 turns wound tightly on a 
cylindrical tube of 6 cin diameter. The length of the tube is 60 cm and the solenoid is in air 


Solution : For a given solenoid in air, 
u = po=4rx107 Wb/A.m* 
N - 200 


223x107 m 


NIS 


6 cm = 6x10?m hence r = 


l = 60cm = 60x10? m 
The inductance of a solenoid is given by, 
uN? A 

l 


_ Ho N? (nr?) 
= 2 


ip, = 


4xnx107 x(200)? x xx (3x10)? 
60x107? 

= 23687x10? H 

- 02368 mH 


8.10.2 Inductance of a Toroid 


Consider a toroidal ring with N turns and carrying current I. Let the radius of the 
toroid be R as shown in the Fig. 8.21. 


The magnetic flux density inside a toroidal ring is given by, 


_ NI 
= IR um 
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L = uN*h "ERE T 
~ g "n - (7 


mab Example 8.10 : A coil of 500 turns is wound on a closed iron ring of mean radius 10 cm 
and cross-section area of 3 cm?. Find the self inductance of the winding if the relative 
permeability of iron is 800. 


Solution : For a toroidal ring of iron, 
p, = 800 
A = 3cm? 23x10? m? 
R = 10cm = 10x10? m 
N = 500 
The inductance of a iron toroid is given by 


p = BNA | (uan)N'A 
ED NEM 
(4x 1x107 x 800) (500)? (3x107*) 


in (2x nx10x10?) 


L = 0.12 H = 120 mH 


8.10.3 Inductance of a Co-axial Cable 


Consider a co-axial cable with inner conductor radius a and outer conductor radius b 
as shown in the Fig. 8.22. Let the current through the coaxial cable be I. 


z-axis 


Fig. 8.22 Coaxial cable carrying current I 


For the co-axial cable the field intensity at any point between inner and outer 
conductors is given by, 
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Examples with Solutions 


ma Example 8.14 : A point charge, Q = — 60 nC, is moving with a velocity 6x106 m/s in 
the direction specified by unit vector — 0.48 à, — 0.6 a, + 0.64 a,. Find the magnitude of 
the force on a moving charge in the magnetic field, B = 2 a, -6a, +5 a, mT. 

Solution : The magnitude of velocity is given as v=6x10° m/s. The direction of this 

velocity is specified by an unit vector. Thus we can write, 


J = va, = 6x10° [-048a, - 0.6 a, +0.644,] m/s 


The force experience by a moving charge in a steady magnetic field B is given by 
F = QvxB 
= -60x10 [(6x 10°) (-0.48a, —0.6a, +0.64a, )x(2a, -62, + 5 a, )(1x10)} 


a a a 


x y z 
= (-36x107*)|-048 -0.6 0.64 
2 -6 5 


= (-36x10*)[0.84a, + 3.68 a, + 4.08 a,] 
= (-0.3024 a, —1.3248a, —14688a,) x 10? N 
Thus the magnitude of the force on a moving charge is given by 


M 
[ 


(-0.3024x107* ^ + (-1.3248x107* )’ +(- 14688x1077)* 


2.0009 mN 


me Example 8.15 : A conductor of length 2.5 m in z = 0 and x = 4 m carries a current of 
12 A in —a, direction. Calculate the uniform flux density in the region, if the force on the 


«conductor is 12x10? N in the direction specified by |= nae 
Solution : Let B=B, a, + By ay +B, a, T 
The force exerted on the conductor is given by, 
F = IdLXxB i 
^ 12x10? |Az|- (-12a, )(25)x (B, à, +B, ay +B, a) 


* — (0.0848) a, + (0.0848) a, =- 30 [a x (B, a, + B, ay +B, 2,)] 


~. (2.8267x107 )a, -(2.8267x103)a, = -B, a, + B, a 
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Comparing components on both the sides of the equation, 


B, = 2.8267x 10^ 

B, = 0 

B, = 2.8267 x 10^? 
Thus, B = 2.8267x10? a, 42.8267x 10? a, T 
ie. B = (2.8267 4, 4 2.8267 à,) mT 


mb Example 8.16 : A circular loop of radius r and current I lies in z = 0 A Find the 
torque which results if the current is in a, and there is a uniform field B = X 9 (a, a, ) T. 


Solution : Consider a circular loop in z = 0 plane 
as shown in the Fig. 8.26. 

Current is in a, as shown in the Fig. 8.26. The 
given magnetic field is uniform given by 


= a, ta, 
B = Bo ( v2 T 
The magnetic dipole moment of a planar 
circular loop is given by, 
m = (IS) a 
where S is the area of the circular loop. Fig. 8.26 


Note that the loop is laying in z = 0 plane. Thus the direction of unit normal à, must 
be decided by the right hand thumb rule. Let the fingures point in the direction of current 
(in a, direction), then the right thumb gives the direction of a, which is clearly à. 


m = I(nr?)a, =(nr7I) a, (1) 


The total torque is given by 


T= AmxB 


rr? s 


[a, X (a, *2,)] 


(nrt) a, x 3 (a, +ā,) = 


a, a, à 
nur! BI] * Y * _ 7r B 
dirum s 0 [+a y)l 


xr? B, I 
-|———-— la, Nm 
| J2 7 
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"wb Example 8.18 : Two long parallel conductors are separated by 2 cm in air carrying 
current of 100 ampere flowing in opposite directions. Find the force per meter length of the 
conductor. 


Solution :I, =I, = 100A 
d = Distance of separation = 2 cm = 2x10? m 
H -2Hgàd, =p 2 ..forairpg, = 1 
The force per meter length between two long current carrying conductors is given by, 


F ELR 
L 2nd 


4x nx10 7 x(100)? 
2x mx 2x10 


= 0.1 N/m 


As the currents in parallel conductors are flowing in opposite direction, the force will 
be force of repulsion. ; 


meb Example 8.19 : A rectangular loop in the xy plane with sides b, and b, carrying a 
^ current I lies in a uniform magnetic field B = a, B, + a, B, + a, B,. Determine the force 

2474 and torque on the loop. 

Solution : Consider a rectangular loop in the xy plane with sides b, and b, as shown in 

the Fig. 8.28. 


Fig. 8.28 


Sides 1 and 3 are of length b, and are parallel to y-axis with sides 2 and 4 are of 
length b, and are parallel to x-axis. The origin is at the centre of the loop. 


- The vector force on side 1 is given by, 
Fi = Idli x B 
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[ (bay) x (B, ax + B, ay +B, a,)] 


Ib, [- B, az - B, 


ax] 


1b, [ B, ax - B, az] (1) 
The vector force on the side 2 is given by, 


Idi; x B 


[I (-b: ax) x (B, ax + B, ay + B, a:)] 


- Ib, [B, az - B, ay] 


- Ib, [-B, ay + B, az] (2) 


The vector force on the side 3 is given by, 


Fs 


i] 


I dL; x B 


[I (-b, ay) x (B, ax + B, ay + B, az)] 


- Ib, [- B, az + B, ax] 


Ib, [- B, ax + B, 


a] -.(3) 


Finally the vector force on the side 4 is given by, 


F4 


& 


I dis x B 


fi (b; ax) x (B. ax + By ay + B, a:)] 


Ib, [ B, az - B, ay] 


Ib, [- B, ay + B, 


à] (4) 


Hence total force on the loop of sides b, and b, is given by, 


F 


Ti + Fz + Fs + Fe 


Ib, | B, ax — B, az] - Ib, [ -B, ay + B, a] 


+ 1b, [-B, ax + B,āz] + Ib; [- B; ay +B, ax] 


1{(b, B, ax - b; B, az - b, B, ax + b, B, ae) 


+ (bz B, ay - b; B, a» - b, B, ay + b, B, az)} 


0 
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Total torque on the rectangular loop can be obtained by choosing origin of the torque 


at the centre of the loop. 


T 


But T 


Hence total torque is given by. 
= Ti + T2 + Ts + Ts 


f x É (Gr a )x [I b, (B, ax - B, az)] 
(P Jes, ay) mo) 


It i 
gi 
x 
majt 
N 
i 
| 
L] 
we 
—Á 
x 
I 
mt 
2 
N 
I 
iz: 
N 
t 
we 
+ 
w 
< 
£e 
N 
e. 
[EE 


It 
i 
du 
|. 
Ka 
N 
ee” 
~ 
w 
< 
9 
x 
— 


(6) 


n 
— 
rain 
ig 
N 
S N 
S” 
I 
ue 
< 
mi 
x 
N 


"gs Cs. ay) 


I 
p 


i) 
x 
bezi] 
a 

= 
mI 

< 
iu 
mus 
— 
c 
N 

I 
D 
ai 

< 
+ 
A 
mi 
N 
Ne” 
i 


2 J 
I (^ 2 ) (-B,ax) ' -.(8) 


Hence adding equations (5), (6), (7), and (8), the total torque is given by, 


T 


= Ti + T2 + Ts + T4 


B (> z*Jc. ay)* (us Pe e By ax) 
"C bi ^c. ay) (ys )c B, ax) 


+ J[-25, ax *2B,a,] 


UL 


I b, b, (-5, ax + B, ay) 
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Alternatively we can find total torque by using expression, 
T = 1 (dS) x B 
Now loop is in x-y plane with dimensions of sides as b; and bz. 
Then dS = (b, b;) az. Let I be the current. Then total torque is given by, 


T 


I (b; baz) x (B, ax + B, ay + B, az) 


I b, b; (+ B, ay - B, ax) 
= Ib, b,(- B, ax + B, ay) 


mab Example 8.20 : Two wires carrying current in the same direction of 3 A and 6 A are 
placed with their axes 5 cm apart, free space permeability = 4n x 1077 H/m. Calculate the 
force between them in kg/m length. 


Solution : Force between two parallel conductors is given by, 


-Euh I! | 
2rd 


d = distance of separation = 5 cm 2 5 x 10?m 
1 -23A 
L = 6A 
I = Length of conductors 
Hence force per unit meter length is given by, 


F ull pour hh 
I 2nd 2nd 


For free space p, = 1 


F | 4xnx 107 x 3x 6 -5 

B = m A XIX 272x 10 N/m 
I 2xmnx 5x 102 "Y 
is 72u N/m 


The force expressed in kg/m is given by, 


-6 
: T Dx m = 7.3469 x 1075 kg/m 


nmb Example 8.21: A Point charge Q = — 0.3 pC and m = 3 x 107° kg is moving through 
the field E = 30 a, v/m. Using equation for force on a charge partical by E and Newton's 
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laws, develop a differential equations and solve them, subject to the initial conditions at 
£20, v 2 3x 10° a, m/s at origin. At t = 3 ys, find 
(i) Position P (x, y, z) of charge, 
(ii) Velocity v, 
(iii) The kinetic energy of the charge. 
Solution : (i) Let the position of the charge is given by P(x, y, z). 
The force exerted on charge by E is given by, 


F - QE (1) 
According to Newton's second law, 

z - dv d?z 

F = ma= dt "a ...(2) 


Equating equations (1) and (2) we can write, 


m—— = Q.E=(-0.3x107°x 30az) ...(3) 
The initial velocity is constant and it is in x-direction so no force is applied in that 
direction. Rewritting equation (3), we get, 


dz QE 
dU d zm ...(4) 
Integrating once equation (4) by separating variables, we get 
d = QE 
"dt = Vz = m t+k, ...(5) 
where k, is constant of integration. = 


To find k, : At t = 0, initial velocity in z-direction is zero Substituting values in 
equation (5), we get 


0 = 0+k, i.e. kı = 0 


Thus equation (5) becomes, 


= ——t .-.(6) 


z = S^ ...(7) 


where k, constant of integration. 


To find k, : At t = 0, charge is at origin. Substituting values in equation (7) we get, 
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E 
0 = S (sys ie. k, = 0 


Hence solution of the equation (3) is given by, 


_ QE, -03x105x30a. ,, 
"m ^ xxsxgp* ^ id 


NI 


At t = 3 psec, 


- _ -0.3x107®x 30 


PETUNT x(3x1075)? = — 0.135 m 


Let us consider initial constant velocity in x-direction, the charge attains x-coordinate 
of, 
x = vt=(3x10°)(3x10~-*) = 0.9 m 
Hence at t = 3 psec, the position of charge is given by, 
P(x, y, z) = (0.9, 0, - 0.135) m 
(ii) To find velocity at t = 3 u sec using equation (6), we get, 


- ` -* = 
ee QE. i 0.3x10 x 30 a2) (3510-5) 
m 3x10 16 
= -9x]0*a. m/sec : 


The actual velocity of charge can be obtained by including initial constant velocity in 


x-direction as, 
ad 


v = (3x10° ax - 9x10* az) m/sec 
fii) The kinetic energy of the charge is given by, 


"e 2 
KE. jm Ivi? - jx 3x10- x [ (3105)? « Cox 109)? 


KE. = 1.4715x1075 J 


inm)» Example 8.22 : A current element 2 m in length lies along y-axis centered at origin. The 


current is 5 A in ay direction. If it experiences a force 1.5 Es }y due to uniform field 


B, determine B. 


Solution : Force exerted on a straight current element in uniform magnetic field is given 
by, 


F = 1LxB 
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15- - - - - - 
Gu +az) = [(5)(2ay)x(B, ax +B, ay +B, az)] 
ax ay az 
je x*az) - [0 10 0 
B, B, B, 


1.0606 (ax +az) = (10B,)ax - (10B,)a; 
Comparing coefficient of unit vectors on both the sides, we can write, 


- 10 B, 1.0606 ie. B, = — 0.10606 T 


and 10 B, = 1.0606 i.e. B, 0.10606 T 
Hence the uniform magnetic field is given by, 
B = + 0.10606 Ca. +az) T 
mmi Example 8.23: A magnetic field B = 3.5x107 a, exerts a force on a 0.3 m long 


conductor along x axis. If a current of 5 A flows in —a, direction, determine what force 
must be applied to hold conductor in position. 


Solution : The force exerted on a straight conductor is given by, 
F = ILxB 
= 5(-0.3ax)x(35x10^? az) 
= —0.0525 (-ay) (ax xaz s-ay) 
= -0.0525(-ay) 
= 0.0525ay N 
Hence the force applied to hold the conductor in position must be 


F = -0.0525ay N 
meb Example 8.24 : The magnetic flux density in a region of free space is given by 
B = —3xax *5yay -2za T. Find the total force on the rectangular loop as shown in the 


Fig. 8.29. If it lies in the plane z = 0 and is bounded by x = 1, x = 3, y = 2, y = 5, all 
dimensions in cm. 
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Fig. 8.29 


Solution : In the plane z = 0, the z-component of the magnetic field B will be zero. In 
other words it will not contribute to the force. The force on the loop is given by, 


_F = [IdExB 
Considering dimensions of all sides in meter, we can write, 
= x=0.03 » P z y=0.05 - m "d 
F- f 30 dx ax x(-3xax +5y ay)+ f 30 dy ay x(-3x ax +5y ay) 
x=0.01 y=0.02 
x=001 4 e E - = = ^ 
+ f 30 dx ax x(- 3x ax +5y ay)+ [ 30 dy ay x(-3x ax +5y ay) 
xz0.03 y=0.05 


For side 1 and 3, the values of y are 0.02 and 0.05 respectively. While for sides 2 and 
4, the values of x are 0.03 and 0.01 respectively. 
0.03 _ 0% ^. 
= f 30 dx (5) (0.02)az + Í 30 dy (-3) (0.03) (- a2) 
001 0.02 


001 _ om B 
+ f 30dx (5) (0.05) a2 + Í 30 dy (-3) (0.01) (-az) 


0.08 0.05 
- 00 — 00  —— 001 00 — 
Ë = 3 [ dxae+27 Í dyaz «7.5 Í dxaz+09 f dya, 
0.01 0.02 0.03 0.05 
F = adeo a2 +27 fy he ay +75 Dd, a= +09 [yh as 
F = [3(0.03— 0.01) + 2.7(0.05 — 0.02)+7.5(0.01 — 0.03)+ 0.9(0.02 — 0.05)]a z 
F = -0.036a2 = - 36a; mN 
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wb Example 8.25 : The region 1 and II interface each other. Region I has p„ = 1.5, while 
region II u, = 1. The flux density B, = 1.2 a, + 0.8 à, + 0.4 a, T is incident at 
boundary from region 1. Calculate Bn, angle of incidence, angle of reflection and angle of 
refraction by applying boundary conditions. Verify the angles computed with the help of 


Snell's law. 
Region - II 
(Hy = 1) 


.., 2=0 Boundary 


Solution : Let us assume that 
z=0 ie. x-y plane forms the 
boundary such that region I is 
defined by z < 0 while region II 
by z » 0 as shown in the Fig. 8.30. 


In region I, 


Bi 2123, «08a, «04a, T 


But B = pH. Using this : 
relationship H, in region I can be -` io 
expressed as, 


Fig. 8.30 
H, = = B, = " B 
Hi, = as (12a, «0.83, «04 2,] 
H, = hr [0.8a, + 0.5333 a, + 0.2667 a,] -. (1) 


As z = 0 is the boundary, z axis is normal to the boundary. Thus the component of H, 
along x-direction and y-direction both are tangential components while that in z-direction 
is the normal component. 


Now in region II, the total magnetic flux density By is given by 
By = Bann Bun ~- (2) 


According to the boundary conditions for current free boundary, the normal 
component of B are continuous. 


Bu = Bun = 0.4 a, m (3) 


Similarly for current free boundary, the tangential components of H are continuous at 
the boundary. 


Haa = Fon =< [o.8a, +0.5333a, ] NT 
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Putting value of (Bi -H:) in equation (1) 
(Hem -145)a, 42a, ]x a, 2 93, 


EN ay a, 
(Ham -14.5) 0 2] = 9ay 
0 0 1 


a (Han -7145)a, 29a, 
Comparing the components on both the sides, 
Ha, 1 +14.5 9 


Hu, = 55 A/m . (3) 


Hence Hı in medium is given by, 
Hı = 55232,4623, A/m 


ma Example 8.27 : Consider an interface in y-z plane. The region x «0 is medium 1 with 
La = 45 and magnetic field H1 -42,-3a,—6a, A/m. The region x>0 is medium 2 
with u, = 6. Find H2 in medium 2 and angle made by H2 with normal to the interface. 

Solution : An interface is in y-z plane at x = 0. For x < 0, there is medium 1 (u,, =4.5) 


and for x > 0, there is medium 2 (p, =6) as shown in the Fig. 8.31. Let us assume that the 
interface is current free. 


x 


ü Medium - 2 


FR PL IOS E add Boundary 


Medium - 1 
t Ha = 4.5 


Fig. 8.31 


From the Fig. 8.31 it is clear that, for y-z plane, x-axis is the normal to the interface. 
Thus the component of Hı along à, is the normal component while the components along 
a, and a, are tangential components. 

$ Hum = 3a, -63, A/m | (1) 

and Hu. = 44, A/m u 
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From the boundary conditions, for current free boundary, the tangential component of 
H is continuous. 


Ham = Hum = 3a, -6a, A/m ... (2) 
At the boundary normal component of H is discontinuous. 


Hy Hi HoH ri 4.5 


He = C9 Hy, =(0.75)(4) = 3 -O 


As the normal direction is along x-axis, 
f Hw = 3a, A/m -. (4) 
From equations (2) and (4), the field intensity H2 in region 2 is given by, 
Hz = Hum + Hw; =3 a, +3 a, -6 a, A/m 
Let the angle made by Hz with the normal to the interface be a2. Then we can write 


H2°a, = [i| [a,| cosa. 


^. (34, +34, -64, )*(3,) = (ar +(3)? +(-6) Ja (cosa) 


3 = (7.3484)coso, ..8,-à,-8,-8, =0 
3 


cosa, = 73484 ^ 04082 


a, = cos (0.4082) = 65.9 


mwb Example 8.28 : Find the normal component of the magnetic field which traversed from 
medium 1 to medium 2 having u n = 2.5 and, = 4. 
Given that Hı =—30a, +504, +707, V/m. 
Solution : Assume that x-y 
plane ie. z = 0 plane is the 
interface. Below z = 0, there is 
medium 1 with u,, = 2.5, while 
above 
z = 0, there is medium 2 with 
Hi = 4. 

From the Fig. 8.32 it is clear 
that, for x-y plane z-axis is the 
normal to the interface. Thus the 
component of Hi along a, is 


z = 0 (Interface) 


Fig. 8. em 2a 
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the normal component Hui. As à, and a, directions are tangential to the interface, the 
components of Hi along à, and a, are tangential. 


Hum - -30a, *50a, A/m 
and Hw = 70a, A/m 


From the boundary conditions, for current free boundary, the tangential component of 
H is continuous. 


Hew = Hum --303, 450a, A/m 
Also the normal component of H is discontinuous at the interface, 
Hm _ H2 Hp 4 


Bz Pe * 216 
Hw, Mí Hn 25 

_ Hy 70 
Hip = dé "ig^ 975 A/m 


As the normal direction is along z-axis, 
Hnz = 43.753, A/m 
Hence the magnetic field intensity above z — 0, in medium 2, is given by 
H2 = Hum Hw) =-30 a, + 50 a, —4375a, A/m 


ma» Example 8.29 : If B = 0.05 x a, T in a material for which x ,, = 2.5, find ; 


au,; Du; 9H; dM; ey; and], 
Solution : For the material, 
magnetic succeptibility x. = 2.5 
a) The relative permeability interms of the magnetic succeptibility is given by 
He = X8 *122541-235 
b) The permeability of the material is given by, 
b = pol, 2 (4xnx107) (3.5) = 4.3982 x 105. H/m 

c) The magnetic flux density is given by, 


a 


= HH - uou, H 


H = =—————7_ 2(113682x10? x) a, A/m 
> HoH,  43982x10* ( ) ay 


d) The magnetization is given by, 
M 


XmH = 25 [(11.3682x10*)x] a, 


zI 
T 


(28.42x10?) xà, Alm 


y 


Downloaded From : www.EasyEnginee?ng;/fet ` 


Downloaded From : www.EasyEngineering.net 


. Magnetic Forcos, 
Electromagnetic Field Theory 8-65 Materials and Inductance 


For a solenoid with large length as compared to small cross-section, the magnetic field 
intensity inside the coil can be assumed to be constant and zero at points just outside the 
solenoid. 


Let the current flowing through solenoid 1 be I,. Then the magnetic field intensity is 
given by, 


N,L  (1000)1, 
H, = ~bt= "1 - (2000) I, A 
1 l 50x10? COL m 


The magnetic flux density is given by, 
B, = pH; 2 gp, H, = (4xnx107) (2000) I 
(2.5132x10) I, Wb/m? 


The total flux produced is given by, 
$ 


(Bi) (A3) ... Where A, = area of cross-section of solenoid 
(2.5132x10) (1,) [x (1x10?)?] 
(0.7895x1079)1, Wb 


The flux obtained above can only link with the second solenoid as H4 and B, are zero 
outside solenoid 1. 


il 


Hence the mutual inductance between two solenoids can written as, 


N56, _ (2000)(0.7895x10~)I, 
R wv I 
mæ Example 8.34 : A solenoid has an inductance of 20 mH. If the length of the solenoid is 
increased by two times and the radius is decreased to half of its original value, find the new 
inductance. 


My = = 1.5791 mH 


Solution : The inductance of the solenoid is given by 
LN? A 
L = —B À = 20 mH 


where l = Length of the solenoid 
A = Area = nr? 
N = Number of turns 
Now length is made 2! while the radius is made (5) Then the inductance is given by 
[Y 
u nf §) | u N'(nr?) 
Lew = — oO; OH 
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For region 1, the magnetic flux density is given by, 
B - + T ae ..for region 1 (0«p <a) (1) 
2ra 
Similarly for region 2, the magnetic flux density is given by, 
Bo = EE ae for region 2 (0<p <b) .-.(2) 


2np 
Refer Fig. 8.34 (a). The flux leaving the differential shell of thickness dp is given by, *- 


dy, = B, dpdz - HP. ap az (3) 
21a 


Thus the flux linkage dy, multiplied by the ratio of area within the path enclosing the. 
flux to the total area we get, 


Lo xp? : 
d& = dv “ft = dw Thy = dvor, (4) 


Thus total flux linkages within differential element are. 


2 
ve u Ipdpdz p^ 


2ra? a? 
For length ! of cable, 
l a 2 

plp“ dpdz wll 
6 = —————— z —— (5) 

J 4 J ^ 27ra 8x 

I 

La = B= (A) 


Similarly for external conductor, the flux linkages between the inner and outer 
conductor is given by, 


I 
dd, = B, dp dz = 555 dp dz -..(6) 
Hence 
b 1 
: idp dz pb 
$0; = [ f =o ola X7) 
p=a z-0 
Hence 
= .B (b 
La = px (2) ...(B) 
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Thus inductance per unit length of an air coaxial cable is given by, 


Lv ft, m? 
Ton (i+ ine nm 


me Example 8.37 : Calculate the internal and external inductances per unit length of a 
transmission line consisting of two long parallel conducting wires of radius 'a' that carry 
currents in opposite directions. The axes of the wires are separated by a distance d, which is 
much larger than a. 


L= 


Solution : Consider transmission line made up of two long parallel conductors of radius a 
carrying currents in opposite directions, with distance of separation as shown in the 
Fig. 8.35. 


Fig. 8.35 ^*^ 


Energy stored is given by, 
Ww. ; LI 
: 2W, 
ie. L = u- (1) 
EDT B? 
But Wm = J B-Hav =f zm dv (2) 
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= sse eoe 
4r a” 5 0 0 
4 
= uiu pn H -E (3) 
For outer conductor, we can write, 
2 
Low = mj dv um JE E EST papae dz 
" ! 2n d-a ta 
= aleja [54 ze; Nerlo 
T o ù a 
LH d-a 
= 2n al a ) -..(4) 


Hence total inductance for two symmetric wires is given by, 
2|, Lujo E. e E m in a 3 


Ifi d-a 
Err a J 


As d >> a, d - a =d. Hence we can write, the inductance is given by, 


os] 


nab Example 8.38 : An air-core toroid with rectangular cross-section, has 700 turns, with 
inner radius of 1 cm and outer radius of 2 cm and height is 1.5 cm. Find inductance using 
(1) The formula for sq. cross section of toroids (2) The approximate formula for general 
toroid, which assumes a uniform H at-mean radtus. 


Solution : N = 700, 
Inner radius = r, = 1 cm =1x 10m 
Outer radius = r, = 2 cm =2x 107m 
Height = h = 1.5 cm = 1.5 cm x 10m 
1) In general, inductance of a toroid of square cross section is given by, 


Las Ho DR n] 
2n n 


L 


D 


il 


4x nx 107 x (700? x 15x 107 in( 2% 107 
2xn 1x 107 


1.0189 mH 
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Hn, _ Hr2 
Hn, Hn 
Hn 4 4 2 
Hy, = ma i = 7 Hw, = 7 (05) = 7 A/m = 0.2857. 


As the tangential components are same, 
Hanzx = Hug, = 05 
Hanzy = Hgeiy =- 075 
Hence H, is given by, 
H, = Hun ox 8, +Hian ay Ay +H, Az] 
T losa, -075à, +0.28573,] A/m 


Hence 


oa 
M 
ll 


= = 1 a = = 
B2B, 2 Ho't: Hz = Moxos -0.75a, +0.2857 a,] 
B, = 3.5a,-525a, 42a, T 


ne Example 8.40 : A charged particle of mass 2 kg and charge 1 C starts at the engen | with 
velocity 3 a, m/sec and travels in a region of uniform magnetic field B = 10 à, Wh/m’. At 
t = 4 sec, calculate 


i) The velocity and acceleration of the particle. 

ii) The magnetic force on it. 

iii) Kinetic energy and location. (UPTU : 2006-07) 
Solution i)F-maeM OS -QvxB 


Hence acceleration is given by, 


B dv Q. z 
= ae MYP 
P ML 
dr». * vya +v,a,J= z|v, v, v 
t y*y zez 2 x y z 
0 10 
diy a, +v E, ev, EL] | pov R, 10 
dil V3. *vy8y *v,a,]- [10v ,a, -10v,à,] 
LE *v.àa *v,a,]- 5vya, —5v,a 
dtt fx y*y z9?*rz x@y 
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At t = 4 sec, 


V = 3sin 208, +3cos20a, = 2.7388 a, 11.224 a, m/sec 


Now acceleration is given by, 


zs dv d : " = 
a= aT ae sin 5t a, +3cos5t ay] 


íi 
It 


15 cos 5t a, -I5sin5ta, m/sec? 


At t = 4 sec, 


ii) The force on a particle is given by, 
F = ma -2[612122, - 13.6941 a,] 
= 12.2424 a, — 27.3882 a, N 
iii) The kinetic energy is given by, 


15 cos 20 à, sin 20a, = 6.1212 a, —13.6941 a, m/sec” 


1 2.1 2 7]? 
KE. = 5m = 2x2«[ 27389? 1.220 | 28999] -9J 


Now 


Vy = SX — 3 sin 5t Hence x = = cos St + K; 


"LO -3a 
Vy = dp ^9 cos St Hence y = = sin 5t + K, 


v = M--0 Hence z = K, 

At t = 0, (x, y, z) = (0, 0, 0) and thus, 

xt-0)-0ie0- 2.14 K 

ie. Kj, = 06 

y(t = 0) = 0 ie. 0 = $ (0) + K, 

ie. K;-0 

z(t = 0) = 0 i.e. 0 = K} 
Hence putting values of Kj, K}, K, in equations (4), (5) and (6), 


we get, 
(x, y, z) = (0.6 — 0.6 cos 5t, 0.6 sin 5t, 0) 


NO 


...(5) 


...(6) 
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Hence at t = 4 sec, the location of particle is obtained as, 
(x, y, z) = (0.6 — 0.6 cos 20t, 0.6 sin 20t, 0) 


(x, y, z) = (0.3552, 0.5477, 0) 


ne Example 8.41: A very long solenoid with 2 x 2 cm cross-section has an iron core 
(p, = 1000) and 4000 turns/meter. If it carries a current of 500 mA, find its self inductance 


per meter. [UPTU : 2007-08, 10 Marks] 
Solution : By definition, the inductance of soleoid is given by, 
2 
L = ET ^ SuN A H/m 
N i 
where nos s Number of turns per unit length 
Now A = area of cross-section = 2 x 2 cm? = 4 cm* = 4 x 10 * m? 


Hence, we can write, 
L = (HoH) n^A 
= 1000 x 4 x mx 10 7 x (4000) x 4 x 10 * 
= 8.0424 H/m 
nab Example 8.42 : The toroidal core shown in the Fig. 8.37 has r, = 10 cm and circular 


cross section with a = 1 cm. If the core is made up of steel (u = 1000 y) and a coil with 
200 turns, calculate the amount of current that will produce a flux of 0.5 mWb in the core. 


200 turns 


Fig. 8.37 


[UPTU : 2007-08, 10 Marks] 


Solution : For the given toroidal circuit, similar electric circuit can be drawn as shown in 
the Fig. 8.38. M 


Now the magnetomotive froce ie. m.m.f. e, is given 
by, m.m.f. R 


= Nav Rey 
i ee us 


Fig. 8.38 
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Fig. 8.39 


B, = 2U, — 3U, + 2U,, is incident on the xy plane (z = 0). The medium at z > O has p, 2 4p o and 


z<O has u3 =7p o Find B, U,, U, and U, indicate unit vectors in the respective directions. 
| [UPTU : 2002-2003, 10 Marks] 


. Establish the boundary conditions for the tangential component of H at the boundary between two 
isotropic, homogeneous materials with parmeabilities p, and p z. 


« " tan 6, Hy . 
Show, from given Fig. 8.40 that ——+ = —. 
fr S tan®, R [UPTU : 2003-2004, 10 Marks] 


B4 


5. Discuss the energy stored in electric and magnetic fields. [UPTU : 2003-2004, 10 Marks] 


6. 


Discuss the boundary condition for magnetic field. [UPTU : 2003-2004, 10 Marks] 


7. A charged particle of mass 2 kg and charge 1 C starts at the origin with velocity 3 a, m/sec and 


travels in a region of uniform magnetic field B = 10 a, Wb/m?. At t = 4 sec, calculate 

i) The velocity and acceleration of the particle. 

ii) The magnetic force on it 

tii) Kinetic energy and location (UPTU : 2006-07, 10 Marks] 
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Time Varying Fields and 


Maxwell's Equations 


9.1 introduction 


In the previous chapters we have studied the basic concepts in an clectrostatic and 
magnetostatic fields. These fields can be considered as time invariant or static fields. In 
static electromagnetic fields, electric and magnetic fields are independent of each other. In 
this chapter, we shall concentrate on the time varying or dynamic fields. In dynamic 
electromagnetic fields, the electric and magnetic fields are interdependent. In general, static 
electric fields are produced by stationary electric charges. The static magnetic fields are 
produced due to the motion of the electric charges with uniform velocity or the magnetic 
charges. The time varying fields are produced due to the time varying currents. 


In this chapter, we shall first study Faraday's law and Lenz's law. Then we shall 
discuss the concept of displacement current. We shall also study important equations of 
electromagnetic theory known as Maxwell's equations. 


9.2 Faraday's Law 


In year 1820, Prof. Hans Christian Oersted demonstrated that a compass needle 
deflected due to an electric current. After ten years, Michael Faraday, a British Scientist, 
proved that a magnetic field could produce a current. 

According to Faraday's experiment, a static magnetic field cannot produce any current 
flow. But with a time varying field, an electromotive force (e.m.f.) induces which may 
drive a current in a closed path or circuit. This e.m.f. is nothing but a voltage that induces 
from changing magnetic fields or motion of the conductors in a magnetic field. Faraday 
discovered that the induced e.m.f. is equal to the time rate of change of magnetic flux 
linking with the closed circuit. 

Faraday's law can be stated as, 


e = -N$ volts. ». (1) 
where N = Number of turns in the circuit 
e = Induced emf. 
(9 - 1) 


Downloaded From : www.EasyEngineethig fet 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 9-2 Time Varying Fields & Maxwell's Equations 


Let us assume single turn circuit ie. N = 1, then Faraday's law can be stated as, 


. 9e 
e = dr Volts . (2) 


The minus sign in equations (1) and (2) indicates that the direction of the induced 
e.m.f. is such that to produce a current which will produce a magnetic field which will 
oppose the original field. 

In 1834, Henri Frederic Emile Lenz postulated the law. Thus according to Lenz's law, 
the induced e.m.f. acts to produce an opposing flux. 

Let us consider Faraday's law. The induced e.m.f. is a scalar quantity measured in 
volts. Thus the induced e.m.f. is given by, 


e = $ E: dL -. (8) 


The induced e.m.f. in equation (3) indicates a voltage about a closed path such that if 
any part of the path is changed, the e.m.f. will also change. 
The magnetic flux $ passing through a specified area is given by, 


$ = | Beds 
s 
where B - Magnetic flux density 
Using above result, equation (2) can be rewritten as, 
w (4) 
-. (5) 


There are two conditions for the induced e.m.f. as explained below. 

i) The closed circuit in which e.m.f. is induced is stationary and the magnetic flux is 
sinusoidally varying with time. From equation (5) it is clear that the magnetic flux density 
is the only quantity varying with time. We can use partial derivative to define relationship 
as B may be changing with the co-ordinates as well as time. Hence we can write, 

[ 
—— oB 
f E-dl = e 5 aS -- (6) 


This is similar to transformer action and emf. is called transformer e.m.f. Using 
Stoke's theorem, a line integral can be converted to the surface integral as 


= = oB —- 
a = - Ot “dS (7) 


Assuming’ that both the surface integrals taken over identical surfaces. 
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— 9B Oe 
(VxE)+dS aia *dS 
Hence finally, 
= oB 
VxE = E 3 ... (8) 


Equation (8) represents one of the Maxwell's equations. If B is not varying with time, 
then equations (6) and (8) give the results obtained previously in the electrostatics. 
$ E-dL = 0, and 


VxE = 0 
ii) Secondly magnetic field is stationary, constant not varying with time while the 
closed circuit is revolved to get the relative motion between them. This action is similar to 
generator action, hence the induced e.m.f. is called motional or generator e.m.f. 


Consider that a charge Q is moved in a magnetic field B at a velocity J. Then the force 
on a charge is given by, 
F = QvxB -. (9) 
But the motional electric field intensity is defined as the force per unit charge. It is 
given by, 


-oXB -.. (10) 


Thus the induced e.m.f. is given by, 
$ Emedi = $ (vx B)-dL ~ (11) 


Equation (11) represents total c.m.f. induced when a conductor is moved in a unifornv 
constant magnetic field. f 

If the directions of velocity v with which conductor is moving and the magnetic field 
B are mutually perpendicular to each other, then the induced e.m.f. is given by, 

e = Blv sin 90° = Bly ..(12) 

where I = Length of straight conductor 

iii) If in case, the magnetic flux density is also varying with time, then the induced 
e.m.f. is the combination of transformer e.m.f. and generator e.m.f. given by, 


"m ðB z Soar i 
$ E-dL = -Í 3c +f (3 x B) -dL -. (13 
mab Example 9.1: A conductor 1 cm in length is parallel to z-axis and rotates at radius of 
25 cm at 1200 r.p.m. Find induced voltage, if the radial field is given by, 
B -0.5a, T 


Solution : In above case, the magnetic flux is constant while the path is rotating at 
1200 r.p.m. Under such condition, the field intensity is given by, 
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E = oxB 
where v = Linear velocity 


In 1 minute there are 1200 revolutions which corresponds to 20 revolutions in one 
second. In one revolution distance travelled is (2r) meter. Hence in 20 revolutions the 
distance travelled in one second is (40zr) meter. The conductor rotates in direction. 
Hence linear velocity is given by, 

v = (40nna, 
401(25x107)a, 
z 31416a, m/s 


Hence an electric field intensity is calculated as, 
E = [31.416a, ] x [0.5a, ] 


= 15708 (-a,) wa, Xa, =-a, 
Induced voltage is given by, 
e = $ E-dL 
Now dL - (dz)a, as conductor is parallel to z-axis. 


0.01 
J 15708(-2,) + (dz) a, 


z20 


-15.708 [z]2” = -157.08 mV 


e 


Negative sign indicates upper end of the conductor is positive while lower end is 
negative. Thus the magnitude of the induced voltage is 157.08 mV. 


mwb Example 9.2: A circular loop conductor lies in plane z = 0 and has a radius of 0.1 m 
and resistance of 5 Q. Given B = 0.2 sin 10? t a, J, determine the current in the loop. 


Solution : To find current in the loop, let 
us first calculate induced e.m.f. 

A circular loop is in z = 0 plane. B is in 
z-direction which is perpendicular to the 
loop. So B is perpendicular to the circular 
loop. 

Hence total flux is given by, 

o = | B+dS 
S 


With cylindrical co-ordinate system, Fig. 9.1 
d$ = (rdrdġā, 
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op 


From equation (3) it is clear that when 3t 70, then only equation (2) becomes true. 


Thus equations (2) and (3) are not compatible for time varying fields. We must modify 
equation (1) by adding one unknown term say N. 
Then equation (1) becomes, 


VxH = J+N ws (4) 
Again taking divergence on both the sides 
V+(VxH) = V-J+V-N=0 


= 9 : : 
As V«jz- e , to get correct conditions we must write, 


rx 9p, 
Vu ot 


But according to Gauss's law, 
p, = V: D 
Thus replacing p, by V*D 
a = 
VAN = +(V°D) 


aD 
piis 
Comparing two sides of the equation, 
a. 0D 
= 3 -. (5) 
Now we can write Ampere's circuital law in point form as, 
mo bob 
VxH = Jet ar ove (6) 


The first term in equation (6) is conduction current density denoted by Jç. Here 
attaching subscript C indicates that the current is due to the moving charges. 

The second term in equation (6) represents current density expressed in ampere per 
square meter. Ás this quantity is obtained from time varying electric flux density. This is 
also called displacement density. Thus this is called displacement current density denoted 
by Jp- With these definitions we can write equation (6) as, 


Consider a parallel circuit of a resistor and capacitor driven by a time varying 
voltage V as shown in the Fig. 9.2. 


Let the current flowing through resistor R be i, and the current flowing through 
capacitor C be i». The nature of the current flowing through the resistor R is different than 
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that flowing through the capacitor. The 
current through resistor is due to the 
actual motion of charges. Thus the 


current through resistor can be written as, 


i, -X ... (8) 


This current is called conduction 
current as the current is flowing because 
of actual motion of charges. Let it be 

Fig. 9.2 denoted by ic. 

Let A be the cross-sectional area of resistor, then the conduction current density is 

given by, 


Toe = ack ... (9) 


Now assume that the initial charge on a capacitor is zero. Then for time varying 
voltage applied across parallel plate capacitor, the current through the capacitor is given 
by, 

: dv 
h = C di T" (10) 

Let the two plates of area A are separated by distance d with dielectric having 

permittivity € in between the plates. Then we can write 
_ EA dv 
| d dt 

Now this current is called displacement current denoted by ip. The electric field 

produced by the voltage applied between the two plates is given by, 
V 


ES 


lo tes (11) 


d 

or 

V = (d) (E) ... (12) 
Substituting value of V in equation (11), we get, 

: £A d 

ip* r es 

ip = s d = ... As distance d is not varying with time 

: dE 

lp = £A FS 


Now the ratio of current to the area of plate is the current density. In this case it is 
displacement current density denoted by Jp. 


= 1 
Jo =z 
z _ £A dE 
Jo = -F 
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In other words, if the ratio of the magnitudes of the current densities is greater than 1, 


the medium is conductor and if the ratio of the magnitudes is less than 1 then the medium 
is dielectric 


>> 1, Medium is conductor 


Medium is dielectric 


Also the ratio represented above depends on frequency, a medium which is conductor 
at low frequency may become insulator at very high frequency. 


=> Example 9.3: In a given lossy dielectric medium, conduction current density 
Jc 2002 sin10?t (A/m?). Find the displacement current density if 0-10? S/m and £, =6.5. 


Solution : For lossy dielectric medium, 


Belo 
IJ» | WE 
_ €cjc 10? x(e,&o)x0.02 
lo = a P 
10° x 6.5x 8.854 107! x 0.02 
Ip. > 
10 
Jp = 1151x105 A/m? =1.151 pA/m? 


As Jp and J are always at right angles to each other, we can write, 
Jp = 1.151 cos 10° t pA/m? 


9.4 General Field Relations for Time Varying Electric and Magnetic 
Fields 


The basic relation between an electric and magnetic field, starting from Faraday's law 
is given by, a 
VXE = -= "I 


But we have already studied that, 
B = VXA where A is vector magnetic potential. 


= Q EN 
VXxE = -4(*^) ww. (2) 
Intercharging operators at R.H.S. of above equation, we get, 
VxE = -vx2À 
ot 
= oA 
VXE+V ars = 0 
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= OA 
vet = 0 m (3) 


But according to vector identity 'curl' of a gradient of a scalar is always zero'. Hence 
we can write, 


E+-— = VV we (4) 


As R.H.S. of the equation (3) including curl is zero, we can introduce negative sign at 
R.H.S. of the equation (4). 


= 9A 

E = =V - (5) 
Now when the field is static, on =0, hence we get basic gradient relationship as, 

E = -VV . (6) 


Consider any closed surface. If the current is flowing out of the surface, we can write 


BO NN 
I "db A i.e. C/sec 


As current is flowing out of the surface, it indicates that positive charge is going out. 
So the positive charge is decreasing internally. Let Q, be the internal charge, 


= eo (7 


If there is a volume charge p,, then we can write, 


Qi = Jp, dv -. (8) 


Apr] 


Changing operations, we can write, 


d 
1 = -f dv . (9) 


— 
li 


But current can be expresscd as 


= [ j-as . (10) 


Equating equations (9) and (10), 


ee SPs. dv 


v 


Using divergence theorem, converting surface integral to volume integral, assuming 
that the volume v is enclosed by the same surface S. 
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J VeJdv = -[ SP dv 
" do. 
V. = m .. (11) 


Equation (11) is called equation of continuity of current in point or differential form 
Consider Ampere's circuit law in point or differential form as, 


VXH = J 
Taking divergence on both sides of above equation, we get, 
V*(VXxH) = Ve] - (12) 


According to vector identity, 'divergence of curl of vector is zero'. 


But V-J = 0 is valid only for static fields. For time varying field, we must modify 
above relation to have above property valid as, 


To op, 
Lt 
T op, Er 
vja = 0 ~- (13) 
Now for time varying fields we can write, 
173 T 9p, 
V-(VXH) = V3 (14) 
But we know that, 
V-D = p, ... Gauss's law in point form, 
Putting in equation (14), 
uü 7,0 
V«(VXxB) = V-J+5[V-D] 
Interchanging operations of R.HLS. of above equation, 
= z o dD 
V*(VXH) = V-J+V- 3 
or VXH = jo ... (15) 


Above equation is Ampere's circuit law for time varying ficlds. In this equation, J 
represents conduction current density while E 3 represents displacement current density. 
So we can rewrite equation (15) as follows. 
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9.5 Maxwell's Equations 


We have previously studied that a static electric field E can exist without a magnetic 
field H demonstrated by a capacitor with a static charge Q. Similarly a conductor with a 
constant current I has a magnetic field H in the absence of an electric field É. But in case 
of the time variable fields, E and H cannot exist without each other. 

The valuable work done by James Clerk Maxwell helped in discovering 
electromagnetic waves. The time varying fields are involved in the experiments of Faraday, 
Hertz and the theoretical analysis done by Maxwell. 

Maxwell's equations are nothing but a set of four expressions derived from Ampere's 
circuit law, Faraday's law, Gauss's law for electric field and Gauss's law for magnetic field. 
These four expressions can be written in following forms 

i) Point or differential form, ii) Integral form 

1) According to Ampere's circuit law, the line integral of magnetic field intensity H 
around a closed path is cqual to the current enclosed by the path. 


$ H-dL = I enctoscd 


Replacing current by the surface integral of conduction current density J over an area 
bounded by the path of integration of H, we get more general relation as, 


$ Hed = J J-as ~- (1) 
s 


Above expression can be made further general by adding displacement current density 
to conduction current density as ple 


-. (1-a) 


Equation (l-a) is Maxwell's equation derived from Ampere's circuit law. This 


, equation is in integral form in which line integral of H is carried over the closed path 


bounding the surface S over which the integration is carried out on R.HLS. In the circuit 
theory, closed path is called Mesh. Hence the equation considered above is also called 
Mesh equation or Mesh relation. 


Statement : "The total magnetomotive force around any closed path is equal to the 
surface integral of the conduction and displacement current densities over the entire 
surface bounded by the same closed path." 


Applying Stoke's theorem to L.H.S. of the equation (1-a), we get, 
J (VxH)-ds = f ie di *d$ 
S 


Assuming that the surface considered for both the integrations is same, we can write, 


— s. 9D 
VxH = pex 


.. (1-b) 
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This is Maxwell's equation for electric fields derived from Gauss's law which is 
expressed in point form or differential form. 


4) For magnetic fields, the surface integral of B over a closed surface S is always zero, 
due to non existance of monopole in the magnetic fields. 


j B-dS = 0 ww (4-a) 
s 
This is Maxwell's magnetic field equation expressed in integral form. This is derived 
for Gauss's law applied to the magnetic fields. 


Statement : "The surface integral of magnetic flux density over a closed surface is 
always equal to zero." 


Using divergence theorem, the surface integral can be converted to volume integral as, 
J (V-B)dv = 0 
S 


But being a finite volume, dv s 0, 


~e» 


This is differential form or point form of Maxwell's equation derived from Gauss's 
law applied to the magnetic fields. 


Table 9.1 summarizes Maxwell's equations 


Differential form Integral form Significance 


Faraday's law 
hun id RP PR. dL = ap. Ampere's circuital law 


Table 9.1 Maxwell's equations 


9.5.1 Maxwell's Equations for Free Space 

In the previous section, we have obtained Maxwell's equations in integral and point 
form. Let us consider now free space as a medium in which fields are present. Free space 
is a non-conducting medium in which volume charge density p, is zero and conductivity 
c is also zero. 

The Maxwell's equation, in the free space are as mentioned below. 

A) Point Form : 
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9D, 9D, | aD, 
ox oy Oz 


Q ð ð 
gogy +z = 0 
10-4+k = 0 
k = -6yC/m? 


nab Example 9.5: Jf the magnetic field H =[3xcosB+6ysina|a,, find current density J if 
fields are invariant with time. 


Solution : The point form of Maxwell's second equation is, 


VxH = jc 
But as fields are time invariant, we can write, 
aD 
FE 
VxH = J 
3, iy a, 
AOL e 3. 
ox Oy oz 
0 0 (3x cosh+ 6y sin o) 
J = 2 [3x cosB+6y sin a] —. [8x cosB+6y sina] i 
oy xox y 


& J = 6sinaà, -3cospa, A/m? 
9.6 Boundary Conditions for Time Varying Fields 


The relationship between the electric flux density D, electric field intensity E, magnetic 
flux density B and magnetic field intensity H can be explained with the help of the point 
form or the integral form of Maxwell's equations. The field equations postulated by 
Maxwell are valid at a point in a continuous medium. The Maxwell's equations are useful 
in determining the conditions at the boundary surface of the two different media. We can 
apply the concepts of linear, isotropic and homogeneous medium. Consider the boundary 
between medium 1 with parameters €,,1, and ©, and medium 2 with parameters €3,43 
and 6;. In general, the boundary conditions for time varying fields are same as those for 
static fields. Thus at the boundary, refering boundary conditions for static electric magnetic 
fields, we can write, 


i) The tangential component of electric field intensity E is continuous at the surface. 
Eum = Eun we (1) 
ii) The tangential component of the magnetic field intensity is continuous across the 
surface except for a perfect conductor. 
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Han = Hug -. (2) 

At the surface of the perfect conductor, the tangential component of the magnetic field 
intensity is discontinuous at the boundary. 

^ Hunt -Han = K -.. (2-a) 

iii) The normal component of the electric flux density is continuous at the boundary if 
the surface charge density is zero. 

i Dnu = Dy - (3) 

If the surface charge density is non zero, then the normal component of the clectric 
flux density is discontinuous at the boundary. 


Dyni -D = Ps -.. (3-a) 
iv) The normal component of the magnetic flux density is continuous at the boundary. 
Bur = Bw) "e we (4) 


9.7 Retarded Potentials 
For static electric fields, the electric scalar potential is given by, 


= Py 
V = J rea TaN - (1) 
For static magnetic fields, the magnetic vector potential is given by, 
re uJ 
A = J aR Y w (2) 


Let us now study the behaviour of these potentials when the fields are time varying. 
For time varying fields, 
B = VxXA -. (3) 
As derived in earlier section, if we combine above relation with the expression of 
Faraday's law, we can write, 


" 9A 
E = -V VITSE see (4) 


It is clear from equations (3) and (4) that we can determine fields B and E provided 


that potentials V and A are known. It is necessary to find expressions for V and A, 
suitable for time varying fields. 


From the general field relations for time varying electric and magnetic fields, 
D = cE and 
V*D = p, 


By taking divergence of equation (4) and using above two relations which are valid for 
time varying fields, we get 


eR = Py = 2 d eA 
V*E = SeN V-A(V A) 
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- V2v+2 (V-A) = -P> 6) 
ot € id 
Consider Maxwell's equation given below 
zu r, D 
VXH = Jt 
But B-pH, D=eE and B=VXA 
x 2 pH 
—VxVXxA = J+ 
9 9A 
VxVxA = «Tee [wh 
= = ov aA 
VxVxA = Jv 5t J u £—— 36 -.. (6) 


But from vector identity, 
VxVxA = V(V-A)-V7A 
We can rewrite equation (6) as follows, 


= = i av vA 
V (V*A)-V?A = nner Fe 3t pent P 
= = 3 A 
^" V*A-V (V-A) = pae pue .- (7) 


It is important that complicated equations (5) and (7) are not sufficient enough to 
define A and V completely. These two equations demonstrate necessary but not the 
sufficient conditions. In general any vector field can be uniquely defined if its curl and 
divergence are known and the value of the field is known at any one point. 


The curl of A is already specified in the equation (3. Now we may choose the 
divergence of A from equation (7) as 
ov 


V.A 5 ea s.. (8) 


Equation (8) gives relationship between A and V. It is called Lorentz condition for 
potentials. 


Using the Lorentz condition in equation (5), we get, 
9 oV p 
2 M. 
ViVi ap Hec E 


ot £ 
2 9? M P. 
VV -H Te = CUR wee (9) 


Similarly using Lorentz condition in equation (7), we get, 
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From above expression of A , 


A (i) A,=0 and A, =0 
a ’ i 


dA, 9A, dA, 


ves- a ae o 


Putting values of A,,Ay and A,, we can write, 


«1 
. 
>| 
W 
a! 
x|Y 
< 
on 
vix 
+ 
re 
>= 


Ao: 
V'A = 2 . (1) 
Qv ð ate 
Now “HES = -p£ = E629] 
= -pe (-ya) 
= pweyera gE ey "c 
le JHE 
= fre y = «Q 
From equations (1) and (2), we can write, 
E. dv 
V.A = HED 
b) B = VXA 
ated foe s. 


= |ð/ðx d/dy d/dz 


From expression of À , 


A, = (z+). A,=0, A,=0 


Bho] Bh 
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9.8 Phasor Representation of a Vector 
In general, any complex number m can be written as, 
m = at+jb=rZé@° .. (1) 
or m = re? —r(cos04.j sin6) w (2) 


In equations (1) and (2), a and b are the real and imaginary parts of complex number 
m. The symbol j represents complex operator. Its value is / —1. The magnitude of m is 


given by, 
r = [m|-4a? +b? -. (3) 
The phase angle is given by, 


b 
= E 
0 = tan " -.. (4) 


From above discussion, it is clear that any phasor can be represented in rectangular as 
well as polar form represented by equations (1) to (4). Note that the phasor representation 
is applicable only to the sinusoidal signals. Any sinusoidal signal can be defined with the 
help of three parameters namely amplitude, frequency and phase. Let the applied electric 
field is given by, 


E = E, cos (üt () 
where E, = Amplitude, ot = Angular frequency and 
$ = Phase angle 


According to Euler's identity, e? =cos6+j sin®@ 
Thus the real and imaginary parts of E,, e (where 0— ot-- 4) are given by, 


Re(E, e?) = E,, cos(at +4) -. (5) 

and — Ll, (E, e?) = Ey, sin(at+9) -- (6) 
Hence we can write, * 

E = Re(E,, e?) = Re (Emet) .. (7) 


The complex term Em e/* is called phasor. Generally it is represented by attaching 
suffix s to the quantity of concern, such as E,. 


A phasor may be either scalar or vector. 


Let the vector M is time varying field which varies with respect of x, y, z and t. Then 
the phasor form of M is obtained by dropping the time factor. Let it be Ms which 
depends only on x, y and z. Then the two quantities are related to each other by the 
relation. 

M = Re(M, &*') ww (8) 

Differentiating M with respect to t partially, 

9M ð 


RA. ajot 
3t 3 Re(Ms e ) 
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2M = Re(joM, ej*') -0 


Similarly we can write, 


[ Mat = | Re(M, ei"*)ot 


T g 


Key Point : From equations (9) and (10) it is clear that, differentiating and integrating 
the quantity with respect to time is equivalent to multiplying and dividing the phasor of that 
quantity by factor jw respectively. 


Examples with Solutions 


neb Example 9.7: A rectangular conducting loop with a resistance of 0.2 Q rotates at 
500 r.p.m. The vertical conductor at r, = 0.03 m is in the field B, = 0.25 a, T and other 
conductor is at r, = 0.05 m and in the field B, = 0.8 a, T. Find current flowing in the 


loop. 


Fig. 9.4 


Solution : The inner conductor which is at r, = 0.03 m rotates at 500 r.p.m. Thus inner 


conductor rotates with 5 


is (2 nr) meter, for the inner conductor the distance covered is Ej p Tr) meters. 


revolutions per second. As in one second, the distance covered 


Then the linear velocity for inner conductor is given by, 
v, = ($5 eo» a, m/s 
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= 1.5707 a, m/s 


Similarly for outer conductor, linear velocity is given by, 
$, = (Fo Janeens, m/s 


2.6179 à, m/s 
Here B is not varying with time, it is constant in 3, direction. Thus under such 
condition, the induced e.m.f. is given by, 
emf. = | É-dL 


where E = vxB 
For inner conductor, 
E, = 7x, 
= [15707 a, ]x[0.25 a, ] 
= -03926a3, e a, Xa, =-a, 
Both the conductors are vertical. Let us assume that length of each conductor be 0.5 m. 
1 dli = dzà, 
05m 
emf, = | Eedla- f (-039262,) *(dza,) 
z=0 


= - 0.3925 [z]?* 


= - 0.1963 V 
For outer conductor, 
E = D2 XB2 
= [26179 a,]x[0.8 a,] 
£171209432:3:38989, BAGUE Radice HEEL a, Xa, =-a, 


em.f, = f E - dL; 


05m 
f (7209432) a, -dza, 


z=0 


- 2.09432 [z]p° 


= — 1.04716 V 
Hence current in the loop is given by, 
e.m.f,-e.m.f,  —0.1963-(- 1.04716) 
R i 02 


0.85086 
02 


=4.2543 A 
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mæ Example 9.8 : The circular loop conductor having a radius of 0.15 m is placed in X-Y 
plane. This loop consists of a resistance of 20 Q as shown in the Fig. 9.5. If the magnetic 
flux density is 

B - 05sin10? ta, T 
Find current flowing through this loop. 

Solution : The circular loop conductor is in X-Y plane. B is in 4, direction which is 

perpendicular to X-Y plane. 


Hence, we can write, 
dS = (rdrdq)a, 


N 


Total flux is given by, 
o = | Beds 
S 
O15 


f J ((05 sin 10° t)a,I-[(r dr a9)2,] 


®-0 r=0 


27015 
(05 sin 10°%t) [AF [z] 
0 


(0.5 sin 10?t) [27] d 


35.3429 sin 107t mWb 


Now induced e.m.f. is given by, 


do 


e = -Tt 
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E [35.3429x10? sin 10?t] 


-(35.3429x107? ) (10?) cos10?t 


= — 35.3429 cos 10?t V 
Hence current in the conductor is given by, 
e _ -35.3429 cos 10?t 


1= R 20 


— 1.7671 cos 10°t A 


me Example 9.9 : An area of 0.65 m? in the plane z = O encloses a filamentary conductor. 
Find the induced voltage if, 


a, +a, 
B 
Solution : Here filamentary conductor is fixed and it 
is placed in z = 0 plane. It encloses area of 0.65 m?. 
: dS - dSa, 
Induced e.m.f. according to Faraday's law is given 
by, 


B = 0.05 cos 10?t | ) Tesla. 


OB z 
e--[ XL 
S 
= = 2 5 3 ay rae . a Fi . 9.6 
J afoso ( ip | (dS a,) ig 
a ‘ 3 "e 
- 005(10 Sesh t) de O8, «a, =0 
S v2 a, +a, =1 


= + 35.355 sin 10? t h ss 
S 


But Í dS is given as 0.65 m?. 
s 


35.355 sin 10?t (0.65) 
22.98 sin 10?t V 


e 


wb Example 9.10 : A conducting cylinder of radius 7 cm and height 50 cm rotates at 
600 r.p.m. in a radial field B = 0.10 a, T. Sliding contacts at the top and bottom are used 
to connect a voltmeter as shown in the Fig. 9.7. Calculate induced voltage. 
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Fig. 9.7 


Solution : A conducting cylinder rotates in the direction as shown in the Fig. 9.7. It 
rotates at 600 r.p.m. Means in 1 sec there are 10 revolutions. The radius of the cylinder is 
0.07 m. In 1 revolution, the distance travelled by the cylinder is (2mr) m i.e. (2x 20.07) 
m. Hence in 10 revolutions, it travels (2x 1x0.07 x10) m distance. So the linear velocity is 
given by, 
v = (2xnx0.07x10)a, m/s 
= 4398 a, m/s 
The electric field intensity is given by, 
E = oxB 
= (4.398 ī,) x (0.20) à, 
= 0.8796 (-a,) a, Xa, =—a, 
Here field is not varying with time. The cylindrical conductor is rotating. Each vertical 
element of it on the curved surface cuts same flux and thus the induced voltage is same. 


As these elements are as if in parallel, the e.m.f. induced in one element is same as that 
total e.m.f. 


e = f E-ar 


05 
J 0.8796 (-a,)-(dza,) 


z-0 


— 0.8796 [z]°° a,°a, =1 
= - 0.4398 V 


mb Example 9.11 : Find the frequency at which conduction current density and 
displacement current density are equal in a medium with o=2x10~ O/m and £, = 81. 
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Solution : The ratio of amplitudes of the two current densities is given as 1, so we can 
write, 


m= =] 
[Jol % 
o o 
Le. Q = -= 
E  EgE, 
-4 
o = 20 = 0.2788x10° rad/sec 
(8.854x10™ )(81) 
But Q = 2nf 
6 
f = 2 - ee = 44.372 kHz 


Hence, the frequency at which the ratio of amplitudes of conduction and displacement 
current density is unity, is 44.372 kHz. 


wab Example 9.12 : In a material for which 6 = 5.0 S/m and £, = 1, the electric field 
intensity is E=250sin 10" t V/m. Find the conduction and displacement current densities, 
and the frequency at which both have equal magnitudes. 


Solution : The conduction current density is given by, 
Jc = GE 

5(250sin 10" t) 

= 1250 sin 10t A/m? 


The displacement current density is given by, 


]p = 3c^ 3 €P 
ð 
= ge Eo & E] 


= $ [8.854 10-" x1x 250 sin 1079 t] 


= (8854x107? x250) (10^) (cos 10'?t) 
= 22.135 cos 10 t A/m? 
For the two densities, the condition for magnitudes to be equal is, 
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Solution : a) The conduction current density is given by, 
l Jc = oE = SE, cosot 


The displacement current density is given by, 
ðD _ ðE 0 


]p = gr pr ^5 pe En 30t] 
s Jp = —eE,, sin wt 
` The ratio of the amplitudes of the two densities is given by, 
|c] _ GE, 29 
m ~ ecE, OE 


i Applied field E = E „e~t“ 
Jc = GEs cE, e^ 


= 0B 3 li es. EEm A 
ams Jo = 367 ee (-1]e "1 
Now the ratio of the amplitudes of the two densities is given by, 
Del. CE, _ Ot 
DE TE. ^£ 
T 


ne Example 9.15 : Find the amplitude of the displacement current density, 
a) In the air near car antenna where the field strength of FM signal is, 
E -80c0s(6277x10?t-2092y)a, V/m ; 
b) Inside a capacitor where €, = 600 and 
D =3x10* sin(6x105t —0.3464 x) a, C/m?. 


Solution : E = 80 cos (6.277x10?t-2.092 y)a, 
The displacement current density is given by, 


m aD ə = 
Jo = a > SE (£o £ E) 
For air, €, - 1 


z dE 
Jo = to jt 


£o 2 [ 80 cos (6.277 10° t ~2.092 y )a, ] 


= (8.854 10"! )(80)(- 6.277108 ) sin(6.277 x 109 t-2.092 y)a, 
Jp = — 0.4446 sin (6277x105t-2092 y) a, A/m? 
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Thus the amplitude of the displacement current density is, 
Jp = 04446 A/m? 
b) Inside capacitor €, = 600, the displacement current density is given by, 


2 aD 
Jo = 3c 


= $ [3x10 sin(ex10* t-03464)2,] 


= (3x10) (6x106) cos (6x105t—0.3464x)a, 
= 18cos(6x105 t-0.3461x)a, A/m? 
Hence the amplitude of displacement current density is, 
Jp = 18 Alm? 


imb Example 9.16 : Two parallel conducting plates of area 0.05 m^ are separated by 2 mm of 
a lossy dielectric for which e, = 8.3 and 6-8x10^* S/m. Given an applied voltage 
v=10sin107 tV. Find total r.m.s. current. 


Solution : Consider that voltage v 210sin 10’t d-2mm 
is applied across two parallel plates of a I 
capacitor. These two plates are separated by a a 
distance d = 2 mm as shown in the Fig. 9.8. v 
The electric field produced due to the ] 
applied voltage v is given by, Fig. 9.8 
in 107 
E = 2 = 10smi0 t L 5000sin107t V/m 
d 2x10? 
Jc = GE = (8x107*) (5000 sin 107 t) = 4sin107t A/m? 


d 
= -12 ; 
= 8.854x10-!?x8.3 ^ [5000 sin 10" t] 


= 8.854x107" x8.3x5000x107 x cos 107 t 
= 3.6744 cos 107t A/m? 
From the current densities we can get currents as given below. 
The conduction current ic is given by, 
ic = (Jc)(Area)=(4 sin 10" t)(0.05)2 0.2 sin 107t A 
The displacement current i, is given by, 


(Jp)( Area) =( 3.6744 cos 107 t) (0.05) 
0.18372 cos 107t A 


ip 
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Both the currents are at right angles to each other as shown in the Fig. 9.9. 
I; = Jfi2+i2 


J027 +(0.1837)” 


= 0.2715 A 
Hence total r.m.s. current is given by, 
I 02715 
lima) = =? = 0.1919 A 
(r.m.s.) 
4$ x4 Fig. 9.9 


ma Example 9.17 : Find the displacement current density within a parallel plate capacitor 
having a dielectric with €, — 10, area of plates Az 0.01 ni?, distance of separation 
d z0.05 mm. Applied voltage is V = 200 sin 200t. 


Solution : Current through a parallel plate capacitor is given by, 
. _ [EPA \dV _[E °A | dV 
Ic "|a Ja^| ad Jae 
Putting values of £j, €,, A, d and V, 
(8854x107?) (10)(001) d . 
lc ^ 005x103 dt [200 sin 200t] 
ic = 0.7083 x 107? cos 200t A 


As we know for parallel plate capacitor, 
ic = ip, 
The displacement current density is given by, 


jos Current _ ip _ 0.7083x10~* cos 200t 
D Ara A 0.01 


Jp = 70.832 x 10? cos 200t A/m? 
neb Example 9.18 : A parallel plate capacitor with plate area of 5 cm? and plate separation of 


3 mm has voltage 50 sin 10t V applied to its plates. Calculate displacement current 
assuming € = 2Ep. 


Solution : D=c=e4 


Hence the displacement current density is given by, 


oD of_V 
b = 3-354 
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Hence the displacement current is given by, 


ip = Jo Area (Fa) ... Plate area = A 
i. 2 EA dV c dV 
D= “Gd dt ~ dt 


This current is same as conduction current. 
ic = =F =A = tA = HEC 


Hence the conduction current and displacement current is same. The displacement 
current is given by 


i, - Adv 

D d dt 
. (2£€)(A) dv 
z d dt 


1025 
» AE E d (50sin 10?t) 
3x10 


2x 8854x10 ? x5x107 x50x10? 0 
3x10™ 


= 0.1475 cos 10°t pA 
mæ Example 9.19 : A two dimensional electric field is given by E=x? a, *xa, V/m. Show 
that this electric field cannot arise from a static distribution of charge. 
Solution : Consider Maxwell's equation for static fields, 


VXE = 0 - (1) 
Consider L.H.S. of equation ay 
LHS. = VXE 


= Vx [x?a, +xa,] 


a a a 


x y z 
= |jð/ðx d/dy 0/0z 
x? x 0 


d 0 

[25-3769] a, Jo- ; Ja a, 
d Q " 
Tee] a, 


[0]-10] «(1) a, 


=a 
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But R.H.S. = 0. That means L.H.S. « R.H.S. 


Thus we have V XE + 0 which indicates that the given electric field E is not static. But 
we can have a static field only if the charge distribution is static. From above calculation it 
is clear that E is not static implies this electric field can not arise from static distribution of 
charge. 


mb Example 9.20 : Do the fields E=E,,sinxsint a, and H = um cosx costa, satisfy 
0 
Maxwell's equations ? 


Solution : Consider Maxwell's equation derived from Faraday's law, 


Z aB 
VXE = ~ Ot 
We know that, B = u H = pok, H 
Let fl, =], sO Bsp, H 
T oH 
VXE = —Ho dt 
LHS = VXE 
a. SS B, 
= |d/dx d/dy d/daz 
E, E, E, 


a, ay a, 
= |d/ax o/day d/dz 
0 E, sinx sint 0 


= Bas sin x sin ls, + E E, sin x sin | a, 


= E, sintcosx a, ^ (i) 
RAS. = Ho "9t 


= -Ho af cos x cos | a, 
dt | Ho 


_ E, d = 
= -Ho (is Joss 3t (cos t) a, 


= —E,, cos x (—sint) a, 
= E, sintcosx a, . (ii) 


From equations (i) and (ii), L.H.S. and R.H.S. are equal i.c. 
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ka, = -u L3 [x * 20t] a 
7 Ó t zZ 
ka, = -20p à, 


Comparing, 
k = -200 2-20(05)2—-5 V/m? 
b) Consider Maxwell's equation derived from Gauss's law for electric fields, 


V.D = p, 
„ðD, 9D, aD, : 
Re ay tja. PO? ... Given 


From given expressions of D, 
D, =5x, D,--2y, D,-kx 
Putting values of D, , D, and D,, we get, 


9 re) 0 
ax Ot ag Gey) +g, (lo) = 0 
5-24k = 0 
k = -3 pC/m3 


Note that in part (a), k is unknown in the expression of E which is expressed in V/m. 
In the expression k is multiplied with x which is expressed in metres (m). Hence 
accordingly k is expressed in V / m?. While in part (b), k is the part of expression of D 
which is expressed in uC/ m^. k is multiplied by z which is expressed in m, in expression 
of D. Hence k is expressed in uC/m? 


mab Example 9.22 : Given H =H,,e/(°'*™) a, A/m in free space. Find È. 


Solution : Using Maxwell's equation, 


-— 2D 
VXH = J *5c 
In a free space, conduction current density is zero. So J = 0. 
VXH = 2 
But D = cE 
VxH ues 
|. ðt 
- JE 
VXH = ta 
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From given expression of E , 
E, = 0 


E, = E,, sin(ot-Bz)=E,, [sin wt cosBz -cos wt sin Bz] 


. 9E, OE] _ aB 
U Az a, + ox |?» ? “Ot 


Also an electric field is varying with z only, and not with x and y. 


dE 
y — 
ox — 0 
Hence we can write, 
-E. [sin wt cos Bz -cos wt sin Bz] a, = — = 
: é " oB 
^. - E, [sin et(-sinBzY(f) -coset(cosBz)(] a, = ESSE 


. -BE, [cos wtcosBz+ sin etsinfz] a, = zi 


Ea Bcos (wt-Bz) a, = see 
or = = -E,cos(ot-[z) a, 


Separating variables and integrating with respect to corresponding variables, 


B = -Be E, cos(at-Bz)a, dt 

3 -pBE, : z 2 f 

B = o Sn (ot-Bz)a, Wb/m . (3) 
B and H can be related as, 

= H=pop, H 

For free space H, =1 

B = Ho H 
or H = B = -BE. sin (wt-Bz) a, A/m w (4) 

Ho — Oo 
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From equations (1) and (4) it is clear that E and H are mutually perpendicular to each 
other. 


At t = 0, 

E = E,sin(-pz)a, 

= -E,sinpza, 

or E = E,sinfiz (-a,) 
similarly, 

H = - BEm sin (-Bz) à, 

0 
H- BE m sin Bz a, 
"T 


= H,sinfz à, 


Thus E and H are perpendicular to each other along z-axis, with the assumption that fj 
and E, are positive, as shown in the Fig. 9.10. 


Fig. 9.10 
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Solution : a) The induced e.m.f is given by, 


e = $ E. dL 
But $ E. dL = $ (vx B.dL 
02 
e = f I25sin10? ta, x004 ay} [dx a,] 
0 
02 
e = f [01sin 10? t Ca,)L [dx a,] 
0 
02 
e = - 0.1 sin 10? t f dx 
0 
e = -0.1sin10° t pq? 
e = —0.1sin 10? t (0.2] 


e = - 002sin10? tV 


b) If B is changed to B = 0.04 a, T then the conductor can not cut field lines hence 
induced voltage will be zero. This can be verified mathematically as follows. 


E. [E di- | (vx B). dL 
! But according to vector identity, (A x B). C= A. (Bx C), above equation becomes, 


e 


02 
J v. (8xdD- f [2.5 sin 10* ta, 1[0.04 a, xdx 2,] 
0 


e-0 wale E, xa, - 0] 


mab Example 9.27 : A parallel plate capacitor with plate area of 5 cn? and plate separation of 
3 mm has a voltage of 50 sin 10°t Volts applied to its plates. Calculate the displacement 
current assuming £ - 2£y. 


Solution: p = gf = eT 


Hence the displacement current density is given by, 


zm a 
Ip = -à[: a) 


-Edy 
~ ddt 
Hence the displacement current is given by 
ip = Jp. Area = aTa ... Plate area = A 
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p EA dV Lc dV 
D dd ~ dt 


This current is same as conduction current. 


. 2, dQ_, dD__, dE Z 
ic = ae A ar Aa a dt Oat 
Hence the conduction current and displacement current is same. The displacement 
current is given by 


i, = £A dV 
D "d dt 
(2€9) (A) dv 

d dt 
2x8.854x107 x 5x107* 


a d (enan10? 
= nate dt (50 sin 10 t) 


-12 -4 3 
m 2x8854x107 ^ x5x107* x50x10 = 10°t 


3x10% 
0.1475 cos 10°t pA 


mæ Example 9.28 : Given E = Egz?e a, in free space, determine if there exists a 
magnetic field such that both Faraday's law and Ampere's circuital law are satisfied 


simultaneously. 
Solution : 
1) VxE = E ...Faraday's Law 
But E = E,z’e' a, 
a, ay a, 
VxE = | o/yóx  ofoy ao 


E,z7et 0 0 


= (0-0)a, - c= Eo z? e |a, +) 0 „2 Eo z? e* |a, 
oz y dy 
= 2 z Eo et ay (1) 
Hence according to Faraday's law , 
z. OB 
VxE - X 
B- - VxE dt 
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B = -f QzE, e* ay)dt 
B = -(-2z2E,e' a,) 
B = 2zE,e' a, 
But B=pH=poH — .. (for free space p, =1, hence p = 
- D 2bE, a- 
= — = — Ze a m 
Ho Ho yA 


2) According to Ampere's circuital law, 


Time Varying Fields & Maxwell's Equations 


(2) 
Ho) 


(3) 


But for free space , © = conductivity = 0 . Hence J = 0 i.e. conduction current density 


is zero. 
Now D = e 
aD — a 3: 2rd 
3r ^ Eo glEo z e ax] 
2p = -£gz^Eg et a, (4) 
Now, 
VxH = Vx 0 zeta, 
. Ho 
a, ay a, 
= jgox doy df 
0 Eo ze' 0 
Ho 
= 0-2 2Eo , (t ETNEA Tipe -0[a, 
92 | Ho Ox Ho 
a DAE ud a, +0+0 
Ho 
vx = 2B. a, (5) 
Ho 


Equating equations (5) and (4) , we get, 


-2 Eo et 
Ho 


a, = 


—£g z? Eo et a, 


Downloaded From 


: www.EasyEngineeMng het 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 9 - 46 Time Varying Fields & Maxwell's Equations 


W200 2. 
afl oo 4x nx107 x 8854x107 


z 4.2397 x 108 


Substituting value of z in equation (3), we get, 
H- 2E (4.2397 x 105)e"! a, 
Ho 


2x 4.2397 x10? ae 


H = ————E,e'a 
4xnx107 ° d 
H = 0.6747x10"E,e`'ā, A/m 


mab Example 9.29 : A square coil with loop area 0.01 m^ and 50 turns rotated about its axis 
right angle to a uniform magnetic field B = 1 T. Calculate the instantaneous value of e.m f. 
induced in the coil when its plane is 
i) At right angle to the field 
ii) In the plane of the field 
iii) When the plane of coil is 45° to the field. 
Solution: Given: N - 50, A- 001 m? ,B=1T 
Induced e.m.f. is given by 


e = NAB sin® 
i) Coil at right angles to field : 
0-290 


e = 50x 001 x 1 x sin 90° = 0.5 V 
ii) Coil in the plane of the field : 
0-20 
e = 50x 0.01x1xsin0=0V 
iii) Coil is at 45° with the plane of field : 
0 = 45° 
e = 50x 0.01 x 1 x sin 45° = 0.353 V 
mæ Example 9.30 : Electric vector E of a wave in a free space is given by E, = 0, E, = 0 
and E, = A cos of -2) where c = velocity of light . Using Maxwell's equation for free 


space, determine expression for H. 
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Solution : According to Maxwell's equation, 


z dB 
VxE = X 
But B-uH- uigp, H2 19H .... (For free space u, = 1) 
z oH 
V x E = Hos (1) 


Consider L.H.S. of equation (1) , 


a a a 


ayax aay aya 


0 Acosa{t-Z} 0 
c 


< 
x 
t 
u 


n 
p] 
l 

Sy 
— 
> 
a 
7 

eR 
i 
== 
k 
mi 
x 
I 
© 
+ 
C» 
ge 
—_— 
> 
[e] 
[e] 
wn 
eR 
l 
AIN 
[ 
e 
i d 
— | 
f 
N 


1 
+ 
| 
> 
w 
5 
€ 
Ki Sm 
| 
uo 
| 
x 


(A) 


n 
+ 
o|& 
a, 
3 
! 
NIN 
——^ 
DI 
x 


Consider R.H.S of equation (1), 
H 5 D » 
-po S = 1o $ IH, a, +H, a, +H, a,] ... (B) 
Equating equations (A) and (B), we get, 


9H.g 8n, a eb ie. 1043 ca nf s 
Boge Fx Ho Ay Bo p go te ear 


Equating coefficients of unit vectors from both the sides 


(as H, and H, both are zero) , we get, 


oH, oA. z\. 
data ee 

9e = OA sinew t—2 

ot ^ uv c 


Separating variables and integrating both the sides with respect to corresponding 
variables , we get, 


Downloaded From : www.EasyEnginee*inig het 


Downloaded From : www.EasyEngineering.net 


Electromagnetic Field Theory 9-48 Time Varying Fields & Maxwell's Equations 
H, = | sinaft- 5 Jat 
Hoc € 


H, - 


H, = A. es of z] 


But in free space, c = velocity of light = 
Ho £o 


H, —A osa t-é) 
1 c 
Ho 


X 
[| 
$e 
» 
2 
& 
"^ 
| 
— 
> 
5 


T ot 
N 

"no om 
o o 


Hence H £o A cos of t-« |a, A/m 
Ho e 


mab Example 9.31: A No 10 copper wire carries a conduction current of 1 amp at 60 Hz. 
Calculate the displacement current in the wire. For copper assume, 


1 -12 
£ = £p =——— F/m = 8.854 x 10 F/m 
° 36xnx10? 
U = po —-4zx107 H/m 
© = 5.8 x 10’ U/m (UPTU : 2005-06) 
Solution : By definition, 
T 7 
Wel _ a -— PPAR 1016 
Jol ME  2xmx60x8.854x107 
= i 1 i 
But Wel = x and Vol =z 
ic/A _ 16 
IR 1.7376 x 10 
ip = — Ss — | 5005788 x 10775 A 


1.7376x10 1376x107 
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mab Example 9.32 : Consider a loop as shown in the Fig. 9.12. If B = 0.5 à, Wb/mê, 
R =20Q, l = 10 cm and rod is moving with constant velocity of 8 a, m/sec, find 


i) the induced e.mf. in the rod, 
i) the current through the resistance 
iii) the motional force on the rod, 


io) the power dissipated by the resistance (UPTU : 2006-07, 10 Marks) 


Fig. 9.12 
Solution : i) The induced motional e.m-f. is given by, 
0 
e = f(vxByedL= — [(82,x05a,)*(dy aj) 
1=10 x 107 2 


0 0 
4 [ex *y ay) =-4 fay 
10x 1072 10:10? 


-4 [0 - 10 x 10 7] 


04 V 


iii) The motional force on the bar is given by, 
F = BU = (05) Q0 x 107) (10x 10 2) 2 1 x 10 °N =1mN 
iv) The power dissipated by resistance is given by, 
Pp = PR = Q0x 103? x 20 = 8x 10 ? W = 8 mW 
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næ Example 9.33 : A loop shown in the Fig. 9.13 is inside a uniform magnetic field 
B = 50 a, mWb/m?. If side d.c. of the loop cuts flux lines at frequency of 50 Hz and the 
loop lies in the y-z plane at t = 0, find 
i) the induced e.m.f. at t = 1 ms 
ii) the induced current at t = 3 ms (UPTU : 2007-08, 10 Marks) 


Fig. 9.13 


Solution : a) As the magnetic field B is constant with respect to time, the induced e.m.f. is 
motional and is given by, 


ez f(vxB) edL 

Now dL = dL = dz ã, ..() 
- dL pdo. x 
v= CLEA -zpoa, ...(ii) 


But from Fig. 9.13, p = 4cm-4x 10? m 
© = 2nf=2x nx 50 = 100 r rad/sec 


As velocity v and dL are expressed in cylindrical co-ordinates, transforming B into 
cylindrical co-ordinates. 


B = By a, = Bo (cos a, —sina,) ...iii) 
. a, a, 3, 
Now vxB - 0 po 0 
Bocos -Bosino 0 

vxB = —pwBy cosa, ...(iv) 
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Hence 
z=3x 1072 
e = [(-poB, cosoa,) «(dz a,) 
z=0 
z=3x10"2 
e = f- POBy cosòdz (v) 
z-0 


We now calculate cos $. we know that, 


. 96 


Qo = dp? O= Ott ky 


where kp is constant of integration. 


Att-0,0-7 5 as loop is in y-z plane. Hene kp = 1/2. 
Thus >= wt +5 


Putting value of þin equation (v), we get 


z=3x102 z 
e = l] -P ©Bo cos{ ot+ 3] dz 


PEU 


z23x10? 
J +p By sin at dz . (vi) 


zrÜü 


Putting values of p; œ By, we get, 


z-3x107 


e = *44x107? x 100 x nx 50 x 10? x sin wt [a 
2-0 


2202 
e = +0.2x rx P sin at 
e = +0.2n[3 x 10 ?] sin ot 
e = *Ó6msin ot mV = + 6 nsin (100 zt) mV . (vii) 


Hence at t = 1 ms 


6 nsin (100 mx 1 x 10-7) mV = 5.8248 mV 


e 


[Note that angle should be expressed in radian.] 
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ii) The current induced is obtained as, 


ini 3 
I = Ce —— = 60 x sin (100 mt) mA 


Hence at t = 3 ms induced current is given by, 
I = 60 rsin (100 x xx 3x 10%) x 10? 
= 152.496 mA = 0.15249 A 


Review Questions 


1. State and explain Faraday's law for induced emf. 
. Write a short note on : 
i) Equation of continuity 
ii) Displacement current. 
. Show that the ratio of the amplitudes of the conduction current density and displacement current 
density is of we for the applied field E=E,, cosot. Assume y =H y 
. Write a note on Maxwell's equations. 
. State Maxwell's equations for static fields. Explain how they are modified for time varying electric 
and magnetic fields. 
- Write Maxwell's equations in point form and explain physical significance of the equations. 
7. Write Maxwell's equations in integral form and give their physical significance. 
8. Explam following 
i) Motional e.mf. — ii) Transformer emf. 
. Show that for a capacitor the conduction current in the wire equals the displacement current in the 
dielectric if subjected to a time changing field. 
. Show that 


_ Py 
oF 


where J = Conduction current density A/m? 
p = Volume charge density in Chm? 
. Write a short note on retarded potential. 
- Find the amplitude of the displacement current density in air space within a large power 
transformer where H =10°cos( 377t + 1.2566 x10*z) a, A/m. 


[Ans. : Jo = 1258 sin (377 t «1.2566 x10 *z) a,A/ n] 


. Find the amplitude of the displacement current density inside a typical metallic conductor where 
o=5x10’ U/m, f = 1 kHz, €, - 1. [Ans. : Jp = 11.126 cos (6283t — 444z) a, A / m?] 
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14. A straight conductor of 0.2 m lies on the x-axis. With one end at origin. The conductor is 
subjected to a magnetic flux density B = 0.04 a, T and velocity v = 2.5 sin?t A, m/s. Calculate the 
motional electric field intensity and e.m.f. induced in the conductor. 

[Ans. : E- — 0.10 sin 10? t a, V/m, V =— 0.20 sin 10° t V] 

15. A rectangular loop shown in Fig. 9.14, moves toward the origin at a velocity V =~200a, m/s in a 
magnetic field B = 0.75e 5a. T. 

Find the current at the instant when the coil sides are at y = 0.50 m and 0.60 mif R 32. 


Fig. 9.14 


[Ans.:1—1.9 A] 

16. A square coil with a loop area 0.01 m? and 50 turns is rotated about its axis at right angle to a 

uniform magnetic field B = 1 T. Calculate the instantaneous value of e.m.f. induced in the coil 

when its plane is - 

a) At right angle to the field. 

b) In the plane of the field. 

c) When the plane of coil is 45° to the field. [Ans. : a) zero b) 52.38 V c) 37 V] 
17. A voltage of V(t) = 0.1 sin 120 x t volts is applied to a capacitor of 1 pF. Find the displacement 

current at t = 0. [Ans : Ip = 0.03768 nA] 
18. Show that in a capacitor the conduction current and displacement current are equal. 
19. A capacitor has a capacitance of 1.5 pF. Find the displacement current at t = 0, if a voltage 

5sin109nt is applied to it. [Ans. : Ip = 23562 nA] 
20. Find the frequency at which conduction current density and displacement current density are equal 

in a medium with G2 2x10* mho/m and tp = 81. [Ans. : f = 44.384 kHz] 
21. If o = 0, € = 25, & and p -10pn determine whether or not the following pairs of fields satisfy 

Maxwell's equation, 

a)E=2ya, , H=5xa, 

b) E = 100 sin 6x10" t sin za, H =- 0.1328 cos 6x10" t cos z à, 


9 D - (z«6x10t)a,, B= (-7542- 452:10"r)a, [Ans. : a) No b) Yes c) Yes] 
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22. What values of A and B are required of two fields E = 120ncos(10°nt -Bx) (V /m) and 


H =A cos (10°xt -Bx) & (A/m)? 


To satisfy Maxwell's equation in medium where 
€& -u,-4 and co=0. [Ans.: A=1 and B = 0.0425] 


23. The sides of a square loop in the z = O plane are located at x = + 0.6 m and y 2 x 6m. There 
exists a uniform time varying magnetic field given by 
B= (022,042, * 0.82.) cos 20001 (Wb / m^) . 


If the total resistance of square loop is 1 Q , find the current through the loop. 
[Ans.: i= 2.304 sin 2000 t A] 


University Questions 


1. 


Derive the equation of continuity for time varying fields and point out the inconsistency of 
Ampere's law for time varying fields. [UPTU : 2002-2003, 10 Marks] 


. Uniform E and B fields are oriented right angles to each other. An electron moves with a speed of 


8x10° m/s at right angles to both fields and passes undeflected through the field. If the magnitude 
of B is 0.5 m Wb/n?, find the value of E. [UPTU : 2003-2004, 5 Marks] 


. Write the Maxwell's equation in the integral form and explain the physical significance. 


[UPTU : 2003-2004, 10 Marks] 


. State and prove Maxwell's equations and give their physical interpretation. 
[ 


UPTU : 2003-2004, 10 Marks] 


. A no. 10 copper wire carries a conduction current of 1 amp at 60 Hz. What is the displacement 
V 


current in the wire. For copper assume, 


1 
———— F/m 
36xnx10? d 


u -2uoz4xx107 H/m 
o= 58 x 10’ U/m [UPTU : 2005-06, 10 Marks] 


E= f= 


. Consider a loop as shown in the Fig. 9.15. If B = 0.5 a. Wb/n?^, R = 20 Q, 1 = 10 cm and the rod 


is moving with constant velocity of 8 à, m/sec, find 
i) the induced e.mf. in the rod, ii) the current through the resistance 
iii) the motional force on the rod, iv) the power dissipated by the resistance 
[UPTU : 2006-07, 10 Marks] 
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Fig. 9.15 
. The loop shown in the Fig. 916is inside a uniform magnetic field B = 50 a, mWb/m’. If 
side DC of the loop cuts the flux lines at frequency of 50 Hz and the loop lies in the y-z plane at t 
= 0, find 
i) the induced e.m.f. at t = 1 ms 
ii) the induced current at t = 3 ms 


[UPTU : 2007-08, 10 Marks] 


8. Derive Maxwell’s first and second equations in integral and differential forms. 
IUPTU : 2008-09, 10 Marks] 


SINN 
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Transmission Line Theory 


1.4 Introduction 


The electrical lines which are used to transmit the electrical waves along them are 
called transmission lines. The transmission line theory is the theory of propagation of 
electric waves along the transmission lines. The practical examples of the electric 
waves, which arc transmitted along the transmission lines are the telephone messages 
and electrical power signals. The transmission lines are assumed to consist of a pair of 
wires which are uniform throughout their whole length. 


The transmission line parameters like resistance, inductance and capacitance are 
not physically separable unlike circuit elements of a lumped circuit. The transmission 
parameters are distributed all along the length of the transmission line. Hence the 
method of analysing the transmission lines is different than the method of analysing 
the lumped circuits. In the analysis of the transmission line, only steady state currents 
and voltages are considered. The analysis includes the finding of current and voltage 
at any point along the length of the line, when a known voltage is continuously 
applied at one end. The end to which the voltage is applied is called sending end 
while the end at which the signals are received is called receiving end of the 
transmission line. 


1.2 Types of Transmission Lines 
The various types of the transmission lines are, 


1. Open-wire line : These lines are the parallel conductors open to air hence called 
open wire lines. The conductors are separated by air as the dielectric and mounted on 
the posts or the towers. The telephone lines and the electrical power transmission lines 
are the best examples of the open wire lines. 


There are certain disadvantages of the open wire lines which are, requirement of 
telephone posts and towers hence high initial cost, affected by atmospheric conditions 
like wind, air, ice etc., maintenance is difficult and possibility of shorting due to flying 


(1 - 1) 
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objects and birds. But less capacitance compared to underground cable is the 
advantage of open wire line. 


2. Cables : These are underground lines. The telephone cables consist of hundred of 
conductors which are individually insulated with paper. These are twisted in pairs 
and combined together and placed inside a protective lead or plastic shcath. While 
underground electrical transmission cables consist of two or three large conductors 
which are insulated with oil impregnated paper or other solid dielectric and placed 
inside protective lead sheath. Both these types arc still considered as parallel 
conductors separated bv a solid dielectric. 


3. Co-axial line : As the name suggests, there are two conductors which are 
co-axially placed. One conductor is hollow and other is placed co-axially inside the 
first conductor. The dielectric may be solid or gaseous. These lines are used for high 
voltage levels. 


4. Wave guides : These types of transmission lines are used to transmit the electrical 
waves at microwave frequencies. Constructionally these are the hollow conducting 
tubes having uniform cross section. The energy is transmitted from inner walls of the 
tube by the phenomenon of total internal reflection. 


Different types of the transmission line are as shown in thc Fig. 1.1. 


Solid 
O dielectric Solid 
dielectric 
(a) Open wire line (b) Telephone cable (c) Electrica! transmission cable 
| E 
(d) Coaxial cable (e) Rectangular waveguide (f) Circular waveguide 


Fig. 1.1 Types of the transmission line 
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1.3 Transmission Line Parameters 


For the analysis and the design of the transmission lines, it is necessary to have 
the knowledge of the electric circuit parameters, associated with the transmission lines. 
The various electric parameters associated with the transmission lines are, 


1. Resistance : Depending upon the cross sectional area of the conductors, the 
transmission lines have the resistance associated with them. The resistance is 
uniformly distributed all along the length of the transmission line. Its total value 
depends on the overall length of the transmission line. Hence its value is given per 
unit length of thc transmission line. It is denoted as R and given in ohms per unit 
length. 


2. Inductance : When the conductors carry the current, the magnetic flux is 
produced around the conductors. It depends on the magnitude of the current flowing 
through the conductors. The flux linkages per ampere of current, gives rise to the 
effect called inductance of the transmission line. lt is also distributed all along the 
length of the transmission line. It is denoted as L and measured in henry per unit 
length of the transmission line. 


3. Capacitance : The transmission line consists of two parallel conductors, separated 
by a dielectric like air. Such parallel conductors separated by an insulating dielectric 
produces a capacitive effect. Due to this, there exists a capacitance associated with the 
transmission line which is also distributed along the length of the conductor. It is 
denoted as C and measured in farads per unit length of the transmission line. 


4. Conductance : The dielectric in between the conductors is not perfect. Hence a 
very small amount of current flows through the dielectric called displacement current. 
This is nothing but a leakage current and this gives rise to a leakage conductance 
associated with the transmission line. It exists between the conductors and distributed 
along the length of the transmission line. It is denoted as G and measured in mho per 
unit length of the transmission line. 


Thus the four important transmission line parameters are R, L, C and G. As the 
current flows from one conductor and completes the path through other conductor, 
the resistance of both the wires is included while specifying the resistance per unit 
length of the line. These line parameters are constants and are called primary 
constants of the transmission line. These constants are assumed to be independent of 
frequency for the transmission line. These primary constants can be obtained by the 
measurements on a sample of the transmission line. 
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1.4 Properties of Symmetrical Networks - Characteristic Impedance 
and Propagation Constant 


The analysis of the transmission of the electric waves along a line can be done by 
considering a uniform and symmetrical transmision line. Before starting analysis of the 
symmetrical transmission line, let us take a brief review of the electrical properties of 
the symmetrical network. 


Any symmetrical network has two important electrical properties namely, 
1. Characteristics impedance (Z,) 


2. Propagation constant (y) 


1.4.1 Characteristic Impedance (Zo) 


Consider that infinite number of identical symmetrical networks are connected in 
cascade or tandem as shown in the Fig. 12 (a). The input impedance measured at the 
input terminals of the first network in the chain of infinite networks will have some 
finite value which depends on the network composition. This impedance is the 
important property of a symmetrical network. Thus the characteristic impedance of a 
symmetrical network is the impedance measured at the input terminals of the first 
network in the chain of infinite networks in cascade and it is represented by Zy. 


If first network is disconnected from the chain as shown in the Fig. 1.2 (b), then 
also the input impedance measured at the input terminals of second network will be 


To 
infinity 


To 
infinity 


1 
(c) Input impedance of first network terminated in characteristic impedance 


Fig. 1.2 
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Zo again as number of networks in the chain are still infinite. That means we can 
replace this chain by impedance Z, at the output port of the first network as shown in 
the Fig. 1.2 (c). Then the impedance at input terminals of the first network will be still 
Zo- 

Thus in general when any symmetrical network is terminated in its characteristic 
impedance Zy the input impedance will also be Zp. 


This property is true for output impedance if the symmetrical network terminated 
in Z, is driven by a generator with 
internal impedance equal to Z,. In 
such network, the output 
impedance will be Z) only. The 

Zo network terminated in characteristic 
impedance at input as well as 
output terminals is said to be 

Fig. 1.3 Correctly terminated symmetrical 4 corrects Ermine OPPEN 

terminal network terminated symmetrical network as 
shown in the Fig. 1.3. 


Symmetrical 
4 terminal 
network 


1.4.2 Propagation Constant (y) 


Consider a chain of identical symmetrical networks connected in cascade as shown 
in the Fig. 1.4. 


Fig. 1.4 


The current leaving any section will be definite proportion of that entering section 
and in general will be out of phase with it. Thus the relationship between the currents 
entering and leaving the section is a vector quantity with both modulus and angle. 
This guantity is represented in the form e' for convinence where y is a complex 
number iven by y=a+jp 

Let the ratio of input to output current be given by . 


Bag ENT 
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Since all the sections are identical, we can write 
Is I Is I3 


SS. a So = et 
lh L k 3 
Is Is h ay 
hus, = - S2.llol.ef- 
Thus D LL e-se 
Is = ls i h cat e = e” 
I5 ık D] 


Hence for n identical sections connected is cascade the ratio of input to output 
current is given by 
I 
ES = gm ... (2) 
In 
Note that input current is represented by sending end current, I; while the output 
current is represented by receiving end current, I, . Above equation can be written as 


Is = e * iP = ena . einf 


Ip 


e"* (cos nf + jsin np) 
ena cos? np «sin? nf Z tan" sin nB 
cos np 


ls . e np NIS 
Ig 


where e"* gives ratio of absolute magnitudes of sending end current to receiving 
end current and nf gives the phase angle between these two currents. 


If the network is correctly terminated, then we can write, 


Is _ Is:Zo _ Es 


In In-Zo Er 


Also = = et=e™ ZnB ... (4) 


The real part a of the propagation constant y is called attenuation constant and it 
is measured in nepers. 


en = = ... for one section ie. n = 1 
R 
a = ln ls neper ... (5) 
In 
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Similarly for n-sections, 


I : 
ena = |S ... for n-sections 
In 
= l E 
na = In|—-| neper 
In 


The imaginary part B of propagation constant y is called phase constant and is 
equal to the angle in radians by which output current leaving section lags that input 
current entering section. For n-sections, the phase constant will be nf radians. 


1.5 The Infinite Line 


The analysis of the transmission of the electric waves along any uniform and 
symmetrical transmission line can be done interms of the results existing for an 
imaginary line of infinite length having electrical constants per unit length identical to 
that of the line under consideration. Hence let us study the transmission of electric 
waves along a line of infinite length first. 


The Fig. 1.5 shows the transmission line of infinite length. 


Fig. 1.5 The infinite line 


The alternating voltage applied to the sending end is Es. A finite current will flow 
which depends on the capacity of the line and the leakage conductance between the 
two wires constituting the line. This finite current is denoted as Is. 


The ratio of the voltage applied Es and the current flowing Is is the input 
impedance of the line. This input impedance of the infinite line is called characteristic 
impedance of the transmission line and is denoted by Zo. This parameter plays an 
important role in the analysis of lines. Infact the characteristic impedance of any 
practical line is defined as the impedance looking into an infinite line having same 
electrical properties. The characteristic impedance is a phasor quantity having a 
magnitude of |Zo| and an angle $. Both magnitude and angle of the characteristic 
impedance vary with the frequency. Hence the frequency at which the characteristic 
impedance is measured, must be specified while specifying the value of the 
characteristic impedance. 
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1.5.1 Important Properties of the Infinite Line 


In addition to the characteristic impedance, the infinite line has the following two 
important properties. 

l. As the line has an infinite length, no waves will ever reach the receiving end 
and hence there is no possibility of the reflection at the receiving end. Thus 
there can not be any reflected waves, returning to the sending end. The 
complete power applied at the sending end is absorbed by the line. 


NJ 


. As the reflected waves are absent, the characteristic impedance Zy at the 
sending end will decide the current flowing, when a voltage is applied to the 
sending end. The current will not be affected by the terminating impedance Zr 
at the receiving end. This condition is fulfilled by the long lines in practice. 


1.6 Short Line 


Ihe short line means a practical line of finite length. Short word does not indicate 
the information related to the actual length of the linc. As it is a practical line with 
finite length, it is also called finite line. Let us see how finite line is related with an 
infinite line. 

Consider an infinite line as 
shown in the Fig. 1.6. 


* X "d xu Its input impedance looking 

TO um UE. in at the terminals 1 and 2 is Zy 

Fig. 1.6 Infinite line which is its characteristic 
impedance. 


Now let the section AB at the near end of the line is removed as shown in the 
Fig. 1.7. 


15 3 Py PIPER EEE PRY Now section AB is a short 
25 wa sechion and compared to 
infinite length of the line, it is 

o—_—_—o On --------- i iei 
: 4 having negligible length. Hence 
the remaining line from the 

Fig. 1.7 Se 


terminals 3 and 4 represents an 
infinite nature of the line as it is before. Hence as per the definition, impedance 
looking in at the terminals 3 and 4 is Zp. 


From electrical point of view, the impedance at the terminating end of section AB 
must be Zo, at the terminal B. 
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A B Thus if the short section AB is now 

i terminated in an actual impedance Zo as 

Zg shown in the Fig. 1.8, then all the 

2 properties of such a line will be exactly 


same as that of an infinite line. The 
current and voltage at all the points along 
the length of the short section will be 
exactly the same as if that section has an infinite length. 


Fig. 1.8 Short section terminated in Zo 


Thus it can be concluded that, a finite line which is terminated in its 
characteristic impedance behaves as an infinite line. This means that its input 
impedance will be Zo and there will be no reflection. 


1.6.1 Determination of Zo for Finite Line Terminated in Zo 

Consider a short line terminted in its characteristic impedance Zp as shown in the 
Fig. 1.9 (a). The short line is a symmetrical network and hence can be represented by 
the equivalent T-section as shown in the Fig. 1.9 (b). Such a representation is the 
property of a symmetrical network. 


Zi Z - Equivalent 
I 


T section 


—- Zo Zo 


(a) Short line (b) Equivalent T section 


Fig. 1.9 
It is known that finite line terminated in Zg behaves as an infinite line hence the 


input impedance Zi, of the equivalent T-section network also must be Zp. 


The input impedance Zin of the equivalent T section network can be obtained as, 


Z Z 
Zin = 41 + {zai\(2 +20} 
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But Zin = Zo 
Za & + Zo } 
: Zi 2 
du i "UE 
Z2 + T + Zo 


2Zo|z Sen zz. Aen ean(aez) 


Z2 : 
`~ 2Zy Za t Zo Z +222 = ZA Za +3 + Zo Z +Z Z5 +2Z5 Z3 


2 Zi 
2£5 = 27 Z2 MN 
72 
Z = 142.2 ~) 


4 


This is the result applicable for equivalent symmetrical T circuit. 


Hence Zy for the equivalent T section of the finite line is, 


Z2 
Žo = "s t Z1iZ3 we (2) 


But to obtain Z, and Z3, practically two measurements are done. The input 
impedance is measured under two conditions. These two conditions are open circuit 
and short circuits. 


In open circuit, the line is kept open and input impedance is measured which is 
denoted as Zoc. This is shown in the Fig. 1.10. 


Z4 ZA 
2 2 
( 
— Zin = Zoc Open 7 Zoe Z2 Open 
0——————o0 
Fig. 1.10 
From the Fig. 1.10 we can write, 
Zo. = AZ, an (3) 
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In short circuit case, the second end of the line is shorted and the input impedance 
is measured. It is denoted as Zsc. This is shown in the Fig. 1.11. 


n A 
2 2 
7 we | - 7 > = | 7 
SC 


Fig. 1.11 
From the Fig. 1.11 we can write, 
ZA 
=x Zo 
.A Z].2,2"^ 
Zsc = 24/21] - 22 
— + Z2 
2 
A(Z Z 
] S nen 
aco 
FZ *Z 
Z AZ. Anz Zi 
ad uo ri Xo NGA E 
Z Z 
^ *Z ^A 
Z2 
Zs = ——. aaa (4 
sc Zoc ) 
z3 = Zoc Zsc 


Zo JZoc Zsc -« (5) 


Thus the characteristic impedance of a finite line is the geometric mean of the 
open and short circuit impedances. 


mm» Example 1.1: Find the characteristic impedance of a line at 1600 Hz if the following 
measurements have been made on the line at 1600 Fiz, 


Zoc = 7502Z-30°Q and Zsc 6007-20? 
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Solution : The characteristic impedance is given by, 


Zo JZoc Zsc = 4750z — 30°x 600 Z — 20° 
445x105 Z -509 = ¥4.5x105 ce 


67082 Z—25° Q 


1.7 Currents and Voltages Along an Infinite Line 


A line terminated in Zo behaves as an infinite line. Consider a line, terminated in 
Ze and divided into number of identical sections of unit length as shown in the 
Fig.1.12. 


Fig. 1.12 


The voltage Es is applied at the sending end of the line at A. The AB, BC, CD etc. 
are the identical number of sections, of unit length. At point B which is unit length 
down the line, let the current be lı. Due to the losses in the line, this current is less 
than the sending end current Is. Similarly there will be some phase shift between 
Is and I;, due to the line parameters. Hence the ratio Is / I; will be a phasor quantity. 


The phasor quantity can be represented in the form of an exponential term. Thus 
the ratio Is / I; can be represented as e” where y is a complex quantity. This y is 
called the propagation constant per unit length of the line. 


The line is terminated in its characteristic impedance Zo, while the input 
impedance at the sending end is also Ze. Each section is terminated by the input 
impedance of the following section. And last section is terminated in Zo hence each 
section is terminated in Zg. As seen earlier, as all sections are identical, each section 
can be represented by its symmetrical T section equivalent. Thus line can be 
represented as shown in the Fig. 1.13. 


Hence the line is cascade connection of symmetrical T section equivalent circuits. 


For the further analysis, consider the equivalent T section for the first unit length 
of the line, to find y interms of Z, and Z2. It is shown in the Fig. 1.14. 


Downloaded From : www.EasyEnginee¥ihgnet 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 1 - 13 Transmission Line Theory 
Z4 Z 
A! 2 2 B iC D o! 


Fig. 1.13 T section equivalent of the line 


As per the current division in parallel 
circuit we can write, 


h = Isx Z Za 
SL 7,4275 
2 
Ic Ath, + Zo 
hoc Z2 Fig. 1.14 Equivalent T section for unit 
I length of line 
But 5 = e! 
h 
Z2 *— + Zo 
eY = ——4—__ =] +4 , Zo 
Z2 22; Z 
E Z , Zo 
y= nez | ^ (1) 


This is the expression for y interms of Zj and Z2. 


Now the current at point C is I? which is less than I4. But the section BC is exactly 
identical to section AB hence the expressions derived for section AB of the line are 
equally applicable to all the sections. All the sections are represented by same 
equivalent T section. Hence the ratio I; / I; is same as Is / I; i.e. ef. 


+2 ~- (2) 


where I; is current at point C which is 2 unit lengths down the line. 
Same logic can be extended to section CD and so on. 


I; 


-— = OT 
I3 
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where I5 is the current at D which is 3 unit lengths down the line. 
In general for the n'^ section, 


I = eY ... (2) 


where In-ı = Current at distance (n — 1) unit lengths down the line 


I, = Current at distance n unit lengths down the line 


Now Is = e 
h 
LR AD =e’ xe =e 
Is = Is li, or cor war eh 


I3 hl I] lI 


Thus in general 


In = lge-" .. (3) 


This is an important relation which gives current at any point on the line interms 
of the sending end current and the propagation constant of the line. The In represents 
current at a point which is n unit lengths down the infinite line and y is propagation 
constant per unit length. The equation (3) is applicable for any value of n. 


At all the points along the line, the ratio of the voltage and the corresponding 
current is equal to the characteristic impedance Zo. Hence similar to equation (3) an 
equation for voltage can be derived. 


Es LI LERI IELI Es, | ERU 
ee Ct... ee 
Es _ En 
Is In 
Es Is 
—- = =e"? 
E, a 
En = Ese-" - (4) 


where E, is the voltage at a distance of n unit lengths down the line and Es is the 
sending end voltage. Note that the equations (3) and (4) are applicable for an infinite 
line or a finite line terminated in Zo only. 
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1.7.1 Attenuation and Phase Constant 


It is seen that y is the propagation constant which is a complex quantity. It can be 
represented as, 


y = a+jp 
eY = e&tiB =e eff 
Now ei? can be expressed using Euler's relation as, 


eY = e* [cos +jsinB] 


—— 2 n2 4 | sin 
e% Jcos? B & sin? B Z tan E: ... polar form 
This is obtained by expressing rectangular form into polar form. 

ey = e? Ztan^! [tan] 
ey = e? Zf we (5) 
Is . e? ZB ... (6) 
I 

Hence, iss e" and Z e 
I I 
s dd [ial (7) 

I; 


This a is known as the attenuation constant per unit length of the line and it is 
measured in nepers per km while f is known as the phase constant or wavelength 
constant per unit length of the line and it is measured in radians per unit length. The 
a indicates the rate at which the signal gets attenuated along the line while the p 
indicates the rate at which phase of the signal gets changed along the line. 


Thus if the length of the line is n units then 
Is Is oh Ina 


— m xx X =e 
In In ü In j 


= en(atjp) =ena -enp 


Is 


In 


= ena Z nf .. (8) 


The attenuation of such line is thus n a nepers while the phase shift is n B radians. 
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Practically instead of nepers, the attenuation is measured in decibels (dB). The 
conversion is, 


1 Neper = 8.686 dB 
While the phase shift is measured in degrees where 
lradian = 57.3 degrees 


The results derived in this section can be summarized as, 


In case of an infinite line or a short line terminated in its characteristic 
impedance and having propagation constant y, the current at any point which is ‘x’ 
units from the sending end is given by, 


I, = Ise-Y* 


Ige^9* Z -üx 
The negative sign to the angle shows that the phase goes on lagging, down the 
line away from the sending end. 
Similarly the voltage E at any point at a distance ‘x’ units from the sending end is 
given by, 
Éx 


Ese^?* 


Es e^** 7-Bx 


where Is and Es are the sending end current and voltage respectively. 


1.8 Propagation Constant Interms of Zoc and Zsc 
We know that, 


Zi Zo 
Ys ei 
e 1+ 22; + Z 
z2 
Substituting Zo = uta 
e wu a La dividing by Z2 inside root 
22; V4Z2 Z ii y ^2 
e dez. y. " 
~ 22 W22) zZ ™ 


Downloaded From : www.EasyEnginee¥ihg‘net 


Downloaded From : www.EasyEngineering.net 
Transmission Lines and Waveguides 1-17 Transmission Line Theory 


Mathematically it can be shown that approximately, 


sap a ZY Zs 
e x 1*7; (22:] tz .. (2) 
Adding (1) and (2), 
-r 224.25 
ey+e-? = 267 --- (3) 
e+e —— Zi 
— a = lt3Z; rr (4) 
But Lubd NN cosh y 
2 
cosh y = 1+ i we (5) 
Now e! = coshy «sinh y 
: ZA ) 
E: sh y * sinh y) - cosh y = e! -| 1+-—— 
(cosh y * sinh y) -coshy = e | 22; 
: » Z 46 / Zi 
sinh y = +35 ^7 | 22; 
sinh y = = -.. (6) 
£o 
tanh y = snhy | "Z3 Zo 
cosh y 1 A Z ZZ 
227, 3.2 
But Zo = VZsc Zoc and Z2 +A =Zoc 
tanh y = ¥2sc Zoc 
Zoc 
tanh y = Zsc .. (7) 
Zoc 


This is very important result which is already derived at the time of discussion of 
symmetrical networks. 
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1.8.1 T Section Values interms of Zo and y 
- Z 
Now cosh y = 1+ 22; 
A . 2(cosh y - Y) -2x 2sinh2 Y. 
Z2 2 
inihi. [2 
sinh 2^ 2YZ | ... (B) 
F Zo 
Now sinh y = =- from (6) 
Z2 
sinhy _ Zo 
2 2% 
Y Y 
2sinh 5 cosh 5 m Zo 
2 2 Z2 
cosh Y = Zo, 1 = Zo 1 
2 2Z2 i nhu 222 1 Zi 
2 2YZ; 
Zo 
cosh Y = .. (9 
LIRE (9) 
sinh( 3] 
tanh Y. = 2) 1 [Z Vaz Zi 
2 (3) 2 VZ: Zo 2 Zo 
cosh| — 
2 
ZA S Y 
Ja Zo tanh( 2) ... (10) 
Zo 
d Z2 = = 
an 2 sinh (y) (11) 


Thus if y and Zy of the transmission line are known then the elements of T section 
equivalent circuit can be obtained for the line. 


Note: If the length of the transmission line is ‘fT and y is defined per unit length 
then the expressions (5), (6), (7), (10) and (11) can be used by replacing y with y1. 
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Thus the T section equivalent for a line of length 'T can be shown as in the 
Fig.1.15. 


^ tam(7) 
Zo 


sinh(yl) 


Fig. 1.15 T section equivalent 


In a similar manner using T to n conversion, the x section equivalent for a line of 
length '7 can be shown as in the Fig. 1.16. 


Z4 = Zo sinh (y/) 


Zgoth(i) — 22, Š Zcoth Hy 


Fig. 1.16 n section equivalent 


mæ Example 1.2: A cable has an attenuation of 3.5 dB/km and a phase constant of 
0.28 radians/km. If 3 volts are applied to the sending end, what will be the voltage at 
point 10 km down the line when the line is terminated in its characteristic impedance ? 


Solution : Es = 3V, a = 3.5 dB/km, f = 0.28 radians/km 


Now 1Neper = 8.686 dB 
3.5 dB/km = Xn Neper/km = 0.4029 Neper/km 
Now E, = Ege^!* = Ege^** Z-fx .. Use a in Neper/km 
x = 10 km 
E, = 3 e7 0402910 /-028x10 rad 
= 0.05337 2-28 rad .. l rad = 57.3? 


= 0.05337 Z —160.44° V 


This is the voltage at a point 10 km down the line. 
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m-b Example 1.3: Calculate the characteristic impedance, the attenuation constant and 
phase constant of a transmission line if the following measurements have been made on 
the line. 


Zoc =550 Z-60°Q and Zsc-5007-14?Q 
Solution : For a transmission line, 


Zo = ¥Zoc Zsc = {550 x 500 Z - 60°-14° 


524.404 z-f = 524.404 Z —37* Q 


= 418.807 - j 315.594 Q 


Now tanh y = Ea = [e = 09534 4157 7 


= 0.9534 723? = 0.877 + j 0.3725 


en -1 
tanh = oU oll 
AP TS CERE 
2y = 
€? -l . 0877 + j 0.3725 
e?! +1 


e?r -] = (0.877 +j 0.3725) (e?! +1) 
e?Y -1 = 0877e77 +j0.3725e?Y + 0.877 + j 0.3725 
e27 [1 -0.877 -j 0.3725] = 1 +0877 + j 0.3725 
e27 (0.123 -j 0.3725) = 1.877 +j 0.3725 


1.877 +j 0.3725 _ 1.9136 Z 11.22° 


2y SS ————— 
T 0.123 -j 0.3725 | 0.39227 — 71.72? 


e?* = 48791 7/8294? 
2y = In[4.8791 Z 82947] 


y = 5 In[48791 Z82947] 


Mathematically, In[a Zb] » In a+j b 


ys i (In 4.8791 + j 82.949} 


But Y = a+jP 
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o «iB = 5 in 48791+ (525) 


R 
li 


In 4.8791 = 0.7924. Nepers/km 


and B = (=) = 4147°/km = 0.7237 rad/km 


Note : Another mathematical result can be used to solve this problem. 


tanh y = tanh (a +jp)= A +jB 


1 E 2A 
then Qum tanh-! IARE =a} Nepers 
1 2B 
and = = tan! 4———————— 
ME z [co csi 


Units of B depends on tan~! function mode. If tan~! is calculated in degree mode, 
will be in degrees and if tan~! is calculated in radian mode, p will be in radians. 


1.9 Wavelength and Velocity 


It is seen earlier that the current and voltage decreases along the transmission line 
as electric wave propagates from the sending end towards the receiving end. 
Graphically the variation of current with respect to distance can be shown as in the 
Fig. 1.17, assuming current is maximum at the sending end. 


wee ew —— ——————— e 


Distance 


Wavelength à. 
Fig. 1.17 Variation of current against distance 
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The current amplitude and phase decreases down the transmission line from the 
sending end. The voltage also varies similarly. 


The distance between two points along the line at which currents or voltages differ 
in phase by 2z radians is called wavelength. It is denoted by À. 


It can also be defined as the distance between any point and the next point along 
the line at which the current or voltage is in the same phase. 


The distance between points C and D along the line shown in the Fig. 1.17 is 
wavelength i. 


The phase constant of the line B is defined as radians per unit length of line. So if 
f is defined as rad/km it indicates that there is a phase change of f radians for a 
distance of 1 km of the line. Hence for a phase shift of 27 radians, the distance will be 
2x/B km. This distance corresponding to phase shift of 2x radians is wavelength À. 


à = — . (1 
B (1) 


In one wavelength, one electrical cycle is completed. If the frequency is f Hz i.e. 
cycles/sec then for one cycle the time required is called time period given by, 


T = 1 sec/cycle 


The wave travels distance of X in one cycle, for which the time required is 1/f sec. 
Hence the velocity of propagation v can be written as, 


distance travelled E EN 
time taken 1 
f 


2 2nf c 
v= B B a. (2) 


It is measured in km/sec if B is in rad/km and in m/sec if B is in rad/m and so 
on. As it is related to phase constant of the line, the velocity is called phase velocity. 


When f is a function of w then velocity is produced by introduction of a group of 
frequencies travelling through the system. Such a velocity is called group velocity and 
can be obtained as, 


This velocity plays an important role in wave guides and not in transmission line. 
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m» Example 1.4 For an open wire overhead line B = 0.04 rad/km. Find the wavelength 
and velocity at a frequency of 1600 Hz. Hence calculate the time taken by the wave to 
travel 90 km. 


Solution : B = 0.04 rad/km, f= 1600 Hz 


2x 2m 
À = T oa? km 
and "e co 2zf 2nx1600 
i ~B p 004 


= 2.5132x105 km/sec 


So time required to travel 90 km distance is, 


90 km 


2 Um. 95972104 
2.5132 10° km / sec r = 


1.10 Relationship between Primary and Secondary Constants 


It is seen that the practical line has following constants, 

R = Resistance per unit length, measured in ohm (Q) 

G = Conductance per unit length, measured in mho (0) 

L = Inductance per unit length, measured in henry (H) 

C = Capacitance per unit length, measured in farad (F) 

All these constants are assumed to be independent of frequency and are called 


primary constants of the transmission line. All these constants are measured 
considering both the wires of transmission line. 


Apart from R, G, L and C few other constants related to the transmission line are 
characteristic impedance Zo, the propagation constant y, attenuation constant « and 
phase constant f. All these constants are fixed at one particular frequency but change 
their values as the frequency changes. Hence these constants are called secondary 
constants. Let us obtain the relationship between primary and secondary constants of 
the transmission line. 


Consider a short length of line '7 km. This section will have resistance of RIQ, 
conductance of G? mho, inductance of LI H and capacitance of C! F. Its characteristic 
impedance is Zo. The line is shown in the Fig. 1.18 (a). 


This short line can be represented by symmetrical T network as shown in the 
Fig.1.18 (b). 
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If the length of the line is small, then the total series impedance of the section 
represents Zı and the total parallel impedance of the section represents Z3. 


Z = (R*joL)! 

1 
al d Z^ SS 
"n 7 (G *joC)! 


The total series impedance per unit length is denoted as Z while the total parallel 
impedance per unit length is denoted as Y. 


Z = R*joL ... per unit length 
Y = Zygunt =G * joC ... per unit length 
Hence the equivalent T network can be shown as in the Fig. 1.18 (c). 


(R+joL) (R+joL) 
2 2 


Z a 
2 2 
Quo 
Z MM 
2 (G*joCY 
,———————0 
He 


/ 
(a) (b) (c) 


Fig. 1.18 Short transmission line representation 
Note that this assumption is valid only when length of the line is small i.e. / — 0. 


1.10.1 Determination of Zo Interms of Primary Constants 


For the T section we can write, 


z? GIDE (R4 joL)! 
Z —42 25 = pa 
» g eaa 4 *(G *joC)! 


R*jel | (R+joL)’? 
G *joC 4 


But as | — 0, I? — 0 and can be neglected. 


| [R*joL -E 
Zo = J&t 7 V¥ sa 
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a vane ee NL MERC NEELL atcha d, 


Representing in polar form we can write, 


JR? +w? L2 wL oC 
Zo = |——— n 
G2 £o? C? R G 


| R? «o? L? 1 wL wC 
Zo = 4———— “= ALS ep Se 
0 4 Gil £5 [un R tan re | ... (2) 


When frequency is very small, o — 0 hence 


Zo = a ... (3) 


When frequency is very large R? <<w?L? and G?««o? C? 


_ JL 
Zo = ie ... (4) 


-For all the practical lines R/G is always greater than L/C hence variation of Zp 
with frequency for a short practical line can be shown as in the Fig. 1.19. 


—» frequency 


Fig. 1.19 Variation of Zo with frequency 


1.10.2 Determination of y Interms of Primary Constants 


If y is the propagation constant per unit length defined for a line then its value for 
a line of length / is yl. Hence for the T section considered we can write, 


Substituting values of Z, and Z2 for a short line of length |, 
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an das (R+joL)! " Zo 
? -—— M NS 
(G * jo C)! (G * jo C)! 
2 E . 
eyl = 1 T a LD + Zo 1(G + joC) 
z P(R*joL)(G*joC) | R+joL 
= > — —M Gejec xl(G +joC) 
P? (R+joL j [emcee cepa 
eii a ae sa ade) Ss La A, y(R+joL)(G *joC) ... (3) 


2 


But mathematically exponential term e?! can be expanded in a series as, 


272 
e" = iry 


+... 


As | > 0, neglecting higher order terms, 
2/2 

ayl = Y 

e l+yl+ 2 


. (4) 


Comparing equations (3) and (4), 


Y = J(R*jeL)(G +jod = JZY 2:05) 


If y is represented in the polar form as |y| Z9 then the attenuation and phase 
constants can be obtained as, 


u = |ylcos0 and B=|y|sind 


Thus by representing y in the rectangular form as a 4 jp the values of a and B can 
be directly obtained. While expressing y from rectangular form to polar form, fj must 
be in radians. 


mæ Example 1.5: A generator of 1V, 1 kHz supplies power to a 100 km long line 
terminated in Zy and having the following constants, 
R = 10.4 O/km, L = 0.00367 H/kin 
G = 08x10 © mho/km, C = 0.00835 10-6 F/km 


Calculate Zo, attenuation constant a, phase constant f), wavelength and velocity v, 
received current, voltage and power. 
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Solution : The Z is given by, 


_ |R*jeL _ _ 3 
Zo = erie where o22nfz2nx1x10? rad/sec 
10.4 *j(2 mx 103 x 0.00367) 
0.8x 1076 + j(2xx 10? x 0.00835x 10) 
10.4 + j 23.059 = 25.29 Z 65.72? 
^ V0.8x10-5 4j 5.246 x 105 \5246x 10-5 Z 89.126° 


44.8208 x 10° 2 6572°-89.126° 


Zo 


Zo = 69432 2Z-11.703°Q 


Now Y= KR *joL)(G *joC) = 42529 £ 6572°x5.246 x 10? Z 89126? 
= 40001326 154.846? 


= 0.03641 Z77.423? = 0.007928 + j 0.03553 


= a +jp 
a = 0.007928 Nepers/km 
and B = 0.03553 radians/km 
2n 2n 
Soe Se m 17i le! 1 k 
25-0155 n 
o 2nx1x10? 
2-217. ——l—2195x10* km/ 
v B 0.03553 1.95 x 10 m/sec 
Es ‘i 
Now Zo = = .. Eg = 1V 
s 
Ie = Es E 1z 0° 
S= Zo 694.32 Z-11.703° 
= 1.4402x10 Z +11703° A 
Now Ir = Ise7Y* where x= l= 100 km 
Ir = Ig e~(e*iB}Y 


= Ige-*! Z-ßi 
= 1.4402 x10- x e-0007928400 /..003553x 100 rad 
Ip = 6.518x10-4 Z-3.553 rad = 6 . 518 x 10 4-203 . 58° A 
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Now Er = Zo 
Ig 


Er = Ir Zo 2 6.518x 10-4 Z — 203.58?x 694.32 Z - 11703? 
Ex = 0.4525 Z- 215.283° V 


Thus Ig and Eg are receiving end current and voltage respectively. 


The power received is given by, 


Dg - En In cos En” 3 

where En E In = angle between Er and Ig 
Fig. 1.20 

0 = En In -21528?-203.58* 


+11.703° 


This is nothing but angle of Zo 
6518x 107* x 0.4525 x cos (411.7039) 
288 x10-6 watts 


Pp 
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1.10.3 Determination of a and f Interms of Primary Constants 
It is derived that, 


it 


y = KR*jeL)(G *joC) 
, . JR? 4o? p Ztan-! t VG? -9? C? Ztan-! oe 
1 oL 4, oC 
a(R? +? L? )(G? «o? C?) Z [tan URS Ed .. (6) 


a 4 jp = ja? +B? Zian P .. (7) 


But y 


Equating magnitudes, 
Ja? «B? = 4 (R? «o? I2)(G? «o? C?) 
a? +B? = J(R? «o?  )(G? «o? C?) ... (8) 
Now y=a+jp = J(R*joL)(G +joC) 
(a +jB)’ = (R+joL)(G +joC) 
a? +2jaß +j? B? = RG*jeLG *joRC« o? LC 
a? -g? «j2a p = (RG-o? LC) +jo(LG +RC) -. (9) 
Equating real parts, 
«?-p? = (RG-o?LC) ... (10) 
Adding (8) and (10), 


2a? = KR +? L?)(G? «o? C?) +(RG -@? LC) 
a = af (R? +o? L? )(G? *92C?) +(RG -«?LC)} .. (11) 


Subtracting (10) from (8), 


282 = (R? +a? L?) (G? «e? C?) -(RG -e?LC) 
B = p [(R? +0? L )(G? +0? C?)-(RG-«?Lc)} — 02) 
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1.10.4 Practical Formulae for Underground Cables 


The underground cables consist of number of conductors which are closely spaced 
to each other. The diameter of the conductors is also small te accomodate large 
number of conductors. Now the diameter is small means cross sectional area is small 
hence the resistance R per km of such underground cables is very large. Due to close 
spacing of conductors, the capacitance C is also large. The inductance L is very small. 
The insulation between the conductors is good and hence leakage is very small. Thus 
the conductance G is very small. 


Hence for the unloaded underground cables, at audio frequencies, it can be 
assumed that 


1.0 C >> G hence G can be neglected 
2.0L << R hence o L can be neglected 


With these approximations, let us obtain the values of Zo, a and f. 
R+joL 
Ae is G *joC 


- ... for underground cables 


psc 


J(R * jeL)(G +joC) = J(R)(joC) 
= RwC 290° = foRC Z4 45° 


a = |y|cos0 = Esas 


ont nepers/km 


ly{sin@ = JoRC sin 45 


g Ec radians/km 


mm» Example 1.6 : An unloaded underground cable has the following constants : 


Z- 45? 


ie 


while Y 


and p 


ü 


R = 40 Q/km, G = 0.5 umho/km, L = 1 uH/km, C = 0.08 uF/km 
Find the approximate values of Zo, a and B at 400 Hz and 1600 Hz. 
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Solution : For an unloaded underground cable neglect G and L. 
Case 1) f = 400 Hz ie. w=2nf = 2.5132x10? rad/sec 


| R | 40 
— 4-459 Q = [L—————— À——— ———— £Z-485 
oC 2.5132 x 103 x 0.08 x 10 © 


446.03 Z -45° Q 


a = o = 0.06341 neper/km 
B = jer = 0.06341 rad/km 


Zo 


Case 2) f = 1600 Hz ie. 0-2nfÍ-1x10* rad/sec 
Zo = aly Z—45°= 223.606 Z-45? Q 
oc 


a = ee = 0.1264 neper/km 
B = jane = 0.1264 rad/km 


1.11 General Solution of a Transmission Line 


A transmission line is a circuit with distributed parameters hence the method of 
analysing such circuit is different than the method of analysis of a circuit with lumped 
parameters. It is seen that, the current and voltage varies from point to point along the 
transmission line. The general solution of a transmission line includes the expressions 
for current and voltage at any point along a line of any length having uniformly 
distributed constants. 


The various notations used in this derivation are, 

R = Series resistance, ohms per unit length, including both the wires 

L = Series inductance, henry per unit length 

C = Capacitance between the conductors, farads per unit length 

G = Shunt leakage conductance between the conductors, mhos per unit length 
€ L = Series reactance per unit length 

€ C = Shunt susceptance in mhos per unit length 

Z-R-*joL = Series impedance in ohms per unit length 

Y = G+jwC = Shunt admittance in mhos per unit length 
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s = Distance upto point of consideration, measured from receiving end 
] = Current in the line at any point 

E = Voltage between the conductors at any point 

l = Length of the line 


The transmission line of length | can be considered to be made up of infinitesimal 
T sections. One such section of length ds is shown in the Fig. 1.21. It carries a current 


Fig. 1.21 Infinitesimal T section of a long line 


The point under consideration is at a distance s from the receiving end. The length 
of section is ds hence its series impedance is Zds and shunt admittance is Yds. The 
current is I and voltage is E at this section. 


The elemental voltage drop in the length ds is, 


dE - IZds 

dE 

EF FZ "I 
ds (1) 


The leakage current flowing through shunt admittance from one conductor to 
other is given by, 


dI = EY ds 
X - EY - (2) 
Differentiating equations (1) and (2) with respect to s we get 
af 
and H = YS 


This is because both E and I are functions of s. 
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d*E ` 
= ZEY .. (3 
ds? (3) 
2 
and e = YIZ ... (4) 
ds? 


The equations (3) and (4) are the second order differential equations describing the 
transmission line having distributed constants, all along its length. It is necessary to 
solve these equations to obtain the expressions of E and I. 


Replace the operator d/ds by m hence we get, 
(m? -ZY)E = 0 but E#0 
m = +¥JZY s {5} 


Same result is true for the current equation. 


So there exists two solutions for positive sign of m and negative sign of m. The 
general solution of the equations for E and 1 are, 


E = AeZrs4 Be-ZYs -.. (6) 
I = C eð so De-ZY « ~ (7) 
where A, B, C and D are arbitrary constants of integration. 
It is now necessary to obtain the values of A, B, C and D. 


As distance is measured from the receiving end, s = 0 indicates the receiving end. 


E = Ex and [-lg ..atSz0 

Substituting in the solution, 
Ex = A+B ... (8 (a)) 
Ir = C+D ... (8(b)) 


Same condition can be used in the equations obtained by differentiating the 
equations (6) and (7) with respect to s. 


GE Ayay ev * + B(-VZY) e- TY s 


ds 
and 2 = CYZY eY s +D(—-VZY) e-VZY s 
- S " 
But Es = IZ and A-CEY 


IZ 


AVZY eYZY s -BJZY e-/ZY s ... (9) 
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and EY = CNZY e/7* s -DJZY e vY% s .. (10) 


Ee AAD e Ws -SNZ eZ 


ie. I = aly ers -B [Y e- ZY» (11) 
And E = ee e/ZY :- 542 e-VZY s ... (12) 


Now uses 0, Ez Eg and I=Ip 


z Y RJY 
Ip = aly sr .. (13(a)) 
and Er = cJ -of ... (13(b)) 


The equations 8a, 8b, 13a and 13b are to be solved simultaneously to obtain the 
values of the constants A, B, C and D. 


Now while solving these equations use the results, 


joo BER _ [R*joL NC 
= inei Zo= fares = Y 


Hence the various constants obtained, after solving the equations simultaneously 
are, 


AT PR IR vez) .. (14) 

s = Sek ZB (,_ 20) ma 

c = IR, ER zs (ez) w (16) 

^ 2 Y ale (1-24) ... (17) 
Hence the general solution of the differential equations is, 

Éa Eeeeh- .. (18) 

E O(a Fe levers af 1-28 Je "ed ... (19) 
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* Zo) 


Taking LCM as Zg and takin (Zn * Zo) E out from equation (18), 
B 8 — z " eq 


_ En (Zn * Zo) ,CR- Zo) e- fs 
E = — Zu lem" "(eazy ZY sas (20) 


Taking LCM as Zp and taking (Fx +2) out from equation (19) 
0 


_ In (Zn * Zo) s (Zr- Zo) , AI s 
] = E os 5G rz) .. (21) 


The negative sign is used to convert Zo — Zg to Zp — Zo. 
The equations (20) and (21) is the general solution of a transmission line. 


Another way of representing the equations is, 


_ Er -JX 
"ae 7) ila 
= JZY s JZY s -JZY s _ -JZY s 
E x so [Zn eV 5 + Zo eY s «Zn e -Zoe ] 
E E eYZY s 4 e-JZY s „Zo En e VZY s _ e-VZYs 
pU 2 Zn 2 
But Er = Zg hence Ex ot, 
In Zn 
JZY -JZY VZY s — a-JZY 
E = ES [E In z [E .. (22) 
2 2 
VZY s 4 o-JZY s VZY s _ e-VZY s 
= p| E te | En fe et 
and I = | 5 |- Al 5 | .. (23) 
JZY s VZY > JZYs `o JZY 
But Se 2 cosh /ZY s and in See =sinh /ZY s 
E = Er cosh(VZY s) «In Zosinh (Vzv s) .. (24) 
7 Er . 
and I = Ip cosh (VZY s) EA sinh (VzY s) ... (25) 


The equations (24) and (25) give the values of E and I at any point along the 
length of the line. 
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Important Note : The similar equations can be obtained interms of sending end 
voltage Es and Is. If x is the distance measured down the line from the sending end 
then, 


x = l-s 


And the equations (24) and (25) get transferred interms of Es and Is as, 


E = Es cosh(VZY x) - Is Zo sinh(VZY x) .. (26) 
I = Is cosh(VZY x) E^ sinh(JZY x) Q7) 


And JZY =y as derived earlier and hence equations can be written interms of 
propagation constant y. 


Summarizing, 


If receiving end parameters are known and s is distance measured from the 
receiving end then, 


ti 
I, 


Eg cosh(y s) * In. Zo sinh(y s) 


- 
ll 


En . 
In cosh (y Sz. sinh(y s) 


And if sending end parameters are known and x is distance measured from the 
sending end then, 


m 
il 


Es cosh (y x) - Is Zo sinh (y x) 


— 
il 


Is cosh (y x) - Es sinh (y x) 
0 


Any set of equations can be used to solve the problems depending on the values 
given. 


1.12 Physical Significance of General Solution 


From the equations, the sending end current can be obtained by substituting s = / 
measured from the receiving end. 


Es = Egcosh(y/) «In Zo sinh(y/) ... (1) 
Eg . 
and Is = Ig cosh (11) +-5* sinh(y!) ~. (2) 
Now Zr = Er 
In 
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Is = Ir cosh(y!) *Z Ir sinh (y1) 
‘ Zo 
Is = Ig cosh (y/) ja sinh (y!) . (3) 
Zo 


Now if the linc :s terminated in its characteristic impedance Zo then, 
Is = Ip [cosh (v) + sinh(y/)] . aS Zg = Zo 


Ü = [cosh(y/) + sinh(y7)] =e” ... (4) 


This is the equation which is already derived for the line terminated in Zo. 


Using Er = Ip Zr in equation (1), 
Es = Zr Ip cosh(y/) «1n Zo sinh(y/) 
Es = Ip [Zr cosh(y!) * Zo sinh(y!)] ... (5) 


Dividing (5) by (3), 
Es Ig [Zr cosh (y l) +Zo sinh(y 1] 


Is Zr . 
In [eost l) EA sinh(y/)| 
But Es = Zs 
Is 


ft Zo [Zr cosh ( y!) + Zo sinh (y n] bats 
[Zo cosh(y!) + Zr sinh (y n] 
When the line is terminated in Zp then Zg 2 Zo. So substituting in equation (6) we 
get, 
Zs = Zo .. (7) 
This shows that for a line terminated in its characteristic impedance its input 
impedance is also its characteristic impedance. 
Now consider an infinite line with / — œ. Using this in equation (6) we get, 
_ Zo [Zr + Zo tanh(y 7] 
[Zo + Zr tanh(y/)] 
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and tanh(y/)—1 as /— c, 
Ze = Zy .. (8) 


This shows that finite line terminated in its characteristic impedance behaves as an 
infinite line, to the sending end generator. 


Thus the equations for E, and I, are applicable for the finite line terminated in Žo. 
The equations are reproduced here for the convenience of the reader. 


E, = Es e ** and l|,2Is e^ 


lf in practice instruments are 


E, orl, connected along the line then the 
instruments will show the magnitudes 
Es oF lg Es e^** and [s e^"* while the phase 


angles can not be obtained. If the graph 
of E, or lx is plotted against x then it 
can be shown as in the Fig. 1.22. 

This is the physical significance of 
the general solution of a transmission 
line. Its use will be more clear by 
Fig. 1.22 studying the various cases of the line. 


Distance x 


1.13 Application of General Solution to The Particular Cases 
The current and voltage at any point, x distance from the sending end are, 


E = Escosh(yx)- ls Zo sinh(y x) .. (1) 


I = Iscosh(y 9-53 sinh (y x) ... (2) 


And if the distance s is measured from the receiving end then s=/-x and the 
equations of E and I are, 


E 


Eg cosh[ (!- x)] *In Zo sinh [v(1- x)] ... (3) 


= Ip cosh EG x) + oP sinh [yc - 3] . (4) 


— 
[ 


Let us discuss application of these equations to the particular cases. 
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1.13.1 Finite Line Terminated in Zo 
The case is equally applicable for an infinite line. 
Atx=l E-Eg and I[=Ip 


Er = Escosh(y!)-Is Zo sinh(y/) 
Es . 
and Ir = Is cosh(y!) - 7* sinh(y/!) 
Using Eg /Zu = Zg we get, 
zo Eg | Zo[Escoshy!-Is Zo sinh y!] 
RO TR [Is Zo cosh y | - Es sinh y /] 
But Zr = Zo 


Pu Zo [Es cosh y ! - Is Zo sinh y] (5) 
© — — TsZo cosh y! = Es sinh J] g 


Solving we get, 
Es 
Is 


Zo Za ... (6) 
Thus input impedance for a finite line terminated in Zo is also Zo. 


1.13.2 Finite Line Open Circuited at Distant End 
The line of length '? is open circuited at a distance x = I i.e. Ig — 0. 


0 = Iscosh(y/) -Es sinh (y7) 
0 
Es cosh (y!) 
— = — =Z th l 
Is i sinh(y/) Ll 


But Es /Is is the input impedance so let us call this input impedance of open 
circuited line as Zoc. 


Zoc = Zocoth(y/) ... (7) 


If 1 — co, then coth(y/) —1 and thus input impedance Zoc approaches to Zo for an 
infinite line, on open circuit. 
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1.13.3 Finite Line Short Circuited at Distant End 
The line of length 'F is short circuited at a distance x = ! i.e. Eg =0. 


0 = Es cosh(y) - Is Zo sinh(y/) 
E 
pm = Zp tanh(y/) 


But Es / Is is the input impedance, so let us call this input impedance of short 
circuited line as Zsc. 


Zsc = Za tanh (v) . (8) 
Multiplying (7) and (8), 
Zi = Zs Zoc 
Zo = JZoc Zsc ... (9) 
This equation is already proved. 
A £sc // 
Similarly, Zoc = tanh? (y I) 
Zsc 
tanh(y!) = jJ=— „ (10 
nh(y!) = YZ (10) 


This is also proved earlier. 


1.13.4 Determination of a, P and Primary Constants 
If Zsc and Zoc are known then let, 


tanh(y!) = (EE - A+jB 
tanh[(a +j) = A+jB 
tanh[al+jBf] = A+jB .. (11) 
and tanh[a/|-jp/] = A-jB -.. (12) 


Mathematically if identity is true for + j, it must be true for - j. 


2A 
uU Ern 
2B 
and t 28]) = ———————— 
= tt 1-(A? +B?) 


From these equations a and f can be obtained. 
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Now Y = 4(R*jeL)(Y *joC) 
T 
Zoy = R+joL ... (13) 
and a = G+joC -.. (14) 


Hence knowing Zo and y as complex quantities, all the four primary constants of 
the line can be determined. 


1.14 Input and Transfer Impedance 

It is derived in earlier section that the input impedance of a transmission line is 
given by, 

Zo [Zr cosh (y) + Zo sinh(y 1] 


- zd 
j [Zo cosh (v!) + Za sinh(y!)] a) 


Zin 


1 +22 tanh(y!) 
Zs = Zo A 7) -.. (2) 
Zr + tanh(y I) 


Let Zr = rs = Transfer impedance of a line 
R 
Es . 

Now Ig = Is cosh(1/) - 72 sinh(y Ju 

l = Is cosh(y1) -4 sinh (y f) ... (3) 

Ip Zo 

While Er = Es cosh(y!) -Is Zo sinh(y!) 

le = Es cosh(y/) - Eg .. 4) 

Zo sinh(y I) 


Substituting in (3), 


i e E sinh(y!) 
Zo 


In Zosinh(y!) | Zo 
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| =- {Es cosh? (YI) (Eg ) cosh(y!) Zr sinh(y!) 
(5 Zo sinh(y!) Ir / Zosinh(y!) Zo 
Er _ 
ons Tr = ZR 
Ta Zr cosh? (y1) - Zp cosh (y /) - Zr sinh? (y?) 
7 Zo sinh(y!) 
Zo sinh(y!) = Zr [cosh?(v D) - sinh?(y 1] -Zr cosh(y!) 
Zy sinh (Y!) = ZT-Zn cosh(y!) 
Z1 = Zg cosh(y!) + Zo sinh(y!) . (5) 


In terms of exponential coefficients this can be expressed as, 


I -ył l m p-y! 
Zr = Zn [m T : aj y : | -. (6) 


This is the required transfer impedance of a transmission line, terminated in an 
impedance Zr. 


mb Example 1.7 : An open wire line has a characteristic impedance of 7002 -12° Q 
and a propagation constant y — 0.012 + j 0.058 when 2V are applied to the sending end 
and a current of 4 mA flows in. What will be the current at the distant end which is 50 
km away from the sending end ? 


Solutoin : Zo 2700 Z-12°Q and y = 0.012 + j 0.058 


According to general solution, 


I = Iscosh(y x)- ss sinh (y x) 
0 


Now x = 50km, Es-2Z0? and Is = 4 mA 
I = 4x1073 cosh[(0.012 +j 0.058) 50] 


240? 


-7507-12s Sinh[(0.012 + j 0.058) 50] 


= 4x10? cosh[0.6 +j 2.9]— 0.0028Z +12°sinh[0.6 + j 2.9] 
Now sinh[a+jb] = sinh(a) cos(b) tj cosh(a) sin(b) 
and cosh[a+jb] = cosh(a) cos(b) + j sinh(a) sin(b) 
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I = 4x 10-3 {cosh(0.6) cos(2.9) + j sinh(0.6) sin (2.9)! 
- [0.0027 + j 0.00058] {sinh(0.6) cos(2.9) + j cosh(0.6) sin(2.9)} 
.. use radian mode 

I = 4x 10-3 (- 1.151 +j 0.1523) — (0.0027 + j 0.00058) {— 0.6181 + j 0.2836} 

= 4x107 {1.16123.01 rad} - (0.0028 212%) (0.68 Z 2.711 rad) 

= 0.00464 Z 172.473°-0.0019 Z 167.34? 

= —0.0046 + j 0.0006 + 0.00185 — j 0.00041 

= — 0.00275 + j 0.00019 
1 = 0.00275 7176.04? A 


So current at 50 km distance is 2.75 mA. 


mm» Example 1.8: A line 20 km long has the following constants : 


Zo 26007090, a = 0.1 nepers/km, f = 0.05 rad/km 


Find the received current when 20 mA are sent into one end and receiving end is short 
circuited. 


Solution : For a line short circuited at the receiving end, 


Es — 
7 Zo tanh (y!) 
Es = Is Zo tanh (y!) ... (1) 
: Es . 
And I = Iscosh(y 3)- sehr x) 
and x = |= 20 km at the receiving end 


Is Zo tanh(y I) 
Zo 


I = Is cosh ( y I) - sinh (y) .. using (1) 


H h? l h? i Sa h2 l 
hen OL ESO EOM 


cosh (y!) cosh ( y /) 
= ls 
cosh( y!) 
Now Is = 20 mA, y=0.1 +j 0.05 
20x 10-3 20x 10-3 


[ 2 ——Ó————— 5 
cosh[(0.1 + j 0.05) x 20} cosh[2+j 1] 
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20x103 


= —————————————— .. use radian mode 
cosh 2 cos 1 +j sinh 2 sin 1 


20x103 2 20 x 10-3 
2.0327 +j 3.05189 3.667 Z 0.9832 rad 


0.00545 Z —0.9832 rad 25.45 Z- 56.33°mA 


Thus received voltage is zero and received current 5.45 mA lags the sent current 
by 56.33*. 


1.15 Conditions for Minimum Attenuation 


~ - The value a is derived earlier in terms of primary constant of the line as, 


a = ^H (R? +07L?)(G? +0?C?) «(RG -o?LC)) 


Hence attenuation constant depends on the four primary constants alongwith the 
frequency under consideration. Thus to find the conditions for minimum attenuation it 
is necessary to vary these constants in turn. 


1.15.1 Variable L 
Consider L to be variable while R, C and G are the constants for the frequency 
under consideration. Hence for minimum attenuation, differentiation of a with respect 


to L must be zero. 
da 
Er = 
dL 


Rewriting expression of a in different form to obtain its differentiation, 


da d j1 2 a212 ? 12022 2 $ 
arm 3: 4(R +?L?)(G +o@2C )}2 *RG-o LC 


1 2^ 
spen *e? DL? )(G? +@?C2 oy? +RG -c| 


SEG «o? 2)(G? +02C? y? pene seicr-uic] 
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1 20?L(G? +w?C? ) 
1 2 (R? +œ L? )(G? +@?C?) 


EE BI (R? +2L?)(G? «a?C?) + RG -w?LC] 


The denominator can not be œ hence to satisfy this equation, 
w? L(G? ««2C?) 
(R? +w? L? )(G? «o?C?) 


3 


N[ r 


=0 


-w*C = 0 


L(G? +@?C? ) 
(R? +w L? )(G? +@?C?) 


Giro _ 
Ly R? +o e 
L(G? +w?C?) C(R? +a? L?) 


L? (G? «o? C2) = C? (R? +œ?) 
L?G? +o? LC? = CR? +w?L?C? 
C2R2 


G 
CR 
d “i 


Thus when L is variable then the attenuation will be minimum when, 


L= E H/km 


In practice L is kept less than this value and hence the attenuation can be reduced 
by artificially increasing L. This leads to the concept of loading of line. Hence this 


result is very important. 


1.15.2 Variable C 

Consider C to be variable while R, L and G are constants. Hence differentiating o. 
with respect to C and equating it to zero, condition of C for minimum attenuation can 
be obtained. 
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da d 2 


1 
uc * SHG +w? L? )(G? +w?C? )}2 +RG —w?7l c| 


1 


x 


[ten +a? L? )(G? TD he -wtc 
DEG +0?L2)(G? «o? C? y? foco +o?L)] -wt} 


1/1 2w?C(R? «o?L?) ji 

—4 — ———————————M————————— — (0-7 
1 213 (R? *o?L2)(G? +@2C?) 

Du 0 


re = 
ARG *e?L2)(G? +w?C?)+RG -w?LC] 
Hence to satisfy this, 
w C(R? +*L*) 
(R? +°L?)(G? +@?C?) 
CVR? +o? L? L4G? +?C2 
C? (R? +w?L?) = L(G? «o?C?) 
C?R? +C2w2L2? = L?G2 «L2? C? 


-w?L=0 


22 
Ce 
C= = F/km . Q) 


In practice, C is normally larger than the value required for the minimum 
attenuation. 


1.15.3 R and G for Minimum Attenuation 

When R or G is variable, then by differentiating a and equating it to zero, no 
minima can be found out mathematically. So theoretically no values of R and G can 
be obtained for minimum attenuation. 

But practically it can be seen that when R = 0 there are no losses along the line 
while when G = 0 there is no leakage thus in all when R and G are zero, the 
attenuation is zero. This can be observed from the expression for a at R = 0 and G =0. 
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Hence for minimum attenuation, practically R and G values must be kept as small as 
possible. 


1.16 Waveform Distortion 


When the received signal is not the exact replica of the transmitted signal then the 
signal is said to be distorted. There exists some kind of distortion in the signal. There 
are three types of distortions present in the transmitted wave along the transmission 
line. 

1. Due to variation of characteristic impedance Zo with frequency. 
2. Frequency distortion due to the variation of attenuation constant a with 
frequency. 


3. Phase distortion due to the variation of phase constant B with frequency. 


1.16.1 Distortion due to Zo Varying with Frequency 

The characteristic impedance Zo of the line varies with the frequency while the 
line is terminated in an impedance which does not vary with frequency in similar 
fashion as that of Zo. This causes the distortion. The power is absorbed at certain 
frequencies while it gets reflected for certain frequencies. So there exists the selective 
power absorption, due to this type of distortion. 


it is known that, 


and hence 


olo 


If for the line, the condition LG - CR is satisfied then - 


l+ ex) 1+ TE 
J R J G 


For such a line Zg does not vary with frequency w and it is purely resistive in 
nature. 


i] 


Such a line can be easily and correctly terminated in an impedance which matches 
with Zo at all the frequencies. For such a line, Zp -f3 or (s This eliminates the 


distortion and hence selective power absorption. 
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1.16.2 Frequency Distortion 


It is known that, 


a = al (R +u?L?)(G? «o? C?) « RG -o?LC] 


The attenuation constant a is a function of frequency. Hence the different 
frequencies transmitted along the line will be attenuated to the different extent. For 
example a voice signal consists of many frequencies. And all these frequencies will not 
be attenuated equally along the transmission line. Hence received signal will not be 
exact replica of the input signal at the sending end. Such a distortion is called a 
frequency distortion. Such a distortion is very serious and important for audio signals 
but not much important for video signals. Thus in high frequency radio broadcasting 
such frequency distortion is elliminated by use of equalizers. The frequency and phase 
characteristics of such equalizers are inverse to those of the line. Thus nullifying the 
distortion, making the overall frequency response, uniform in nature. 


1.16.3 Phase Distortion 
It is known that for a line, 


p = [fae Coc) -[RG -w?LC]] 


The phase constant f also varies with frequency. Now the velocity v is given by, 


Thus the velocity of propagation of waves also varies with frequency. Hence some 
waves will reach receiving end very fast while some waves will get delayed than the 
others. Hence all frequencies will not have same transmission time. Thus the output 
wave at the receiving end will not be exact replica of the input wave at the sending 
end. This type of distortion is called phase distortion or delay distortion. It is not 
much important for the audio signals due to the characteristics of the human ears. But 
such a distortion is very serious in case of video and picture transmission. The remedy 
for this is to use co-axial cables for the picture transmission of television and video 


signals. 
A line in which the distortions are elliminated by satisfying certain conditions is 
called distortionless line. Let us derive the condition for a distortionless line. 
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1.17 Distortionless Line 


A line in which there is no phase or frequency distortion and also it is correctly 
terminated, is called a distortionless line. 


To derive the condition for distortionless line consider, 


y = y(R+joL)(G *joC) 
y? = (R*jeL)(G *joC) 
y? = (RG-o?LC) +joC(RC+ LG) „~ (1) 


It is known that for minimum attenuation LZ i.e. LG = CR. Substituting this 
condition in equation (1) we get, 
y! = RG~-@?LC+j 20RC 
But RC = LG-JRCLG 
y! = RG-e? LC « j2o/ RCLG 


y? = (VRG +jovEC)’ 


y = JRG sje LC (2) 
But dae a +jp 

a = JRG »-» (3) 
and p.» wVLC ... (4) 


It can be seen from the equation (3) that a does not vary with frequency which 
elliminates the frequency distortion. 


Now B = eJLC .. for the condition LG = CR 
ro) [o 1 
Now v = =—=——=—— km/sec .. (5) 
a B eJ/LtC VLC 


Thus for the condition LG = CR, the velocity becomes independent of frequency. 
This eliminates the phase distortion. 

It is already proved that for RC = LG, the Zp becomes resistive and line can be 
correctly terminated to eliminate distortion due to Zo varying with frequency. Thus all 
the distortions are eliminated for a condition, 


RC = LG ie Rak (6) 
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This is the required condition for a distortionless line. For such a line, received 
signal is exact replica of the signal at the sending end, though it is delayed by 
constant propagation time and its amplitude reduces. 


Another important observation is that the condition for a distortionless line is 
identical to the condition for a minimum attenuation with L or C varied. 


Thus if the primary line constants do not mutually naturally satisfy the condition 
of equation (6), then this condition will have to be satisfied artificially by increasing L 
or decreasing C. When this is done artificially, the line is said to be loaded line and 
the process of artificially achieving the condition is called loading of a line. 


However if the frequency of operation is very high, then though the condition of 
distortionless line is not satisfied then jwL>>R and joC»» G due to high œ Hence R 
and G can be neglected. Thus Zp becomes equal to JL / C which is automatically real 
and resitive and line can be perfectly terminated. Hence for very high frequency 
operation like radio frequencies though distortionless condition is not satisfied, the line 
is automatically distortionless and hence loading is not essential. Practically for the 
line, R/G is higher than L/C and usually L is increased artificially to match the 
distortionless condition. 


1.18 Telephone Cable 


The ordinary telephone cable is an underground cable which consists of wires 
insulated with paper and twisted in pair. For the audio frequency range, the 
inductance L and the conductance G of such a cable is negligibly small and hence can 
be neglected. Hence impedance and admittance of such a cable becomes, 


Z=R .. (1) 
and Y= joC we (2) 
Now y = JYZz4joRC 
_  fj2@RC 
y= 5 ^. (3) 
Now vi = V¥1290° 21745» 
J24j = 42 245°=(1+j1) 
Jj = 1+j1 .. (4) 
, o RC 


_ oRC . oRC _ ^B 
Y= [2 h---a J 
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». (5) 


. (6) 


Both « and velocity v are the functions of frequency o. Hence for high frequencies, 
there is large attenuation. And the velocity v is also high at high frequencies. Hence 
waves travel very fast than the lower frequencies, when frequency is high. Thus in the 
telephone cable both phase and frequency distortions are dominant. 


1.19 Loading of Lines 


It is seen earlier that if the primary constants of a line, mutually satisfy the 
relationship RC = LG then the distortionless transmission results. 


For a practical line, R/G is always more than L/C and hence the signal is 


satisty 


distorted. Thus the preventive remedy is to make the condition are 


artificially. 


[o satisfy the condition, it is necessary to reduce R/G or increase L/C. Let us 
consider all the possibilities. To reduce R/G, it is necessary to decrease R or increase 
G. The resistance R can be decreased by increasing the area of cross-section i.e. 
diameter of the conductors. This increases the size and cost of the line. Hence this 
possibility is uneconomical. 


To increase G, it is necessary to use poor insulators. To get poor insulator is easy 
and economical but from the receiving end point of view, increase in G is very much 
uneconomical. When G is increased, the leakage of the signal will increase, though it 
becomes distortionless. So quality improves but quantity decreases. Thus increase in G 
is quality at the cost of quantity. The signal at receiving end must activate the 
receivers. But if leakage is more, then received signal becomes so weak that amplifiers 
are required at the intermediate stages. This makes the design complicated. Hence 
advice of increasing G to reduce ratio R/G is ‘penny wise pound foolish’ advice. It is 
the worst advice and hence this possibility is ruled out in practice. 


Now to increase L/C, it is necessary to increase L or decrease C. If C is to be 
reduced, then the seperation between the lines will be more. Thus the brackets which 
were carrying previously more wires will now carry very less number of wires due to 
increased separation. Hence more number of brackets are required. Taller towers and 
posts are required and also number of towers and posts per unit length of the line 
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will be increased. Thus for the same strength of the line, the line will become very 
much costlier due to decrease in C. Hence this possibility is also ruled out. 


Thus the only alternative left is to increase L. This is opted in practice. The process 
of increasing the inductance L of a line artificially is called loading of a line. And 
such a line is called loaded line. 


There are two methods of loading a line which are, 
1. Continuous loading which is also called Krarup loading or Heavyside loading. 
2. Lump loading which is also called Pupin loading or Coil loading. 


Let us discuss in detail, these two types of loading methods. 


1.20 Continuous Loading 


In this method of loading, to increase the inductance, on each conductor the tapes 
of magnetic material having high permeability such as permalloy or p-metal are 
. wound. This is shown in the Fig. 1.23 (a) while the loaded cable is shown in the 
Fig. 1.23 (b). 


Steel tape or 
iron wire 
mE x 
d 
(a) Continuous loading (b) Continuously loaded cable 


Fig. 1.23 
The increase in the inductance for a continuously loaded line is, 


L > H mH 


where p = Permeability of surrounding material 
d = Diameter of copper conductor 
t = Thickness per layer of tape or iron wire 


n = Number of layers 
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1.20.1 Propagation Constant of Continuously Loaded Cable 


For the continuously loaded cable it can be assumed that its G = 


increased such that œ L >> R. 


Now Z= R«joL and Y=jwC as G=0 


Thus Y 


JYZ EJ R*joL)(joC) 
21.212 ^A Qaa BR. eld 
JR +o? L £5 tan "ma wll 


ich is tan-! 2E is wri Tent R 
The angle of Z which is tan g B written as 5 — tan SE 


= | R? aR 
y = JoL 1+ oC Zn-tan mi 


Neglecting R? /o? L? as o L >> R, 


x x 1 a R 
y = wVLC £5 z tan oL 


Angle becomes half out of the square root sign. 


2n, ni Hs 
Bet F Gm 


_ x 1 E ul aR 
cos 0 = ER 2 tan aJ sin(5tan sr 


But for a small angle, 


sin@ = tan0-0 ie. tan^0-0 


R R 1 R R 
-1 — =| — 1 Rit -1 
tan L and sin ( 5 tan a 


o oL oL) 2oL 
R 
B = — 
cos L 
: . 1 R un 
d 0 = To sl = i - = 
an sin sin( 5 z tan at) sinz 1 


O and L is 


„aswL >> R 
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Y = oVLC Z6 2 oJLC [cos + jsin0] 
As cos 0 + j sin 0 = Jcos? 6+ sin? 0 Z tan”! [tan0] 2170 
y = wVLC cos0 + j o LC sin 0 


RE 2 : 
y = wvLC QoL + jovVLC =a «jf 


B = wVLC 


and 


and 


Thus the attenuation factor a is not the function of frequency while velocity v is 
also independent of frequency. And hence continuously loaded cable is distortionless. 


1.20.2 Advantages 
The advantages of the continuous loading are, 


1. The attenuation to the signal is independent of the frequency and it is same to 
all the frequencies. 


2. The attenuation can be reduced by increasing L, provided that R is not 
increased greatly. 


3. The increase in the inductance upto 100 mH per unit length of line is possible. 


1.20.3 Disadvantages 
The disadvantages of the continuous loading are, 
1. l'he method is very costly. 


2. Existing lines can not be modified by this method. Hence total replacement of 
the existing cables by the new cables wound with magnetic tapes is required. 
This is again costly and uneconomical. 


3. Extreme precision care must be taken while manufacturing continuously loaded 
cable, otherwise it becomes irregular. 


4. The size is increased. Thus the capacitance increases. Hence the benefit 
obtained by increase in L is partly nullified. 


5. All along the conductor, there will be huge mass of iron. Thus for a.c. signals 
there will be large eddy current and hysteresis losses. The eddy current losses 
increase directly with square of frequency while the hysteresis losses increase 
directly with the frequency. Hence overall this puts the upper limit to increase 
inductance. 
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6. The maximum value by which inductance can be increased is fixed as 100 mH 
per unit length of line. 


Thus this method of loading is not used for the landlines but are preferred for the 
submarine cables. For underwater circuits lumped loading is difficult to use. It is not 
necessary to load the submarine cable continuously while the sections of loaded cable 
separated by the sections of unloaded cable can be used. This reduces the cost, still 
enjoying the advantages of continuous loading. This is called patch loading. 


1.24 Lumped Loading 


In this type of loading, the inductors 


—— |. ime arc introduced in lumps at the uniform 
EM UNE WA distances, in the line. Such inductors are 
called lumped inductors. The inductors 
are introduced in both the limbs to keep 
the line as balanced circuit. The lumped 
inductors are in the form of coils called 
loading coils. The method is shown in 
the Fig. 1.24. 


The lumped loading is preferred for the open wire lines and cables for the 
transmission improvement. The loading coil design is very much important in this 
method. The core of the coils is usually toroidal in shape and made of permalloy. This 
type of core produces the coil of high inductance, having small dimensions, very low 
eddy current losses and negligible external field which restricts the interference with 
neighbouring circuits. 


Lumped inductor 


Fig. 1.24 Lumped loading 


The loading coil is wound of the largest guage of wire consistent with small size. 
Each winding is divided into equal parts, so that exactly half the inductance can be 
inserted into each leg of the circuit. These are built into steel pots which are made in 
several standard sizes to accomodate one or more coils. The pots protect the coils from 
external magnetic fields, weather and 
mechanical damage. The Fig. 1.25 
shows the construction of loading 
coils. While installing the coils, the 
care must be taken so that the circuit 
balance is maintained. No winding is 
reversed. If winding is reversed, it 
will neutralize the inductance of other 
Coil winding reducing the — overall 


Fig. 1.25 Winding of single loading coil inductance. 


\ 


Core 


Downloaded From : www.EasyEngineetihgmet 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 1-56 Transmission Line Theory 


In case of lumped loading the line behaves properly provided spacing is uniform 
and loading is balanced, upto a certain frequency called cut-off frequency of the line. 
Upto this frequency, the added inductance behaves as if it is distributed uniformly 
along the line. But above this cut-off frequency the attenuation constant increases 
rapidly. The line acts as low pass filter. The graph of a against the frequency called 
the attenuation frequency characteristics of the line is shown in the Fig. 1.26. It can 
be seen that for continuous loading, the attenuation is independent of frequency while 
for lumped loading it increases rapidly after the cut-off frequency. 


Unloaded 
cable 


Lumped 
loading 


Continuous 
T Ty. NTT loading 
[| 


Cut-off Det Frequency 
frequency 


Fig. 1.26 Attenuation frequency characteristics 


If the loading section distance is d then keeping inductance Ls of the loading coil 
constant, the cut-off frequency is found to be proportional to the 1 / Vd. Hence to get 
the higher cut-off frequency, small lumped inductances must be used at smaller 
distances. 


1.24.1 Campbell's Equation 
This equation gives the analysis of the performance of a loaded line. 
Let Zo = Characteristic impedance of the line before loading 
y = Propagation constant of the line before loading 
ZL = Impedance of the loading coil 
N - Coil spacing i.e. distance in km between loading coils 
y’ = Propagation constant of the line after loading 


The analysis can be done by considering a symmetrical section from one loading 
to the next loading coil. The T equivalent section of the line is used for the analysis. 
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The Fig. 1.27 (a) shows the unloaded line and corresponding T equivalent while 
the Fig. 1.27 (b) shows the loaded line and corresponding T equivalent section. 


Z Z 
2 2 
Q——————— —(eÓ 
ONO Zo 
ee ©) 
Unloaded line (a) T-equivalent 
a 
P^ Z Z P^ 
12 2 2 21 
HOH — —— ——^ 0000 ——9 


H n 


Loaded line 
(b) 
Fig. 1.27 


Consider equivalent T section before loading the line. In the section 1.8 it is 
derived that, for a line of length N, 


: Zo 
h(Ny) = Z2 . (1) 
sinh (N y) Z 
and cosh(Ny) = 1+ E: . (2) 
2 


When the loading section is added, the equivalent series arm of the loaded section 
becomes, 


Z AA © 


The shunt arm of the equivalent T section remains unchanged as 
Z2 = Zo / sinh(Ny). 
Now from (2), 


a = Zz [cosh(N3) -1] = Sy l et- 1] ~ (4) 


Zo 
11 ^ sinh (N3) 
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Using (4) in (3), 


IN 
N 
E 
N 
ò 


Now y' is the new propagation constant after loading, 
A2 14 A a, 0 72 
cosh (Ny) = 1*7; =1+ Z 


2. Sinh(Ny) 2Zo 
= 1 t= A fz. ETT [cosh (N y) 1} 
Zr sinh(N y 
; Zi 
cosh (Ny') = cosh(Ny) +o sinh(Ny) .. (6) 


This expression is known as the Campbell's equation for a loaded line. It gives the 
expression for the propagation constant of loaded line, interms of the propagation 
constant of a loaded line. 


For a cable, Z2 i.e. shunt arm is essentially capacitive. The cable capacitance and 
lumped inductance appear similar to the circuit of low pass filter. The cut-off 
frequency of the low pass filter is given by, 

1 
mv¥LC 


.. (7) 


where L is the total inductance per unit length which is addition of inductance per 
unit length of line and that of the loading coil added to the line. 


The attenuation reduces below fe, due to the loading effect. But due to the filter 
action, it increases rapidly after f. is crossed. Thus f; puts an upper limit for the 
successful transmission over the lines. 


In practice R and L are to some extent are the functions of frequency hence truely 
distortionless line is not possible. But loaded cables perform much better than the 
unloaded cables. 
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1.24.2 Advantages 
The advantages of lumped loading are, 


1. There is no practical limit to the value by which the inductance can be 
increased. 


m 


. The cost involved is small. 
3. With this method, the existing lines can be tackled and modified. 
4 


. Hysteresis and eddy current losses are small. 


1.21.3 Disadvantages 


The only disadvantage of this method is its action like low pass filter. The 
attenuation increases considerably after the cut-off frequency. The cut-off frequency 
must be at the top of voice frequency. Hence fractional loading is used. Whatever 
distortion results due to fractional loading is corrected using equalizers. The care must 
be taken while installing the lumped inductors so as to maintain the exact balancing 
of the circuit. 


1.21.4 Practical Formulae for Zo and y for Loaded Underground Cable 
For the loaded underground cable oL >> R and o C >> G. 


1. Characteristic impedance Zo : 


zc R*joL — 
"7 YGsjoC — 


E m s [L.z9o So RP G 
= Cj - C Z90* ase neglecting ot and Te 
L 
- x .. (1 
lc 40 (1) 


This condition is permissible for heavy loading and for higher audio frequencies. 


Zo 


2. Propagation constant y : 


y = VZY = R+jwL)(G +joC) 
; R ). G 


M T R G 
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Expanding square root by Binomial theorem, 


Elo gnus R G 
Y — Jo LC ena ee 


2joC 


The remaining terms can be neglected as, 


R|_ R el-$ 


— = = 1 
joL wL joC| wC ik 


"n R G 
Y^ jovi [re er eec 


qum R Ie 46 - [E aic = =a +jp 


a = RE EL nepers/km 


and B = oJLC rad/km 


Thus a is independent of frequency. 


For loaded cables aes G is very small and can be neglected hence, 


While m S LATOAT = 


Transmission Line Theory 


+ 


Thus the velocity is also independent of frequency. In practice though the loading 


is only a small fraction of the value required to make RC = 


approximately as distortionless line. 


Wwa Example 1.9 A particular underground cable has following primary constants : 


R=440/hon, G=1 pho / km, L = 0.001 H/km, C = 0.065 pf / kim 


LG, the line behaves 


It is loaded with 88 mH loading coils of resistance 3.7 Q with 1.5 km spacing. Find the 
approximate values of Zo, a and p for the cable at 1600 Hz. Also find the cut-off 


frequency. 


Solution : Let us find the values of constants including loading coils. 


88 


Inductance per unit length of coil added = is^ 58.667 mH/km 


-. L’ = total inductance/km = 0.001 458.667 x 10-3 = 0.05967 II/km 
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Resis : . 37 
esistance per unit length of coil added = i57 2.4667 Q/km 


- R = total resistance/km = 44 + 2.4667 = 464667 Q/km 


The approximate values for the cable are, 


D 0.05967 
"m E = [9898 -sna 
n C 0.065 x 10-6 
. . R|[C Gf 
To md ANG 
. 46.4667 |0.065x10* 
2 0.05967 
-6 
„1x10 0.05967 _ = 0.0247 nepers/km 
2 V0.065x 10 


B = wVL'C = 1600x 2x 0.05967 x 0.065 x 10- 


= 0.626 rad/km 
The cut-off frequency is given by, 
Tac e a a 
* — mJUC n 4005967 x 0.065 x 10-* 
= 5.1111 kHz 


mme Example 1.10 : For a cable it is decided to provide lumped loading. The primary 
constants of the cable are, 
R=40Q/km, L- 1 mH/km, G1 pmho/km, C = 005 pF / km 


Find the new value of inductance required to achieve the distortionless condition. By 
- what factor, the inductance is required to be raised ? 


Solution : The distortionless condition is, 


RC = L'G 

L= RC _ 40x 0.05x10* 
^. G 1x10 
= 2H/km 


The factor by which inductance to be increased is, 
L' 2 


— EL 2 
L 1x10% xd 


factor = 


Downloaded From : www.EasyEnginee¥ihg net ` 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 1-62 Transmission Line Theory 


1.22 Reflection on a Line not Terminated in Zo 


Uptill now the current and voltage relationships are derived for the lines which 
are terminated in Zo. But if a line is not terminated in Zo or it is joined to some 
impedance having value other than Zp then part of the wave is reflected back from 
the distant end or from the point of discontinuity. Thus reflection phenomenon exists 
for a line which is not terminated in Zy. Such a reflection is maximum when the line 
is on open circuit i.e. Ze =œ or short circuit ie. Zę =0. The reflection is zero when 
Zr = Zo. 


From the general solution of a line we can write, 


> _ En(Zu *Zo)D yrs, Ze Žo ys | 
die | E 
Ir (Zr * Zo) [. ZR -Zo . mv. 
i [eX D ru ZY s TN A e-4ZY s ..(2 
and 32; ev Ze tZo° (2) 


The s is the distance measured from the receiving end and treated positive. Eg 
and Ig are the voltage and current at the receiving end. Zp is the impedance at the 
receiving end in which the line is terminated. 


The value of Zr is not equal to Zo of the line. 
Now ZY = y 
And when Zp is not equal to Zo, each E and I consists of 2 parts, 
1. One part varying exponentially with positive s 
2. One part varying exponentially with negative s 
Er (Zn * Zo) mS En (Zn * Zo) (Zn - Zo) eis 


E - m FA 
2 Zr 2 ZR (Zr * Zo) 
Er (Zr + Zo) Er (Zn - Zo) ] 
E = ys - ets .. (3 
227. ^ ee e 
In (Zn * Zo) In (Zn - Zo) 
and = a ert Se ie .. (4 
nc 2 Zo e 2 Zo e (4) 


The first component of E or I which varies exponentially with +s is called 
incident wave which flows from the sending end to the receiving end. 


En (Zr * Zo) ü 


E, = Ys = incident voltage wave 
2 Zn 
Ir (Zn + . 
and h = SIC ta) e*5 = Incident current wave 
220 
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It can be noted that s is measured from receiving end. Thus s is minimum (s= 0) 
at the receiving end and maximum (s=!) at the sending end. Thus as incident wave 
travels from the sending end to the receiving end, its amplitude decreases. Such a 
wave which flows from sending end to the receiving end, with decreasing amplitude 
is the incident wave. 


The second component of E or I varies exponentially with — s. It flows from the 
receiving end towards the sending end. When s is minimum (s = 0) at the receiving 
end, its amplitude is maximum while due to negative index, when s is maximum 
(s=!) at the sending end, its amplitude is minimum. Thus such a wave which flows 
from the receiving end towards the sending end, with decreasing amplitude is called 
reflected wave. 


E -Z 
E» = En (Za - Zo) e7**5 = Reflected voltage wave 
2 Zn 
and In = -ar e775 = Reflected current wave 
0 


Thus the total instantaneous voltage or current at any point on the line is the 
phasor sum of voltage or current of the incident and reflected waves. 


Consider open circuit line with Zg =%. Then the incident component of voltage 


becomes, 


This is the wave which progresses from sending end to the receiving end with 
decreasing amplitude. 


The reflected component of voltage becomes, 


The amplitude of this wave varies with e- and hence its amplitude decreases as 
it travels from receiving end towards the sending end. Its initial value is equal to the 
incident voltage at the load on open circuit. 

: TM a E ' E 
At s = 0 ie. at the receiving end, on open circuit E; = while E> => Thus 


initial value of the reflected wave is equal to incident voltage at the load on open 
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circuit. This is shown in the Fig. 1.28. The solid curve is for incident wave while the 
dotted curve is for reflected wave. 


Open circuit 
load 


Incident wave 


Reflected wave 


Fig. 1.28 Instantaneous voltage waves for open circuit line 


It can be seen from the equations (3) and (4) that the only difference between the 
curves for voltage and current for open circuit line is the reversed phase of the 
reflected current wave. The waves of instantaneous current are shown in the Fig. 1.29. 


Open circuit 
load 


Incident wave id wave 


~ 


Fig. 1.29 Instantaneous current waves for open circuit line 


The two current waves are equal and of opposite phases at the open circuited 

receiving end. Thus addition of instantaneous currents, at the open circuited receiving 
end is always zero as required by open circuit condition of the line. 
Zr -Zo 
Zn + Zo 
waves. Thus magnitudes and phase angles of Zg and Zo are important to determine 
the phase angle between the two waves. 


The term decides the relative phase angles between incident and reflected 
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If Ze =Zo it can be seen that the reflected wave is absent and there is no 
reflection phenomenon at all. Such a line is uniform line and there is no discontinuity 
existing to send the reflected wave back along the line. The infinite line with s=% also 
behaves in the similar fashion. The waves travel smoothly along the line and the 
energy is absorbed in the load Zg without any reflected wave. Such a finite line 
terminated in Zp, without having any reflection is called a smooth line. 


1.22.1 Reflection Phenomenon 


The quantity which is actually transmitted along the line is not the current or 
voltage but the energy. Such energy is transmitted through electric and magnetic fields 
set up along the line. 


The energy conveyed in the electric field depends on the voltage E and given by, 
We = ; CE J/ m .. (5) 


The energy conveyed in the magnetic field depends on the current I and given by, 
1 


Wm = 2 


LI? j/ m? -. (6) 


For an ideal line which is terminated in Zo, the ratio of E and I is fixed along the 
line which is Zo. 


m 


Zo = T ... for line terminated in Zo 


For such a line, R = G = 0 and the value of Zp is given by, 


Zo = c ... for line terminated in Zo 
Now E = I Zo 
3 dh _L 
and Zi = c hence =Z 
CE? 1 L 2 
1 
= 4 LI =Wm 
2 
We = Wm ... for ideal line 


Thus for an ideal line terminated in Zo, at all the points along the line, electric 
field energy is equal to the magnetic field energy. 
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When line is not terminated in Zg then 


This ratio is practically required for which the redistribution of energy between 
electric and magnetic field takes place. This redistribution of energy creates the 
reflected wave, back along the line. 

When the line is open circuit then Ig =0 thus the magnetic field energy must 
become zero. The magnetic field energy carried can not be dissipated but it gets 
added to the electric field energy causing increased voltage to appear. This increased 
voltage is the cause for the reflected current wave, back on the line. 


When the line is short circuited then Eg =0 thus the electric field energy must 
become zero. Again the clectric field energy carried, can not be dissipated but gets 
added to the magnetic field energy. This increased energy in the magnetic field set up 
a rcflected voltage wave down the line. 


1.22.2 Disadvantages of Reflection 
The reflection is undesirable because of following disadvantages, 


1. If the attenuation is not large then the reflected wave appears as echo at the 
sending end. 


2. There is reduction in efficiency. 
3. The part of the received energy is rejected by the load hence output reduces. 


4. If the generator impedance at the sending end is not Zo then reflected wave is 
reflected again from the sending end and becomes a new incident wave. The 
energy is transmitted back and forth till al] the energy get dissipated in the 
line losses. 


Hence it is necessary that the line must be terminated in Zp to avoid the reflection. 


1.22.3 Reflection Coefficient 


The ratio of the amplitudes of the reflected and incident voltage waves at the 
receiving end of the line is called the reflection coefficient. It is denoted by K 


_ reflected voltage at load 
incident voltage at load 


The reflected voltage at load is component E; at the receiving end i.e. with s= 0. 


_ En (Zn - Zo) 
Ealo = DIU I (7) 
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The incident voltage at load is component E; at the receiving end i.e. with s = 0. 


: _ En (Zn * Zo) 
Elo = UE .. (8) 
K = Er (Zr —Zo) / 2 Zp 
Er (Zn * Zg) / 2Zn 
_ Zn - Zp 
EE Zn +Zo «m 


It is a measure of the mismatch between the load impedance Zę and the 
characteristic impedance Zo of the linc. 
The following observations can be made with respect to the reflection coefficient K, 
1. When Zg = Zo, K = 0 and there is no reflection. 
2. When Zg 20 i.e. when the line is short circuited, 
0 - Zo 


K = me ee 


Reflection is maximum. 


3. When Zę =% i.c. when the line is open circuited, 


p 
Zr 

K = R =+1=120° 
1429. 
Zp 


Reflection is maximum. 
4. K ranges in magnitude from 0 to 1 and its phase angle ranges from 0° to 180°. 


5. The sign of K and hence the polarity of the reflected wave is dependent on the 
angles and magnitudes of Zp and Zr. 


The reflection coefficient is very important while studying the Radio Frequency 
(RF) transmission lines. 


1.22.4 Input Impedance Interms of Zo and K 


The input impedance at the sending end is given by, 


Es Zo [Zr cosh (y!) + Zo sinh(y 1] 
Zs a 
Is [Zo cosh (7!) + Zu sinh(y/)] 


Zo [Zr + Žo tanh (Y 1] 
7 [Zo t Zg tanh(7/)] 
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_ e! - e! 
But tanh (Y l) = ele 


ev! — e 
"d |z: +2 
er! - e7! 
E * Zg (cms Te J 


7 I +e! )Zg +Zo(er! mm 


7 eV! [Za + Zo] * e! [Zr - Zo] 
(O1? lera +Zo]+e" [Zo -Z«] 


ev! 4 Ke^r! 
Zs = Zo {a Rear oes (10) 


1.23 Reflection Loss and Reflection Factor 


It is seen that when the line is terminated in Zo then there is no reflection. But 
under mismatch condition, the ratio of voltage to current gets disturbed. The part of 
the energy is rejected and reflected by the load. Thus energy delivered to the load 
under mismatch condition is always less than the energy which would be delivered to 
the load under matched impedance condition. This is because of a loss called 
reflection loss. The reflection loss is determined from the ratio of current which 
actually flows under mismatch condition in the load to that which would flow if the 
impedances are matched at the terminals of load. 


The reflection loss is defined as the number of nepers or decibels by which the 
current in the load under image matched conditions would exceed the current actually 
flowing in the load. 

So if Iż is the load current under image matching condition and I? is the actual 
load current under image mismatch condition then the reflection loss in nepers is 
given by, 


Reflection loss = disi nepers .. (1(a)) 
2 
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A 

Reflection loss = 20 log il dB ... (1(b)) 
2 


Thus reflection loss is actually mismatching loss. 


The reflection loss can be 
measured in terms of the power 
absorbed by the load and received 
at the load terminals as power 
and current are directly related. 


Consider a line of length [. 
The sending end voltage is Es 
with an impedance of Zo while 
the line is terminated in an 
impedance of Zr. Then Ex is the 
receiving end voltage. The line is 
shown in the Fig. 1.30. 


Fig. 1.30 


Then as shown in the Fig. 1.30, 


P = Power at the receiving end due to incident wave 
P, = Power absorbed by the load 
P; = Power reflected back down the line 
n = P + P3 EL (3) 
1 
Now Po P ie Ic P? 


Reflection loss = 20 log ll 


l 1 
p? 2 
= 20log|--|- 20 log Bal 
pZ : 
: n 1 
Reflection loss = 10 log — dB = 20 log — ... (4) 
P; |k| 


The reflection coefficient is given by, 


Zr - Zo 


= ZR + Zo 
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If Eg andI are the values of voltage and current at the receiving end due to 
incident wave then the values of voltage and current at the receiving end due to the 
reflected wave are K Ep and K Ij. 


So B = Received power = Eg Ig 
P, = Power absorbed by load = P, - P; 
P; = Reflected power = (K| Er) (K| In) - |K? B 
P = B-JKP B -(1JKI2) B (5) 


Zr and Zo are complex hence K is also complex but only magnitude of K is to be 
considered. The power calculated is the apparent power in volt amp and not the true 
power in watts. 


Hence the reflection loss can be obtained as, 


. -— R = 2 
Reflection loss = 10 log p” 10 log Inr e] 


1 


1 1 z (Zr + Zo) 


Now — = = 
1-K^  , [Za-Ze] (Zr +Zo)* -(Zr -Zo) 
Zn + Zo 
r (Zr + Zo)! 
— Z +Z? +2Zgr Zo -Z2 -Z +2Zp Zo 
_ (Zr * Zoy 
^  4Zg Zo 
1 [Zr + Zo? 


14K? AZRZo 


2 
Zz 2 
Reflection loss = 10 log & * Zo] | - 10 log [Zr * Zo | 


4 ZaZe| 2JZn Zo] 
zZ 
Reflection loss = 20 log [Zr + Zol dB = 20 log [El -. (6) 


2 VZR Zo] 
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The ratio which indicates the change in current in the load due to reflection at the 
mismatched junction is called reflection factor. It is denoted by K and defined by, 


2x Zn Zo .. (7) 


K = reflection factor = 
Zn * Zo 


The reflection loss is inversely proportional to the reflection factor. 


1.23.1 Return Loss 


The return loss is defined as, 


D ag .. (8) 


Return loss = 10 log P 
3 


It indicates the ratio of the power at the receiving end due to incident wave to the 
power reflected by the load. 


s 1 
Return loss = 10 log i = 101 
eturn loss 98 KER 98g 
= 10 10g[ 2] = 20 log (2. 
IKI IK| 
Return loss = 20 log 58452] dB ~ (9) 


This is also called Singing point. 


1.24 Insertion Loss 


The word insertion loss clears the fact that this is a 
loss which occurs due to the insertion of a network or a 
line in between the source and the load. 


Suppose a generator of an impedance Z, is 
connected to a load of impedance Zr, as shown in the 
Fig. 1.31. 


Fig. 131 The generator is directly connected to the impedance 
Zg. The current flowing through load is, 
BL. 
FOU Z*Zn 
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. Now suppose a transmission line is inserted between the load and the generator as 
shown in the Fig. 1.32. 


25 Transmission 
line 


Fig. 1.32 


It becomes a line terminated in an impedance Zg. Now there are various losses 
due to insertion of line between the load and the generator. If input impedance Zs is 
not equal to Z, then reflection loss occurs at the terminals 1-1. If Zp is not equal to 
Zo then second reflection loss occurs at the terminals 2-2. The attenuation loss occurs 
all along the line. The overall effect of insertion of a line is to change the current 
through the load and hence power delivered to the load as compared to current and 
power when load was directly connected to generator. The loss which causes such a 
change, due to insertion of a network or a line in between the load and the generator 
is called insertion loss. The insertion loss is the effect of several individual losses. 


Thus insertion loss of a line or a network is defined as the number of nepers or 
decibels by which the current in the load is changed by the insertion of a line or a 
network in between the load and the source. 

In some cases there can be increase in the load current due to insertion. Such an 
increase indicates a negative loss and in that case there exists an insertion gain rather 
than a loss. 


1.24.1 Expression for Insertion Loss 
Consider the circuit shown earlier in the Fig. 1.31 with a load current of 
1 Ll E 
In = Ze +r one (1) 
The line is inserted between the load and the generator. 
Let Zs be the input impedance of a line which is different than Zg hence, 
E 


Is == Z; *Zs m Q) 


It is known for the line that input impedance is given by, 
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prm B 
Substituting in (2), 
ic ent 
Is = deel, wwe (4) 


Zg (ev! -Ke! ) + Zp (ev! + Ke!) 


We want the current through the load i.e. Ip due to the insertion of line. This can 
be obtained from the relation between Is and Ig. 


In (Zn * Zo) » 

Is = mA (ev! -Ke7!) -~ (5) 
The equation is obtained from the general solution of a line substituting s = / i.e. 

I 21g at the sending end. 

2 Zo Is 


m (Zn * Zo)[e?' -Ke"!] 


22, E(ev! -Ke-v!) 
_ Z (ev! -Ke™! )+Zo(e! +Ke') 


(Zr +Zo)(ev! _ Ke!) ... using (4) 
MEM NL » 
(Zr + Zo)[ Zo (er +Ket!)+Z, (ev! -Ke^! )] E 
Now introduce the value of reflection coefficient, 
=- Zn -Zo 
di ZR + Zo . (7) 
ig — —— — 2 — — ee 
l Z- Zo) -yi l _(Zr -Zo) yi 
t enne + (Zr +Zo) ' KG (Zr +Z) ' 
2Zo E 


Za -Z 
(Zr +Zo){ Zoe" [2A zz e?! +Z, er! TERI 
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n ~ ^ eee 
(Zr + Zo)(Zo +Z; Je”! «(Za - Zo)(Zo -Zg e"! 


... (8) 


In = 


The insertion loss is the ratio of currents in the load without insertion and with 
insertion. 
E 
E £g +Zr 
2Zo E 
(Zn + Zo)( Zo +Z jer! *(Zn - Zo)( Zo -Ze je"! 
Ip B (Zn + Zo)y( Zo +Z, Jer! * (Zn - Zo) Zo — Ze jer! (9) 
In 2Zo(Z, * Zn) 7 
The current ratio is made up of two parts, one which is continuously increasing 
with line length and other decreasing with line length. The length of line is usually 
very large hence e™! — 0. Hence the second term in the numerator can be neglected 
compared to first. 


Ik a (Zr * Zo)( Zo * Z, Je! 
In 2Zo (Z; +Zr) 


Zr + Zo)(Zo + eal ej P! 
QU * Zo) 20% 24 yen. el .. use y -a «jp 


2 Zo (Zx +Zr) 


But insertion loss is to be calculated as a function of ratio of current magnitudes 
and hence the term ei?! which gives phase angle can be neglected. 


Ik] _ [Zn +ZollZo +Z, |e! 


-.. (10) 


= . (11 
In 2|Zol |Z, +Zr| P 
Now multiply numerator and denominator by 2./Z, Zr, 
k] _ 2,/Z, Zn |Zn +Zo||Zo + Z; |e*! 
In 4 JZ; Zn IZol[Z, + Zr] 
Using | Zol 7 J| Zol JIZol we get, 
hs. [Ze +Zol [Zn * Zl 24%, Zr Ze o (ij 
In 2JZ Zo Zo 242r Zo |Z Ap a T 


All the terms on right hand side indicate reflection factors. 
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2 Zo 

Let ks = fig Zo = Reflection factor at source side .- (13) 
[Zs + Zo] 


This is the reflection factor at the terminals 1-1 when the generator is mismatched 
at its junction with the line. 


Then = 2VZRZo V Zr Zo 


kg = = Reflection factor at load side. ... (14 
R [Ze + Zo eflection factor at load side (14) 


It is factor at the junction between line and load i.e. at the terminals 2-2. 


2 Z 
while ksr = 247528 


z = Reflection factor for direct connection ... (15) 


This is the reflection factor when the generator and load were directly connected. 
The last term e"' indicates the loss in the line. 
IR 
Ir 


ksr _ al 
z . (16 
ESk e (16) 


The insertion loss is defined in nepers or decibels hence can be expressed as, 


insertion loss = In In - Ini + nie n +0 ] nepers ... (17(a)) 
In ks — kn ksr 
: ’ Ik 1 1 1 
insertion loss = 20 log |—| =20] log — + log — - log— + 0.43434 l | dB -. (17(b)) 
In ks kn ksr 


The term corresponding to ksr is negative. It is the loss if generator and load 
would have been directly connected. It is not related to insertion hence it is subtracted 
from the overall loss. 


The expression can be applied to a single section of network putting /=1 and 
proper value of a. of the network. 


Note that while calculating the insertion loss, only magnitudes of all the 
impedances are to be considered. 


The insertion loss also can be expressed interms of ratio of powers delivered to the 
load under two conditions. 


Let Pk = Power delivered to the load when generator is directly connected to load 


Pg = Power delivered to the load when a line or a network is inserted between 
generator and load ~ 


Then, insertion loss = 10 log E dB ... (18) 
R 


Downloaded From : www.EasyEnginee¥ihg‘net 


Downloaded From : www.EasyEngineering.net 
Transmission Lines and Waveguides 1-76 Transmission Line Theory 


mb Example 1.11: A transmission line has Zo - 700 Z -13.4°Q is inserted between a 
generator of 200 Q and a load of 400 Q. The attenuation and phase constants of a line 


are, 
a = 0.00712 nepers / km and B = 0.0288 rad / km 
Calculate the insertion loss if line length is 200 km. 
“Solution : Zo =700 Z-134? OQ, Z, -20020 O0, Zr 240070? 


k 232, Zo _ 24 200 x 700 748.3314 
Q^ 


IZ, *Ze| 1200«j047002-1341 [200+] 0+ 680.94 - j 162.2 


748.3314 748.3314 
= Oo m = 0.83542 
[880.94 -j 162.22] ^ 8957514 
= 24Zr Za = 2 400 x 700 = 1058.3 
"^ [Ze +Zol [400 +] 0 + 680.94 —j 162.24 [1080.94 — 162.22] 
1058.3 
7109044 - 09682 


- 2 JZ; Zu _ . 2200x400 _ 565.685 
IZ, +Zr| [200+j0+400+jQ 600 


ksk 


= 0.9428 


Insertion loss = 20 [os + log. — - log. — + 0.4343 xQ ] dB 
S R SR 


1 1 1 
" e loga + 0; .00712x 2 
20) log 083542 + log 09682 log 0:9428 + 0.4343 x 0.00712 x 00] 
= 13.7 dB 
mmb Example 1.12 : A transmission line has Zo =745 Z-12°Q and is terminated in 
Zr =100 Q. Calculate the reflection loss and return loss in dB. 
Solution : The reflection factor, 
k= 24 ZnZo _ 24100 x 745 = 545.8937 
Zr * Zo| | 100 + j 0-- 728.72 — j 154.894 | [828.72 —j 154.894| 


_ 545.8937 _ 
|» 83071 bMS 


Reflection loss = 20 log = 3.7751 dB 


1 
Ik] ^ 29 18 aas 
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Zr +Zo 100 + j 0 + 728.72 —j 154.894 
and = 2 AUI JU + 7120.72 —} 191-07 
n S E lem EQ lico *j0- 72872 +} 154.894 
828.72 — j 154.894 843.0711 
= 201 a na| = ———-| = /, 
PE - 628724} e 20 log | 647519 | c 


Examples with Solutions 


mmb Example 1.13 : A voltage of 45 V is applied to a 10 km long field quad cable. The 
receiving end voltage is 7.868 V and it lags behind by 110.2°. Calculate the attenuation 
and phase constants of the cable, if it is properly terminated. 


Solution : x = 10 km, Es = 45 V, E, = 7.868 V, x B=110.2° 


Now E, = Es e-¥* =Ege-®* Z-Bx 
Bx = 1102? 
B = 1O- e 1102" per km = 0.1923 rad/km 
and E, = Ege^?* 
7.868 = 45 e-«x0 
e-10« = (.1748 


-10a = In (0.1748) =- 1.743 
a = 0.1743 Nepers per km 
ma Example 1.14 : A transmission line has the following primary constants measured 
per km, 


R = 10.159 , L=3.93 mH, C = 0.00797 uF, G = 0.29 umho 


Determine Zo and propagation constant at a frequency of 796 Hz. Also calculate the 
ratio of current at a point which is 100 km down the line to the current at the sending 
end if the line is terminated in its characteristic impedance. 


Solution : 0-22f£22z2x796-5x10? rad/sec 
R+joL = 10154j5x10? x3.93x 10-3 -10.15 +j 19.652 
= 22.1166 262.68° Q 
0.28 x 10-6 +j 5x 10? x 0.00797 x 107* 
0.29 x 1076 +j 3.985 x 10-5 2 3.985 x 10 289.58° 


G+joc 
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Z =- R+jwL | 221166 <62.68° 
: G+joC 3985x10-5 789.58? 
744.97 Z —13.45? Q 


(R * joL)(G *joC) = 4221166 262.68°x3.985 x 10-5 789.58? 


y= 
= 0.02968 Z 76.13° = 0.00711 + j 0.0288 
a = 0.00711 nepers/km 
and p = 0.0288 rad/km 


As the line is properly terminated we can use, 


I, = Is e7! =Ige7** Z-fx 


L = e7 Z-px 
Is 
Now x = 100 km 
Z = e- 000711400 /—0.0288x100 rad 
s 


0.49115 Z -2.88 rad = 0.49115 Z —165.024* 
... 2.88 rad = 2.88 x 57.3°= 165.024° 


map Example 1.15 : Impedance measurements made on a 0.25 km field quad cable at 
1600 Hz under open and short circuit conditions gave the following results, 


Zoc 224607 -863° Q, Zsc 2215Z «14? Q 
Calculate Zo, a, B and the line parameters R, L, G and C per unit length of line. 


Solution : For a line of length |, 
[Zsc 
Zoc 

and Zo = JZsc Zoc 


Zo = 42460x21.5 <- 86.3914? 
= 230 Z -36.15°Q 


[21521 " 
and tanh (Y n) = 2460 Z — 86.35 - 0.00873 214°+86.3 


0.0934 250.15° = 0.0598 + j 0.0717 
A+jB 


tanh (y!) 


Downloaded From : www.EasyEngineetihg/net 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 1-79 Transmission Line Theory 


tanh (2a I) = — 2A 2x 000598 gy 


1+A?+B? 14 (0.0598)? +(0.0717)’ 


2B 2x 0.0717 E 
1-(A? +B?) 1- [(0.0598)* +(0.0717)” ] 


and tan (2B/) 


201 = tanh^! 0.1185 


0.119 
a = oF z5 70-2381 nepers/km 
and 2p! = tan"! (01446) = 0.1436 .. use radian mode 
0.1436 
p= 2x0235 ^ 0.2872 rad/km 


y = a + jß =0.2381 + j 0.2872 = 0.373 20.8785 rad 
= 0.373 250343? 
Now Zoy = R*joL 
R+joL = 23024 - 36.15?x 0.373 250.343°= 85.79 714.193? 
= 83.171 + j 21.034 
R = 83.171 OQ/km 


and wL = 21.034 
L = 21034 L 2i = 0.00209 H/km 
And z = G+joc 


G*joC = 0.00162 286.493°= 9.9 x 10-5 *j1.61x 10-3 
G = 9.9x105 mho/km 


and wC = 161x107? 
1.61 x 10-3 
C= Onx1600° = 0.1608 H F/km 


mæ Examle 1.16 : Find the primary and secondary constants of the line 50 km long when 
Zoc measured by a bridge at 700 Hz is 286 Z — 40°Q and Zsc is 1520 216°Q. 
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Solution : / = 50 km, w=2nf=2nx~x 700 = 4398.2297 rad/sec 


[Zsc 1520 Z16? 
tanh (v1!) = Za = 2867 — 40° 
= 23053 228° = 2.0354 + j 1.0822 
e2r! —1 : 
Now tanh (Y l) = eh 41 = 2.0354 + J 1.0822 


e?! -] = (e?t! +1) (2.0354 + j 1.0822) 
e271! -] = e?r! [2.0354 +j 1.0822]+ 2.0354 + j 1.0822 
e?r! [1 — 2.0354 -j 1.0822] = 1 + 2.0354 + j 1.0822 


3.0354 +j 1.0822 _ 3.2225 19.622° 
— 1.0354 —j 1.0822 1.4977 Z —133.733° 


e?! = 

e?!! = 2.1516 2153.355° 

2yl = In [2.1516 2153.355°] 
But In[aZb] = Ina+jb 


2yl = In 2.1516 + j 153355° 


1 1 e 
y = g; [21516 +j 1533557] 


y = 0.00766 + j 1.53355° = a «jp 
a = 0.00766 Nepers/km 


1.5335 
57.3 


y = 0.00766 + j 0.02676 = 0.0278 774.026? 


and p = 1.5335 deg/km = rad/km = 0.02676 rad/km 


Note that while obtaining polar form of y, B must be expressed in rad/km. 
Zo = ¥Zsc Zoc -/1520 216°x286 Z - 40° 
= 659.333 7.12? 0 
Now R+joL = Zeoy-659333 Z —12?x0.0278 774.026? 
= 18.3294 762.026? - 8.5977 + j 16.187 
R = 8.977 Q / km 
oL - 16.187 
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16.187 
L = 398.2297 = 3.6805 mH/km 


y _ 0.0278 274.026° 


y _ 0.0278 274.026° _ z : 
Zo = GETS Zao ^ 42163» 10 286.026 


and G+joC 


= 2.922 10-6 +j 4.206 10-5 
G = 2.922 u mho/km 


and wC = 4206x10-5 
_ 4206x105 - 5 
C= 743982297 ^ 27583 * 10 F/km 


Note : In this problem if the direct formula of tan (2p1) is used we get, 


2B 
tan (281) = 1-[A? +B] where A = 2.0354 
and B = 1.0822 
tan (2B!) = - 0.5017 
2pl = — 0.465 ... use radian mode 


Now f| can not be negative, it is due to behaviour of tan function. It is necessary to 
add 180? i.e. 1 rad to this angle to calculate f. 


2p! = —0.465 + n= 2.676 rad 
2.676 
Bp = 2x50" 0.02676 rad/km 


To avoid this confusion, it is recommended to use the basic procedure to calculate 
a and f) from Zsc and Zoc without using direct formulae. 


mm» Example 1.17 : A transmission line with a characteristic impedance of 50 Q is 
connected to a 100Q resistive load. Calculate the voltage reflection coefficient at the 
load. 

Solution : Zo «5070? and Zr =10020°2Q 

. Zr-Zo 100-50  5020° 


= 0.333 Z0? 


mæ Example 1.18 : A telephone transmission line 100 km long has Zo = 685 Z —12°Q, 
a = 0.00497 N/km, B = 0.0352 rad/km at 10 Hz. The line is terminated in 
Zr =2000+j702 and is supplied by a generator with an e.m.f of 10 V r.m.s and 
Rm =700Q. Calculate the values of Is, Zs and 1g ,Eg,Ps and Pg. 
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Solution : / = 100 km, Z; =Rm =700+j0Q, Zr =2000+j 00 
Zo = 6852-12? Q =670.03 -j 142419 Q 
e! = et! ZB] = e000497400 /0.0352 x 100 21.6437 23.52 rad 
= 1.6437 Z + 201.696? — 1.5272 —j 0.607 
e Y! = e-e! Z -=B I= e- 000497400 / — 0.0352 x 100 = 0.6083 Z — 3.52 rad 


= 0.6083 Z — 201.696°= — 0.5652 + j 0.2248 


_ Zę -Zo _ 2000+j0-670.03+j 142.419 1329.97 +j 142.419 
Zr *Zo 2000+ j 0+ 670.03~—j 142.419 2670.03 -j 142.419 


_ 1337.573 26.112° 
^ 2673.825 Z — 3.05° 


K e-t! = 0.5.29.162°x0.6083 Z — 201.696°= 0.30415 Z — 192.534° 

= — 0.2969 + j 0.066 
e?! + Ke-Y!= —1.5272 — j 0.607 — 0.2969 + j 0.066 = — 1.8241 — j 0.541 = 1.9026 Z — 163.48° 
ev! Ke-Y! = -1.5272 - j0.607 + 0.2969 — j 0.066 = -1.2303 — j 0.673 = 1.4023 Z - 151.32° 


z. = z, 1 *Ke?' | _ 6852 -12°x1.9026 Z - 163.48? 
Ss"^"ler-Kev| 14032-15132 


= 0.5 Z9.162? 


= 929388 Z-2416? = 847.98 — j 380.385 Q 
Es 10 20° 


mENESE S 120" PE 
5" Zs+Z,z 84798-j380385 +700 + 0 
an a 1020" J[ry. » : 
TUusuniLtisemPp miM 
In (Zn * Zo) - 
Now Is = —2z, le" -Ke "] 


... as line is not properly terminated 


- 2 Zo ls _ 2x 685Z —12?x6.2734 x 10 713.8? 
* (Zr +Zo)[e" -Ke ] 2673.8252 - 3.05°x1 40232 -151.32 


= 2.2921 x10? Z +156.17° A 
Er = Ig Zp = 2.2921 x 10- 2156.17°x2000 20° 
= 4.5842 7156.17? V 
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Ps = Eg Ig cos{ Es "de }=10% 6.2734 x 10? cos(13.8°) 


= 0.06092 W 


Pg = Eg In cos{ Er “Te )=45842x 2.2921 x 10? x cos(0°) 


= 0.0105 W 
Pr 0.0105 
% = —— = = * 96 
n= go X100 - 5 oco; * 1007 17.2479 % 


mæ Example 1.19 : A transmission line has following parameters per km 


R2150, C215 aF, L=1 mH, G = 1 pmho 
Find the additional inductance to give distortionless transmission. Calculate a and p for 
this inductance added transmission line. 


Solution : For the distortionless line, 


RC = L'G 
RC 15x15x10-¢ 
f= = _ H 
L G 1x10 = 


So additional inductance required is 225 - 1x10? = 224.999 H 


For the loaded line, 
SIS Sr E 1x10 TER 
VU 2 yC 2V 2 * 2 Visxi0- 
0.00387 N/km 
p- o VL'C 
So assume w = 6283x 103 rad/sec 


B = 6283x10? 4225x15x10-5 = 365 rad/km 


R 
| 


mm» Example 1.20: A transmission line has the following per unit length parameters, 


L-0.1 uH, R=5Q, C = 300 pF, G = 0.01 mho 


Calculate the propagation constant and characteristic impedance of the line at SOOMHz. 
Obtain the same parameters for the lossless line. 
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Solution: w=2af=2nx500x10° rad/sec 
Z-Wejolz25-j2nx500x105 x01x10:5 254j 314.1592 = 314.199 289.088" 
Y2G*joCz2001l*j2nx500x105 x 300x 10 ? 20.01 + j 0.9424 = 0.9425 Z89.39 


= [214199 789.088. 18.2583 Z — 0.151" 


m4 = 
° VY Y 09425 289.39° 


and y = VYZ= [314199 Z89.088*x09425 289.39° 
= 17.2085 £89.239° = 0.2285 + j 17.2069=a + jp 
u = 0.2285 N/km 
and B = 17.2069 rad/km 


For the lossless line, R = G = 0 
a = 0 


and B = wV¥LC =2nx500x 10° J0.1x10 * x 300x 10°! 


17.2072 rad/km 


6 
and Zu = His ALEAT 20° 


18.2574 Z0? Q 


Thus for a high frequency like 500 MHz, the line behaves almost as lossless line. 


University Examples with Solutions 


ma Example 1.21 A generator of | V, 1 kHz supplies power to a 100 km open teire line 
terminated in 200 Q resistance. The line parameters are, 
Rs10O0/km, L= 3.8 mH / km, G-1x10 * mlo / km, C = 0.0085 uF / km 
Calculate the input impedance, reflection coefficient, the input power, Hie output power 
and transmission efficiency. (Dec.-2005, 16 Marks) 


Solution : The characteristic impedance is given by, 


10 j(2nx1 x 10? )38x107 


T [Rejok _ [10-4 j(2nx1%107)38x10% 
"C YGsjeC ^ ¥1x10 © ej(2nx 1 x 10° ) 0.0085 x 106 
_ 10+j23876 [| 25.885 267.27° 
1x10 %+j5.34x105 — V5.31x10 * 288.92° 
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4.847 x 105 Z — 21.65? = 696.204 Z -10.825° Q 


KR jeL)(6 +joC) = 25885» 534 x 10^ 267.27°+8892° 


= (0.03717 278095? = 0.0076 + j 0.03637 
u = 0.00766 nepers/km 


n: 
L 


and | = 0.03637 rad/km 
_ Zn -Zo , _ : c 
K = Zu * Za where Zę 220070? given 
K = 200 20°-696.204 Z — 10.825? 


~ 200 20°+696.204 Z -10.825* 
200 + j 0 — 683.8153 + j 130.754 — - 483.8153 + j 130.754 


K = 5003704 683.8153 -} 130.754 883.8153] 130.754 
_ 801.1724 Z 164.876° 
— 893.435 Z -8.415° 

K = 0.5609 Z 173.291° 


Now ef = eu! ZBI rad = e099766 «100 / 0.03637 x 100 rad 
2.1511 23.637 rad = 2.1511 2208.4° 


et! +Ke-v 
Zi Ez Ies ees] 


ew ev! Z-fM rad = e 999766» 0! / _ ().03637 x 100. rad 


= 0.4648 Z -208.4° 


2.1511 Z208.4?-- 0.5609 7173.29*x0.4648 < -208.4? | 


. = 6962 -10.8250 ] nn res 
PRISES. [ris z208 20 5609 Z 173.29°x0. 4648 Z -208.4*| 


2.1511 Z 208.4°+0.2607 Z —35.11? 
2.1511 /208.49-0 2607 Z -35. 11° 
-1.8922 — j 1.023 + 0.2132 - j 0.1499 
-1.8922 - j 1.023 — 0.2132 + j 0.1499 


696.204 4 —10.55* | 


696.204 Z -10.85° 


~ 1.679 —j 1.1729 
696.20 2-1085" | Edo | 


— 2.1054 - j 0.8731 


2.2792 Z —157.476? 
625.6122 Z + 1.564? 2 


aa 99 
696.204 Z -10.85"{ 2.0481 Z 145.062 
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It is known that, 


j= 


Ir (Zr + Zo) eys -ZR 7 Zo oys 
2 Zo ZR +Zo 


At sending end, s = / as s is measured from the receiving end. 


Is = 

Now Zs = 
ls = 

And Zrt+Zo = 
Ke-7! = 


-. 15984x 10-3 Z —1.1564? 


In (Zn + Zo) 
2 Zo 


Ts and Eg-1Z0*V 
S 


fet! -K e^] 


Es _ 120° 


L NEST cans DT EchO 3 7 m 
Zs 6256122 71.5649 1.5984 x 103 Z -1.1564° A 


200 Z0?-- 696.204 Z — 10.825°= 893.435 < — 8.415? 
0.5609 2173.291°x 0.4648 Z — 208.4? = 0.2607 Z — 35.11? 


_ Ir x 893.435 Z — 8.415? 


= 3 eoe J04 Z 10 gos [21511 4208.4*-02607 Z - 35.11*] 


1.5984 x 107? Z —1.1564? = Ig 0.6416 Z + 2.41? [2.2792 Z -157.476°] 


In 
En 
Er = 


So Ps 


and Pr 


or Pr 


ey = 


1.0932 x 10-3 Z +153.909° A 
Ir Zg = 1.0932 x 103 2153.909°x200 20° 
02186 2+153.909° V 


Es Is cos{ Es E Is 


120°x1.5984 x 103 x cos(- 1.15649) 
1.598x10-3 W 


Eg In cos{ Er “Tr ) 


0.2186 x 1.0932 x 10-3 x cos [0°] 
2.3897 x 103 W 


12 x R=(1.0932x 10-3)" x 200 = 2.3897 x 103. W 


Pr 2.3897 x 10-4 

PR 100 = 23897 x 10^ | 100 
B 1598x103 
14.954% 
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m Example 1.22 : A generator of 1 volt 1000 Hz supplies power to a 1000 km open 
wire line terminated in Zo having the following parameters : — (May-2005, 16 Marks) 


R = 10.4 ohms / km 

L = 0.00367 H /km | 

G = 0.8 x 10-5 ohms / km 

C = 0.00835 micro farad / km 

Calculate the power delivered at the receiving end. 


Solution : The characteristic impedance is given by 


7 = R+joL _ 10.4 + j(2 x 1x 1000) x 3.67 x 10-3 
5 G « joC 0.8x10-$ + j(2x xx 1000) x 0.00835 x 10% 
B 10.4 +j23.0592 _ | 25.2959 265.72? 
0.8x 10-6 +j5.2464x10-5 ^ Y 5.247 x 10-5 7 89.12" 


4.821x 10° Z- 23.4? = 694.3342 7 — 117^ Q 


The propagation constant is given by, 


y= al R+joL)(G + jae) 
y= d (25.2929 265.72°) (5.247 x 10-5 789.12") 
y = 1.3272 10-3 2154.84 = 0.03643 777.42" 


y = a «jf = 0.007934 + j 0.03555 
y = 0.007934 nepers/km 
B = 0.03555 rad/km 
For 1000 km long transmission line, the propagation constant can be written as, 
ev = eof! = eo / -pI 
= eg (0.007998) 009) + _ (0.03553) (1000) 


The transmission line is terminated in Z, at the load side. Also the line is 
connected to a generator of 1V. As internal impedance is not mentioned, we will 
assume generator to be ideal. The set up is as shown in the Fig. 1.33. 
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E,- Zo = 694.337 - N.P N 
At input side, E - g^ 1Z0°V 

o 
Thus Ņ = Es... 140 — 21442 x 10? Z4117^ A 


Zo  694.33427 -11.7? 


Hence curent at the receiving end is given by 

Ip = Lev 
[1.4402 x 10? Z 1177] [e 49.0072:10009 7 — (0.03553) (1000)] 
[1.4402 x 107? Z 11.7] [3.5835 x 10^ * Z — 35.53*] 


But for angle 35.53 is expressed in radians. Its degree equivalent angle is 2035.72". 
Hence I, = [14402 x 10? Z 11.77] [3.5835 Z 10^ * Z — 2035727] 
[1.4402 x 107? Z 11.7°] [3.5835 x 10^ * Z — 235.72] 

0.5161 x 107 É Z — 224.02? A = 0.5161 Z — 224.02 pA 


The receiving end voltage is given by 
Ex = Ik: Z = (0.5161 x 107 5 Z — 224.02) (694.33 Z — 11.7) 
0.3583 x 10? Z — 23572^ V 


Hence received power is, 


Pr 


Er Ir cos (E, ^ Ip) 


0.3583 x 107? x 0.5161 x 10° ® - cos (11.7) 


0.181 x 10°? W 
0.181 nW 


m Example 1.23 : A transmission line 2 miles long operates at 10 kHz and has 
parameters R = 30 Q/mile, C = 80 nF/mile, L = 2.2 mH/mile and G = 20 nV/mile 


Find the characteristic impedance, propagation constant, attenuation and phase shift per 
mile, (May-2004, 8 Marks) 
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Solution : For a transmission line of length I = 2 miles, 


R = 302/mile L = 2.2 mH/mile 
G = 20 n0/mile, C = 80 nF/mile and 
f = 10 kHz 


The characteristic impedance Z, is given by, 


P= HE. ee N 
o = Y GH jo ~ ¥ 20x 10-9 +j (2x nx 10x 103 x (80x 10-9) 
20x 10? + j5.0265 x 103 
E 141.4479 Z77 75° 
~ V 5.0265x 10 Z89.99* 


167.7511 Z - 612 Q 


The propagation constant y is given by, 


y =f (R* joLY(G +joC) 


- y (30 +j2x 2x 10x 103 x 2.2x103)(20x 10? +j2x mx 10x 10 x 80x 107? 
= 4 (141.4479 277.75°) (5.0265 x 103 < 89.99° 


= 0.8432 Z 83.87? /km 
Representing y in rectangular form, we get 
y = a+jP = 0.09 + j 0.8383 
Hence attenuation constant = a= 0.09 nepers/miles 


Phase constant p = 0.8383 rad/miles 


mæ Example 1.24 : Find the sending end impedance of the line having Zy= 710 214", 
r = 0.007 + j 0.028/km, Zp = 300 ohm, ! = 100 km (May-2004, 6 Marks) 


Solution : The input impedance of a line having characteristic impedance Z, and 
terminated in Zp is given by 


Z, = Zr cosh yl + Zosinhy | (i) 
i Zocosh y l4 Zr sinh yl di 


Here Z = 710714 Q, lz100 km 
Za, = 3002, y= 0.007 + j 0.028 /km 
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Calculating cosh y/ and sinh y! separately. 

cosh (a + jB)/ = cosh (a 1+ jp) 

cosh [(0.007 x 100) + j (0.028 x 100)] 

cosh [0.7 + j 2.8] 


cosh y? 


From trigonometric results, 


cosh (A + j B) = cosh A cos B + j sin A sin f and 


sinh (A + j B) = sinh A cos B 1 j cosh A sin B 


Hence 


cosh [0.7 + j 2.8] 


cosh 0.7 cos 2.8 + j sin h 0.7 sin 2.8 

= - 1.1826 + j 0.2541 . (ii) 
Similarly, 

sinh y? = (sin a * jf)! = sin h (al + jf) 

= sinh (0.7 + j 2.8) 

But using trigonometric result, we can write, 
sinh (0.7 + j 2.8) = sinh 0.7 cos 2.8 + j cosh 0.7 sin 2.8 

= — 0.7147 + j 0.42 . (iii) 

Substituting values of Zy Zp sinh y! and cosh yl in equation (i) we get, 


Spole 145 | E0051. 1875 ed oo UY IESE ee ee 
Zs = 710 Z14*(-1.1826 + j0.2541) + 300(-0.7147 + j0.42) 


= 710 214° | 900 40%) 1.2095 7167.87 ) +(710 214°) (0.8289 2149.55 | 


(710 214°)(1.2095 2167 .87°) + (300 20°) (0.8289 7149.55") 


= 710 £14" | (658.745 Z 181.87") + (248.67 2149.55") 


= 719 214° | C394 748 + j76. 2458) + (-564 4292 + j166. 6559) ]^ 


(-858.2876 — j 28.0224) +(—214 .3713 +j126.0225) 


[es 852 167 .87°) + (588.519 2163. = 
= 710 zw eo 


-919.1772 + j 242.9017 
—1072.6589 +j98 
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o [ 950.7302 7165.19* 
mee Fes 


= 626.68 L PQ 


Review Questions 
. State the various types of transmission lines used in practice. 
Which are the important parameters of a transmission line ? 
What is the difference between limped parameters and distributed parameters ? 
. State the important properties of the infinite line. 
. Prove that a finite line terminated in its characteristic impedance behaves as an infinite line. 
. Find the expression for Zo interms of T section equivalent parameters for finite line. 


. For a transmission line terminated in Zo prove that 


i) Zo = VZoc Zsc 


ii) tanh (1!) = (x 


. Obtain the expression for current and voltage at any point along a line which is terminated in Zo. 
Define attenuation constant and phase constant. 
Derive the relationship between y, Zoc and Zac. 
Define wavelength of the line. 
Obtain an expression for the phase velocity of a linc. 
What is a group velocity ? 
Derive the relationship between Zo and primary constants of a line. 
Derive the expression for y interms of primary constants of a linc. 
Derive the expressions for œ and B interms of primary constants of a line. 


What are the practical considerations for an underground cable ? 


Starting from fundamental, derive the expression for voltage and current at any point on line 
which is at a distance 's' from the receiving end interms of receiving end voltage and current. 


Explain the physical significance of a general solution of a transmission line. 

Derive the expressions for input impedance and transfer impedance interms of Zo, Zg and y. 
Derive the condition for minimum attenuation with, 

i L variable and ii) C variable 

What are the conditions of R and G for minimum attenuation ? 

Which are the various types of distortions in a line ? 

What is distortionless line ? Derive the condition for distortionless line. 

Write a note on telephone cable. 


What is loading of lines ? Which are the two types of loading ? 
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27. 


28. 
39. 


State the advantages, disadvantages and application of following types of loading 
i) Continuous loading and ii) Lumped loading 
Derive the expressions for o. and B for continuously loaded line. 


What is patch loading ? 


. Derive the Campbell's equation. 


31. 


What is the importance of cut-off frequency for the lumped loaded Ime. 


. Explain the reflection on a line not terminated in Zo. 


What are disadvantages of reflection ? 
What is reflection coefficient ? 

Write a note on 

i) Reflection loss and reflection factor and 
ii) Insertion loss 

What is return loss ? 


Derive the expression for the insertion loss of a line. 


. A line lias the following primary line constants : 


R=100Q/km, G =1.5 x10% mho / km 
L = 0.001 H / km, C = 0.062 pF / km. 
Find Za for the line [Ans. : 507 Z- 43? Q] 


. A sample of field quad cable has the following primary line constants, 


R=78Q/km, G = 62x10 mho / km 
L2 175 mH / km, C = 0.0945 pF / km 
Find the following at a frequency of 1600 Hz, 
(i) Zo (ii) a (iii) B (iv) X 


(v) v and (vi) time for the wave to travel 100 km down the line. 
[Ans. : 290 Z —36.5?(2, 0.179 N/km, 0.209 rad/km, 30 km, 


47840 km/sec, 2.09 msec] 


. For a typical open wire telephone cable the primary constants arc, 


R = 10 €/km, L = 0.0037. H/km, C = 0.0083 pF/km, G = 04x1079 mlio/km 
Determine Zo and the propagation constant at a frequency of 1 kHz. 
[Ans. : 683 — j 138 Q, 0.0074 + j 0.0356 /km] 


. An open wire line has Zo 2730Z —11? Q at 1000 Hz and y = 0.012 + j 0.058. When 2 volts are 


applied to the sending end, a current of 4 mA flows. What will be the current at the distant end 
50 km away ? [Ans. : 2.8 7176.3? mA] 
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42. A line 10 km long has the following constants : 
Zo = 60020°2, a =0.1 nepers/km, B = 0.05 rad / km 


Find the received current when 20 mA are sent into one end and receiving end is short circuited. 
By what angle received current lags with respect to current sent ? 


[Ans. : 13.66 mA, 22.3? lagging) 


. The following measurements are made on a 25 km line at a frequency of 796 Hz 
Zac = 3220 Z-7929* Q, Zoc 21301 Z 76.67? Q 


Determine the primary constants of the line. 


[Ans. : 11.83 Q / km, 0.035 H / km, 0.919 pmho / km, 0.00835 uF / km] 


aua 
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Transmission Line at 


Radio Frequencies 


2.1 Introduction 


In the previous chapter, we have discussed the theory of transmission line, 
definitions of line parameters, general solution of a transmission line and physical 
significance of the equation. In this chapter, we shall discuss the line at a radio and 
power frequencies. For the radio frequency line working at a frequency of the range of 
megahertz and more than that, the standard assumptions are different than that 
studied in the previous chapter. For the radio frequency line of either open wire type 
or coaxial line type, the standard assumptions made for the analysis of the 
performance of the line are as follows. 


1) At very high frequency, the skin effect is considerable. Hence it is assumed that 
the currents may flow on the surface of conductor. Then the internal inductance 
becomes zero. 


2) It is observed that due to the skin effect, resistance R increases with Jf. But the 
line reactance oL increases directly with frequency f. Hence the second assumption is 
oL >> R. 


3) The third assumption is that the line at radio frequency is constructed such that 
the leakage conductance G may be considered zero. 


There are two considerations for the analysis of the line performances. First 
consideration is that R is slightly small with respect to oL while the second one is that 
R is completely negligible as compared with œL. If R is neglected completely, then 
such a line is termed as zero dissipation line. This concept is useful when the line is 
used for transmission of power at a high frequency and the losses are neglected 
completely. While if R is small, then such a line is termed as small dissipation line. 
In the applications where line is considered as a circuit element or properties of 
resonance are involved, this concept of small dissipation line is very much useful. In 
this chapter we will discuss properties and different applications of the zero 
dissipation line only. 


(2 - 1) 
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2.2 Line Constants for Zero Dissipation Line (Dissipationless Line) 


In general, the characteristic impedance (Zo) and propagation constant (y) of a line 


are given by, 
dz. [Cien 
Zo = K = (G *joC) . (1) 
JZY = f(R+jol)(G+joC) ~ (2) 


According to the standard assumptions for line at a high frequency, 


and Y 


joL>>R and jwC>>G 
k | joC ic sil 


As the value of characteristic impedance is real and resistive, it is represented by 


symbol Ro, 
Zo = Ro= fe .. (4) 


Similarly the propagation constant y is given by, 

Y = Xie) GeC) = je/Lc 
0 «jo LC . (5) 
But y = a«jp 


I! 


Y 


Hence at high frequencies, 


= 0 and 


o4LC radian/m -.. (6) 


= A m/sec " (7) 


^P ovtc Vic 


From equation (7), the velocity of propagation for open wire dissipationless line, 
separated by air, is same as the velocity of light in space. 
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The distance corresponding to the phase shift of 2x radians is called wavelength 
(4). For the dissipationless line wave length is given by, 


2n 2x 


Àz—z 


B Ta m ... (8) 


ma Example 2.1 A line with zero dissipation has R = 0.006 €/m, L = 2.5uH / m and 
C = 4.45pF/m. If the line is operated at 10 MHz find 
D Ro Wa iB wey war 
Solution : Given R = 0.006 Q/m, L = 2.5 x 10° H/m, C = 445 pF/ m, f = 10 MHz. 
At f = 10MHz, oL = 2afL = 2x nx10x106 x 2.5x107$ = 15.708 Q. Hence oL >> R at 


10 MHz. So according to standard assumption for the dissipationless line, we can 
neglect R. 


i) The characteristic impedance is given by, 


L. [25104 
Zo = Bog: f$- gagag 774958 0 


ii) The propagation constant is given by, 
a +jB = 0 jo/LC 
a +jB = 0*j(2x xx10x105)42.5x 10% x 4.45x10 ? 


Y 


Hence Y 
y = a +j = 0 + j 0.2095 per m 
Attenuation constant = a = 0 
Phase constant = ß = 0.2095 rad/m 
iii) The velocity of propagation is given by, 


ve st c 2,998 109 m/sec 
VLC 2.5 10-6 x 4.45 x 10-2 
iv) The wavelength is given by, 


2n 2n 
= F = 02055 ^ 29.9913 m 
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2.3 Voltages and Currents on Dissipationless Line 


Consider a transmission line of length ! and terminated in Zg as shown in the 
Fig. 2.1. 


In previous chapter we have obtained the expression for voltage E and current I at 
à distance x from sending end in terms of receiving end voltage Eg and receiving end 
current Ig. 

The voltage E at a distance x from the sending end is given by, 


E = Ep-coshy(/—x) +Ip - Zo sinh y(1— x) 


. (1) 
Putting (!— x) = s, equation (1) reduces to, 
E = Er coshys+Ir -Zosinhys -. (2) 
But at very high frequencies, 
Zo = Ro and y =jp 
Hence equation (2) can be rewritten as, 
E = Ep cosh(jBs)+Ip Ro sinh(jBs) 
ibs 4 e-iBs] . iBs _ @-iBs 
E = Ep eee | +jIr Ro | 
E = Ep cos(Bs)+j1r -Ro sin( Bs) .. (3) 


Above equation represents a voltage in terms of receiving end voltage and current, 
at a point distance 's' away from receiving end. 


Similarly for current at a point distance 's' away from receiving end is given by, 


I 


In cos( Bs) «ja sin( Bs) (4) 


But p = a 
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Hence equations (3) and (4) reduce to, 


E = En m +j In Ryo -.. (5) 
À À 
_ 2ns .Eg . 278 
and I = Ig cos—— HIR sin x .«. (6) 


From equations (5) and (6) it is clear that the voltage and current distribution is 
the sum of cosine and sine distributions. 


Let us consider different conditions at the receiving end. 


1) When line is open circuited at the receiving end, Ig =0. Then the expressions for 
voltage and current at a point, distance 's' away from the receiving end are given by 


Eoc = Er cos 27 ... (7) 
"m En A 2ns 
loc = Jj Ro sın Z — (8) 


From above equations it is clear that current and voltage are in quadrature. 


The magnitudes of voltage and current distributions for an open circuited line s 


wavelengths long are as shown in the Fig. 2.2 (b). At every A distance, voltage 


changes from maximum to minimum or vice versa, and so the current also. 


Es 


(a) z long line open circuited at {b) Voltage and current on a line open 
the receiving end circuited at the receiving end 
Fig. 2.2 


2) When the line is short circuited at the receiving end, then Eg =0. Then the 
expressions for voltage and current at a point, distance 's' away from the receiving 
end are given by 
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Esc = jln -Ro sin ZTS -. (9) 
js ecl d ... (10) 


Then again the magnitudes of voltage and current distributions for a short 


circuited line 3 wavelengths long are as shown in the Fig. 2.3 (b). 


(a) E long line short clrcuited at (b) Voltage and current on a line short 
the receiving end circuited at the receiving end 
Fig. 2.3 


3) When a line is terminated in an impedance Zp - Ry, the reflection coefficient is 
given by 
K = Z&-Ro „Ro-Ro o 
Zr +Ro  Ro+Ro 
That means the reflected wave is absent. Then the voltage and current on the line 
are given by 
E = Eg.eifs w (11) 
and I = Ig-eiPs ... (12) 
From equations (11) and (12) it is clear that both voltage and current have constant 
magnitude with zero attenuation ; only continuous varying phase angle along the line. 
The magnitudes of voltage and current distributions are represented in the Fig. 2.4 


Receiving 
end 
E 
I 
2- RR=Ro 
Distance 


Fig. 2.4 Voltage and current on a line properly terminated in Rp at the receiving end 
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2.4 Standing Waves 

According to the discussion in the previous section, if a line is either open 
circuited or short circuited at the receiving end, we get nodes and antinodes in voltage 
distribution as shown in the Fig. 2.5 (a). 


If a line is terminated in a load other than Ro, the distribution of voltage at a 
point along the length of the line consists maximum and minimum values of voltage 
as shown in the Fig. 2.5 (b). 


Voltage Antinode 
I 


E 


Distance Distance 


(a) Standing waves on open or shorted line (b) Standing waves on a line terminated in 
a load not equal to Ro 


Fig. 2.5 Standing waves on a line 


We know that voltage and current are in quadrature, thus it is obvious that the 
magnitude of the current along the line would be same except for a 4/4 shift in a 
position of maxima and minima. 

The points along the line where magnitude of voltage or current is zero are called 
Nodes while the points along the lines where magnitude of voltage or current is 
maximum are called' Antinodes or Loops. The nodes and antinodes are as shown in 
the Fig. 2.5 (a). 

When a line is terminated in Ro, the standing waves are absent, such a line is 
called smooth line. 


2.5 Standing Wave Ratio (S) 


The ratio of the maximum to minimum magnitudes of voltages or currents on a 
line having standing waves is called standing wave ratio and it is denoted by S. 


The standing wave ratio (S) is given by, 


.. (1) 


When line is not terminated properly, standing waves are produced. Then the total 
power absorption is not possible in such case. The standing wave ratio S is measured 
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using RF voltmeter across the line at a point. Then the ratio of Emax to Emin is 
referred as voltage standing wave ratio (VSWR). Similarly the ratio of Imax to Imin can 
be measured using RF Ammeter in series with the line at a point. Then such ratio is 
referred as current standing wave ratio (ISWR). But in practice, ISWR calculation is 
very impractical because for this one has to cut the line, insert RF ammeter and then 
rejoin the line. Hence practically only VSWR measurement is done. So it is understood 
that VSWR is nothing but SWR. Theoretically the value of S lies between 1 and o. 


2.5.1 Relation between Standing Wave Ratio (S) and Magnitude of 
Reflection Coefficient (K) 


The standing wave ratio bears a simple relationship with the magnitude of the 
reflection coefficient i.e. |K|. 

Along the line, at a point, if the incident and reflected waves are in phase and 
added directly, we get voltage maxima at that point. 


Let E* - Magnitude of the incident wave 
E - Magnitude of the reflected wave 
Then the magnitude of voltage maxima is given by, 
JEmax| = [E*] + [E ~ (D 
Similarly along the line, at a point, if the incident and reflected waves are out of 
phase and subtracted directly, we get voltage minima at that point. 
The magnitude of voltage minima is given by, 
lEmin| = IE*I- [El ~ (2) 
Then the standing wave ratio is given by, 
JEmax| _ [E+] + [E] 


Su ee 
[Emin] [E+] - [E-I 
1477 
Se let -. (3) 
EI 
[E+] 
But the ratio E] is nothing but the magnitude of the reflection coefficient, 
E~ 
|K| = | l 
|E*| 
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1+ |K| 
Then, S= 1-|K] .. (4) 


_ |E maļ- |E min | 


or ~ [Emax] * [Ecl ~ ©) 


From equations (4) and (5), it is possible to calculate value of S and |K| from 
measurements of maximum and minimum voltages on the line. Similar expressions 
may be obtained by considering maximum and minimum currents on the line. 


Eer ar Zeer meal 
SEMNE | |. [ | Lil) 
P^ Lr aes eme p LO 
ERR OS | am ele LIT 
LESSE eel 
aw A LHULI 

ALT LLLI LL LL LET 
V. [4 BRI Ni e EM 


04 40 6080 100 
Standing-wave ratio 


Value of |K| 


04 


Fig. 2.6 Relation between standing wave ratio and magnitude of reflection coefficient 


_ Rg-Ro 
IKI i Rr + Ro 
Send 
is 
g = 1*|KI | [En *Roj ... (6) 


Then if Rr > Ro, 


= Rr 

S= Ro 

and if Rr < Ro 
Ro 

Rr 
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In general, for resistive load Ry , 


Rr - Ro 
Rr + Ro 


. Q) 


2.5.2 Relation between Standing Wave Ratio and Reflection Coefficient 
The voltage at a point distance s away from the receiving end is given by, 
E Er -cosh(jBs) +I - Zo sinh (jp s) ww (1) 


E ciBs + e-ifs eis — o ips 
= een nc Zn 
R 2 R 0 2 


E = — 5- [En *In- 2S a -In -Zy] 
= -jfis 
E = [Ir - ZR +Ip- Zo]-— [la - ZR —Ip : Zo] 
iB 

E = In- SS [(Zr +Z0) e» (Zp -Zo)] 

m |, Aen tZ) eiPs Zn — Zo -pps 

E do S elu pero e .. (2) 

D ZR — Zo A n 

But K = Zk Za |K| 2 say as k is complex, 
nasci oe _ Zr *Zo ; j -j2 
E E = Ig = els [1+ K] ei* PFs] 


E = Ip CAC eiPs [1 +K] ete-253)] 


E In - “R420 eibs [120 «|K| Zb- 20] . 3) 


In above equation (3), the first term represents voltage in the incident wave while 
the second term represents voltage in the reflected wave. 


Thus the voltage E at any point is the vector sum of voltages in incident and 
reflected wave. This voltage will be maximum when both, the incident and reflected 
waves, are in phase. When both waves are in phase, their phase angles will be same. 


Thus for E max, 


= $-2ps . (4) 
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Then equation (3) is modified as, 


I Zr * Zo 
"s 3 


eiPs [1 Z0+ [K| 2 0] 


E man 


Zr *Z 
Emx = Ir a E 


eiP5[ + [KI] -.. (5) 


When the incident wave and reflected wave are out of phase, we get minimum 
voltage. Then the difference of angles of the two waves is x. 


Thus for Emin, 
O+n = 6-2fPs . (6) 


Then equation (3) is modified as, 


Emin = In £57 eits [ Z04|K| Zr] 
Emin = In 28779 eis [1204K] 
Ewin = In 2S eits 14K] NT 


Hence from equations (4) and (7), the standing wave ratio S can be determined as, 


.. (8) 


mm» Example 2.2 A certain transmission line, working at radio frequencies, has following 
constants. 


L = 9 uH/m, C= 16 pF/m 


The line is terminated in a resistive load of 1000 Q. Find the reflection coefficient and 
standing wave ratio. 


Solution : 


Rp=10000 


Fig. 2.7 


The characteristic impedance of line is given by, 


T [9x105 
Zo = Ro-4c - [xr = 7502 . at R.F. only 
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Hence reflection coefficient is given by, 
Zr -Zo _ 1000-750 


= SS FS = 0.1428 
Zn + Zo 1000 +750 
The standing wave ratio S is given by, 
S = 1«|K| 10.1428 = 1.3333 


14K] | 1-0.1428 


mæ Example 2.3 A certain R.F. transmission line is terminated in pure resistive load. The 
characteristic impedance of the line is 1200 Q and the reflection coefficient was observed 
fo be 0.2. Calculate the terminating load, which is less than characteristic impedance. 


Solution : At radio frequencies, = Ro _ 1200 ‘or resistive load 
Ra Rr 
K 25-1499 
s+1 
1200 _ 
= BR Che 
K z 1200 0.2 
Rp 
Simplifying for Rr, we get 
Rr = 800 Q 


mp Example 2.4 Calculate standing wave ratio and reflection coefficient on a line having 


Zo = 300 Q and terminated in Zp = 300 + j 400. 
Solution : The reflection coefficient is given by, 
Zr +Zo  (300+j 400)+(300) 600+) 400 


400 290° 


K = Zd17336» 


K 


0.5547 Z 56.31° 


The standing wave ratio S is given by 
14+|K| 
1-|K| 


- 1-4 0.5547 
1- 0.5547 


3.4913 


ee 
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2.6 Input Impedance of the Dissipationless Line 


Ihe expressions for sending end voltage and current at a distance s from receiving 
end for a line of length s are given by 


Es = En dios Ro sinBs 


and Is In cosps .j ER. Ro sin Bs 


Consider a line of length s and terminated in Zg as shown in the Fig. 2.8. 


els n 


Es C oo Zin Zn Ep=ip.Zp 


ame ELS 


Fig. 2.8 A line of length s and terminated in Zr 


The input impedance of such a line is given by, 


Es  Encosps*jIng - Rosinfs 


Zin = [ex B 


„Erg 
Ig cosßs + j— sinf)s 
R P IR B 
En Er cosps +j In - Rosinfs Ro sinBs 
" Tr Ro cosBs+j En sinBs 


»| ER Er +j Ir: Rotanps Ro tanBs 
o| Tr Ro +j Er tanBs. Ro +j Eg tanBs 


pue 4j Ro tanBs 


Ro +j = tanBs 


"T Zr +j Ro tanps 
Zin = Ro E +j ZR EM vee (1) 
From equation (1), it is clear that in general the input impedance Zi, is complex. 
Another convenient form of the input impedance is obtained as follows. 
_ Zg + j Ro tan E 
Zw = Ro E +j Zp tanBs 
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-R E cosps +j 7 sen] 


9 Ro cosßs +j Zr sinBs 
Writing numerator and denominator in exponential forms and rearranging, 


14 ZR 725. q-iaps 

- Zn*Zo  —. .. (2) 
Zn -Zo ' 
EATA + Zo 


Zi = Ro 
e i?Bs 


But as we know, 


_ Zn -Zo 


=F 7 where K is reflection coefficient and writing in modulus-angle form, 
R +o 


.o-2ps 
Zn =R ree e | 


° [1HK]Z6 -e- 1255 


14[K1/9 - 2Bs à S 
IS USS imu ~ e785 = - [cos(205) + jsin(2Bs)] 


=1/-2fs 


As Zi, is the input impedance measured at the sending end hence it is also 


termed as Zs. 
14|K|/$ -2ps 


Zin = Zs=Ro IEEE ZEE - (3) 
The input impedance will be maximum at a distances, 
$-2ps or $-2ps-0 
or S t= Se ... (4) 


2p 
Then 


1+ |K 
Zs( max) = Ro RT| = SR, 


where S is standing wave ratio, thus Zs (max) becomes resistive. 
Along a line if we travel a distance of 1 from the point where impedance is 


maximum, we get a point of minimum impedance. 
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Hence input impedance will be minimum if 


"s Se 5 .. (5) 
| 0$ 1/27 2n 
| OTK 
$s = 2B 
or 2ps = o+n w (6) 
Then 
1+|K{/o-@+%) 
Zs(min) = Rol —— SS 
1-|K|/o -( +7) 
ü 1«|K]Z-n 
y or t zz] 
7 1-|K| 
E Iri 
- Re 
= S 


where S is standing wave ratio. Thus Zs(min) 1S also resistive. 


2.7 Input Impedance of Open and Short Circuited Lines 


Consider equation (1) obtained in the section 2.6. 


mech faye Zr +j Ro tanBs 
Zs = Zin =Ro Ee cis] 


Let us find input impedance of a line, open circuited and short circuited at the 
receiving end separately. 


2.7.14 Input Impedance of Short Circuited Line 
If a line is short circuited at the receiving end, 


then 
Zr = 0 
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Then the input impedance is given by, 
Zsc = Zs=Ro em =j Ro tanBs (1) 
0 
But B= = then, 
Zs = jRo tan( 5) .. (2) 


As Zs is purely reactive, let it be denoted by Xs. 


Zs = jXs=jRo tan( =) 


Xs 2ns 
R tan( 2) ... (3) 


Above ratio gives normalized value of reactance for a short circuited line. 


Let us calculate the ratio as for different values of s. 
0 


27:0 Xs 
Wh = » = ey —_—_ = E 
en s 0 tan ( X ) 0 Ro 0 
ane x A 
s = ra tan i =tan(F}=c Ro o, 
x 
x 2T.— 
- ad 2 E = Xs 
s= 5: tan | X tan(z) 2 0 Rp ~ 
on 3X 
_ 3a "4 B 32). | Xs _ 
Ss = FE tan X ~ tan (3%) = Ed E ^ and 
2 -À Xs 
= x, t —— E = —= 
S an ( } tan (27) = 0 Rc 0 
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The graph of variation of žs for a short circuited line with various lengths of lines 
0 


is as shown in the Fig. 2.9. 


Distance s 


———————————————————-. 
-———————————— T 


| |X ——. 


Fig. 2.9 Variation of (že) for a shorted line with various lengths of lines 
0 


2.7.2 Input Impedance of Open Circuited Line 
Rearranging the expression for input impedance as follows, 
1+ int tanps 


Ro ,; 
z. "Mans 


When a line is open circuited at the receiving end, 


Ze = » 
Then the input impedance is given by 
1 -jRo __, 
= eo = =- ose 1 
Zs d tanps j Rocotf s (1) 
But p= = 
2 2ns 
Zoc - Zs --—] Ro cot] T (2) 
Again Zoc =Zs is purely reactive, let it be denoted by Xs 
jXs = -jRo cof 42.) 
À 
Xs 2ns 
S Es = 2: (3 
Ro cof{ X } P 
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Let us calculate the value of ratio x for different values of s. 
when s =0, cot (t = cot(0) z^, Rd As =—o 
S s7, cot (325 ] = cot( 5) =0, E 70 
s zo cot (Z3) = cot(n) = o, A d 
S NS cot (ZF) = (35) =0, 2 me and 
S =h, cot (3 } = cot (2n) = o, x i-o 


The graph of variation of E: for an open circuited line with various lengths of 
0 


lines is as shown in the Fig. 2.10. 


d 


Distance s 


a| > 


f —— —— J| Z — + 
e 


tm www imm 


Fig. 2.10 Variation of (&) for a shorted line with various lengths of lines 
0 


According to the discussion in the last two sections, it is clear that the input 
impedance of a line either open circuited or short circuited is pure reactive in nature. 


It is also observed that the value of reactance is repeated after every s=} period. For 


first quarter wavelength, short circuited line acts as an inductance while the open 
circuited line acts as a capacitance. After each quarter wavelength, the nature of 
reactances reverses. These curves as shown in Fig. 2.9 and Fig. 2.10 are for ideal 
dissipationless line. In practical line, zero or infinite impedances can not be achieved 
because of small resistive component indicating some power loss. Thus practically the 
values of impedances tend to maxima and minima. 
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When transmission line is open circuited at its end, the current is always zero and 
voltage is maximum at the open end. After every half wavelength (A / 2) distance, 
these conditions of voltage and current will repeat themselves. When there is a voltage 
maxima, there is current minima and at voltage minima we get current maxima. This 


repeats al every Z distance from open end. From this it is clear that the input 


impedance varies all along the length of a line. The nature of the input impedance is 
also varying such as low resistance, high resistance, inductive reactance or capacitive 
reactance. These characteristics are similar to those of resonant circuit. Hence 
mismatched lines are called resonant lines. 


The variation of input impedance of an open circuited line is as shown in the 
Fig. 2.11 (a). 


————————-- 


(a) Open circuited line (b) Short circuited line 


Fig. 2.11 Input impedance variation along open circuited and short circuited line 
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For open circuited line, as terminating end is open, the impedance is high. The 
line acts as parallel resonant circuit. But quarter wavelength (A / 4) back, the input 
impedance is low resistance. The line acts as series resonant circuit. In between the 
two such points, the input impedance is capacitive. Between the quarter and half 
wavelength, the input impedance is inductive. 


When a line is shorted at terminating end, the voltage is zero and current is 
maximum at that end. Similar to open circuited line, these voltage and current will 
repeat themselves at half wavelength intervals back from the short circuit. Refer 
Fig. 2.11 (b). The standing waves on short circuited lines are displaced by a distance 
equivalent to quarter of a wavelength compared to waves on the open circuited line. 


At the short circuit end, the input impedance is low, thus line acts as a series 
resonant circuit. A quarter wavelength (A / 4) distance back, the input impedance is 
high resistance, hence the line acts as parallel resonant circuit. In between two points, 
the input impedance is inductive. Between a quarter wavelength and half wavelength 
the input impedance is capacitive. 

It is observed that for a given length back from the end, if open and short 
circuited lines are compared, then the reactances are opposite to one another. The 
following diagrams illustrate the input impedance presented to the generator by the 
different lengths of open and short circuited lines. 


Tap - li LARUM 


r6 ^ Inductie |" 8 Capacitive -` 2 ' Small 
resistance 
(a) Input impedance for different wavelengths of short circuited line 
e—— I o—_—— —— 
Zin z Zin = Zin z = 
e l1 e —— 
£ a! — 
m— g Capacitive 8 inductive |! 2 : High 
resistance 


(b) Input impedance for different wavelengths of open circuited lines 


Fig. 2.12 
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2.8 Power and Impedance Measurement on Line 


The expressions for voltage and current on the dissipationless line are given by, 


E = Ir S820 (1 4|K|z9 - 205) (1) 
and i= te Su a Bo xD Zr * Fo (1.4K| 26 - 25s) .. (2) 


Now consider two phasors A and B representing voltage E and current I 
respectively as shown in the Fig. 2.13. 


Fig. 2.13 Phasor representation of E and | 


We have already studied that at a point where the voltage is maximum, the 
incident and reflected voltage waves are in phase. Hence, maximum voltage is given 
by, 

Ir ZR +Ro 
Emax = eee (GHK) .. (3) 


Similarly for current, the incident and reflected current waves are in phase at the 
current maximum point. Hence, maximum current is given by, 


Ima = — 2R (14K) ... (4) 


Hence, Ema. . Ro .. (5) 


Similar condition may be obtained for minimum values of current and voltage 
with only phase reversal of reflected wave. The phase reversal will be same for Emin 
as well as Imin- 
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iiio E min E 
Hence —— = Ro ... (6) 
Imin 


From Fig. 2.13 and the theory of standing wave discussed earlier, it is clear that a 
voltage maximum and current minimum occur at the same point on a line. Thus the 
impedance looking into line towards load is purely resistive. The expression for 
minimum valuc of current is given by 


_ Ir |Zr + Ro| 
L min = IR (14K}) e.. (7) 
Dividing equation (3) by (7), we get, 
E max — 1+ IKI m 
TOR fo TRI = iij" Ro . (8) 


This impedance is the impedance in voltage loop represented as Ru 


E max 
mx =S Ro = Rmax -. (9) 


I min 


Similarly, the expression for minimum value of voltage is given by, 


In |Zg +R 
Emi = EE (4K) _.. (10) 
Dividing equation (10) by (4), we get, 
Emin ". 14K] nt Ro 
m j Ro (cm) 2 . (11) 


This impedance is the impedance in current loop represented by Rmin 
min _ med 
= ee 505 


The effective power flowing into a resistance Rmax is the power passing voltage 
loop at voltage Emax. This power is given by 
E hax 


P= 
Rmax 


. (13) 


Since there is dissipation in the line same power must flow into the resistance 
Rmin in the current loop at voltage Emin. This power is given by, 
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E?. 
P = m .. (14) 
Rmin 


Multiplving equations (13) and (14), 


2 Eta i Ein 5 

m Rmax ` Rmin T de) 

If we substitute values of Emax, Emin, Rmax and Rmin from equations (1), (10), (9), 
(12) respectively, the power flow along the line is given by 


E IHE A 
P= (Emax| [Emin|) ... (16) 


Similarly, Pe ([Emax| [I min |) Ro .. (17) 


From above equations (16) and (17), power flow measurement on a line is possible. 
It is clear that the greatest or maximum power will be transmitted if the magnitudes 
of Emax and Emin are same. This is possible only when a line is smooth line ie. 
without standing waves and terminated properly in Ro. 


By carrying out standing wave measurements on the open wire line, an unknown 
load impedance value can be obtained. Generally for carrying such measurements 
some form of bridge circuits are used. It is necessary that Ro i.e. characteristic 
impedance of a line must be known or calculated. 


The impedance is minimum at a point where voltage is also minimum. 


At any point on the line, the input impedance is given by, 


Zg *jRo tan( 2) 


Ro +j Zn tan( 2°) 


At the point of voltage minimum such that point is distance s away from load, the 
input impedance is given by, 


Zs = Ro ... (18) 


Zg *j Ro tan( 25 ) 


R A 
2 = Rmin = Ro —u A nee (19) 
S . 2ns 

Ro +j Zr tan X 
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Solving equation (19) for Zr, 


hosce] foot 


Inxs’ g 
— SZn *jZk (25. = - Ro +j Ro Stan( 2 


. 2ns' 
- 24|8-jtan( =} = -rof1- jStan( =F X 3 
i 2n 

1 ~jtan{ = s 

Zr = Ro | ——————— 
Sejtan( 222) 3 
1- -jStan( 25%) 

Zr = Ro ... (20) 


S+jtan =) 


In this method, measurement of voltage minimum is preferred over that of voltage 
maximum as voltage minimum measurement is possible with greater accuracy. 


2.9 The Eighth-Wave Line 


Let A be the wavelength of the transmitted frequency 'f. Consider a transmission 


line of length ; as shown in the Fig. 2.14. 


—elys —elp 


Fig. 2.14 The eighth-wave line 


The generalised expression for the input impedance is given by, 


Downloaded From : www.EasyEngineering.net — " 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-25 Transmission Line at Radio Freq. 
Zr +j Ro tan(ps) 
Zn = Rog|2——————— — .. (1 
" 2 É +j Zn tan(ßs) (1) 
2n 
But B - u 


ZR +j Ro tan( Ses) 


A 
Ro +j ZR tan( $5] 


N 
5 
ll 


Ro 


But for a line, s = Z ; 


Zr +j Ro Za +j Ro tan( F55 ) 
Zin = Ro 
Ro +j Zn NES 


ZR +j Ro Za +)Rotan( 7) 


Zin = Ro E 
Ro *j Zn Ro +j Ze (1) 
j Zr +) Ro 
Zin = Ro End w (2) 
If a line is terminated in pure resistance Zg = Rg then, 
7. Rr +j Ro 
Zin ES Ro En m» (3) 


From equation (3), it is clear that Zin is a complex quantity. 


Thus the magnitude of the input impedance is given by, 


.. (4) 


Thus, the eight-wave line is generally used to transform any resistance Rg to an 
impedance Zin having its magnitude equal to the characteristic resistance Ro of the 
line. 


2.10 The Quarter-Wave Line - Impedance Matching 


The generalised expression for the input impedance of the line is given by 


_ | [Ze *j Ro tan(Bs) 
Za = Ro É +jZr eal D 
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Rearranging the terms in R.H.S. of the equation (1), 
Zn i 
——- +jR 
Zin = Ro tan(Bs) i ° 
Ro Z 
tan(Bs) |^ 
2n 
But = — 
u p= >, 
ZR " 
— + 
tan Ta al 
E 
Zin = Roj —5 w (2) 
Ro oyiz 
tan UT a 
A 


. 3) 
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Thus equation (3) is similar to the equation for impedance matching using 
transformer. 


Fig. 2.15 The quarter-wave line 


Thus a quarter wave line may be used as a transformer for impedacne matching 
of load Z, with input impedance Zin =Zr. 

For matching impedances Zp and Z,, the line with characteristic impedance Ry 
may be selected such that condition given in equation (4) gets satisfied. 


A quarter wave line can transform a low impedance into a high impedance and 
vice versa, thus it can be considered as an impedance inverter. Hence an open 


circuited à line gives zero input impedance while a short circuited x line gives infinite 


input impedance. Thus a short circuit quarter wave line behaves as an open circuit at 
the other end while an open circuit quarter wave line behaves as a short circuit at the 
other end. 


The quarter wave matching section has number of applications. One of the 
important applications is the impedance transformation in coupling a transmission line 
to a resistive load such as an antenna. If the antenna resistance is RA and the 
characteristic impedance of the line is Ro, then a quarter wave impedance matching 
section is designed such that its characteristic impedance Rọ transforms antenna 
resistance RA to the characteristic impedance of line Ry given by 


Ro = V¥Ra-Ro . (5) 
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RA 


Antenna 
resistance 


Quarter wave 
matching section , 


m r—" TETS 


Fig. 2.16 Application of quarter wave line to couple line to the antenna 


The value of the characteristic impedance Ro is the value which gives critical 
coupling condition between two impedances and hence maximum power transfer 
takes place from the line to the load. In case if the distance between the line and 
antenna is greater than the quarter wave section of the line, it is possible to achieve 
same transformation by using a line any odd number of quarter wave in length. (such 
as 3 times, 5 times, 7 times, ..... 4 / 4 length). But eventhough the coupling is achieved 


with line of odd multiple of Z in length, the losses in the line increase with increase in 


length reducing the efficiency. 


Another application of a quarter wave section is in the line with load which is not 
pure resistive. Under such condition, the impedance of the line at the points where 
voltage is minimum (Emin) or current is maximum (Imax), the resistive impedance of 


the line is either SRy or 2. Thus for step down in impedance from value Ro, the 


characteristic impedance of the matching section Ro should be 


For step up in impedance from value Rg, the characteristic impedance of the 
matching section should be, 


Rp = JRo(SRo) = Ro VS - (6) 


Other than the applications discussed above, the quarter wave line may be used to 
provide mechanical support to the open wire line or centre conductor of a coaxial 
cable. Such a line used as mechanical support is shorted at ground as shown in the 
Fig. 2.17. 


Please refer Fig. 2.17 on next page. 


As quarter wave line is shorted at ground, its input impedance is very high. So 
the signal on line passes to the receiving end, without any loss due to this mechanical 
support. Thus the line acts as an insulator at this point. Hence such line is referred as 
copper insulator. 


Downloaded From : www.EasyEngineerinf.net — " 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-29 Transmission Line at Radio Freq. 


Fig. 2.17 A quarter wave line used as a mechanical support to an open wire line 
2.11 The Half-Wave Line 
The generalised expression for the input impedance of a line is given by, 


m. Zn +j Ro tan (f s) 
Zn = Ro Eee a (1) 


2n 
But p = we 
Zr +j Ro LES 
Zin = Ro a ~ 
Ro +j Zr LES s| 
: À 
But for a half wave line, $7, 
2n À 
AW Zn s jRotan( Z7. 2) 
ut ALIUT, AnA 
0 +] 4n tan 15 


Zr +j Ro tan (x) 
Zn = Ro|>—s—— 
° É +j Zn tan (7) 


n {Zn = Zn -O 


From equation (3), it is clear that a 
half-wave line repeats its terminating 
1 impedance. In other words, the half wave line 
may be considered as one to one transformer. 


m 
TUE 


Fig. 2.18 A half wave line 
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The main application of a half wave line is to connect a load to a source where 
both of them can't be made adjacent. In such a case, we may connect a parallel half 
wave line at load point as shown in the Fig. 2.19. We can then take suitable 
measurement as half wave line repeats its impedance. 


Load 
Source 


Transmitter 


P4 `, Antenna 
Zin = Zp ` a i Pd 
^ 
M 


Fig. 2.19 Application of a half-wave line 
2.12 Single Stub Matching on a Line 


When a high frequency line is terminated in its characteristic impedance Ro, it is 
operated as a smooth line. Under such conditions reflections are absent, hence we get 
the maximum power delivered to the load and hence efficiency. But in practice, the 
loads such as antennas do not provide resistances equal to Ro of the line. Hence it is 
necessary to add some impedance matching sections between the line and the load, 
such that load appears as a resistance Ro to the line. As we have already discussed 
that the quarter wave line or the tapered line may be used as impedance matching 
sections. 


The other method of achieving impedance matching is to use open or closed stub 
lines. In this method, a stub of suitable length is connected in parallel with the line at 
a certain distance from the load as shown in the Fig. 2.20. By using such stub, 
antiresonance is achieved providing impedance at resonance equal to Ro. 


before insertion 
of stub 


Fig. 2.20 Use of single stub for impedance matching 


eT 
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Because of paralleling of the element, it is convenient to work with admittances. 
Then the input admittance Ys, looking towards the load from any point on line is 
given by 

Ys = Go+jB (1) 

This may be the admittance at point A before stub was connected. The point A is 

located such that at the point A, Go =a Then at the point A, a short stub line is 
0 


connected. This line is selected such that its input succeptance is FB. This stub is 
connected across the transmission line. Then the total admittance at input is given by, 


] -— 1 
Ys - (Go +j B) +(+j B)=Go E ... (2) 
Zs = Ro -- (3) 
Thus the input impedance of the line at point looking towards load is 
1 
Zs - uw 


Thus, the line from the source to the point A is then terminated in Ro. It acts as a 
smooth line. The reflection and hence standing waves occur in between the portion of 
line from point A to the load. But by making this distance less than the wavelength, 
the losses can be minimised. 


For the impedance matching using single stub it is very much essential to know 
the exact point at which the stub is to be connected to the line and also the length of 
the stub. For this two independent measurements must be made on the line. It is easy 
to measure standing wave ratio S and the voltage minimum nearest to the load. The 
measurement on the line is made for the voltage minimum because it is observed that 
it can be measured accurately rather than the voltage maximum. 


In the last chapter, we have already obtained the expression for the input 
impedance as, 


a gep [EIN es 
Zin = Zs =Rols RTT ga RS imd ^. (1) 


Hence the input admittance is given by, 
1 [1- IK] Z9 -2Bs Q2) 
1+ |K] /$ -28s i 


Ys - 


En 
Zs Ro 
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Writing terms in rectangular co-ordinates, 


7 ME 1 - [[Kcos($ - 28s) + j|Kjsin(o - 2Bs)] 
fes Get Bee s, S rre TIRING 282] 
: _ [1-|K|cos@ - 28s) - j| K[sin(6 - 28s) 
i da ERR Go 


2 H . 
GssjBs = c, LIKE -2ilKlsini 203) 
1«|Kf +2|K|cos( - 255) 


Gs+jBs  (1-IKI)" -iDIKIsine -289] 


Go (1 «1K[) +2] K|cos(o - 2853) 
Go Go  ji.4K[.2|K|cos(0-28s) 1-*|K[^ «2|K|cos(à - 2p) 
Gs SOK um (A) 


Go — 14[K|? +2] K|cos( - 2Bs) 


Bs _ 2|K]|sin($ — 283) 


Zs .. (B 
Go  1+|K|? +2|K|cos(b-2ßs) (E) 


From equation (A) and (B), we can get the two important parameters related to the 
stub length and point at which the stub is to be connected. The Fig. 2.21 shows the 


plots of zs and a for arbitrary value of | K| say 0.5. 


Fig. 2.21 Admittance conditions on line 
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From above plot and expressions (A) and (B), it is observed that the value of as 
0 


is maximum if the cosine term in the expression (A) is negative i.e. - 1. 


$-2ps; = -n 
_ OT 
$2 = "38 - (3) 


At distance s2, the maximum value of es is given by 
0 


(S) - IKE | QUSIKDUIRD Ke 0 x4 
GoJmx  14|K-2]K|  (1-|]k?  1-IxI 


GONE Rese c moz -. (5) 


Thus at point distance s? from load input impedance Rs is resistive and its value 


is minimum equal to Fo, So this is the point of minimum voltage at distance s; 


from the load. 
At a distance sı from the load, Gs =Go. 
This is the point at which the stub is to be connected. 


The value of Ses is unity at this point. From equation (A) 


Go 

Gs Ti- "KOA 
Go 1«|K[ «2|K[cos($ - 2Bs1) 

1«|Kf «2|K|cos( -2ßsı) = 1-|Kf 

2|K|cos($ -2Bs) = -2]K[ 
cos($ -2Bs:) = -|K] 
$-20s = cos!(-|K]) 
But cos"! (Kl) = —nx+ cos"! (IKI) 
Hence, 

$-2ps = -nt cos" (JK]) 

E 
B Ried a . (6) 
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Thus the distance d from voltage minimum to the point of stub connection is 


given by, 
d 


$2 — S1 


= (: sH +n F cos" o) 


2p 2p 


" cos"! (| KJ) 
—" oe 


S-1 
-1 
+ cos E 


(7) 


In general, the stub may be located at distance d measured in either direction from 
voltage minimum. But it is observed that for better performance the stub is placed on 


the load side of that minimum which is nearest to the load. 


Let us calculate now, the input succeptance of the line at a distance s; using 
expression (B). From expression (B), if s- s;, 


Bs 


Cs = 


But Si 


cos (b - 2ps1) 


sin($ - 2Bs;) 


-2|K]|sin($ - 285i) 
1«|K[ -2]K|cos(6 - 2Bs1) 


"Y n F cos! (|K]) 


2p 
we - (titt 
cos (x + cos! |K]) 


-|KI 


info atte 


sin (x t cos"! |K) l 


+ V1 -K? 


... from equation (6) 
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Hence we can write, 


E 2 - 2 
Bs _ *2IKMWI-IKT — 7 3KMI-HK] 


o 16K[ +2|K|(-]K]) 1-|Kf 


2|K 
mL ... (8) 
ETT 


Equation (8) gives the succeptance of the line at the distance s; where stub is 


connected. To cancel this succeptance of the line, the succeptance of the stub should 
be, 


Bs = Go |F 


t2K 
v= p 
In general, the input impedance of the shorted line is given by 
Zin = ZsgzjRo tan( B s) 


The stub connected is also a transmission line short circuited and of the total 
length L. 


B C £2|K| 1 

si b = 0 — fe 
M h -|kf Ro tan( 8 L) 
£2|K|| _ Go 


Go 


h -|kf F tan ( BL) 
tan( DL) - Pe io 


aK] -.. (10) 


Let us make assumption that Ro of stub and original transmission line are same 


| 2 
BL = tan"! vH- (F) 


+2|K| | (à 
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Hence the length of the stub is, 


"m K]? 
à PE aa NU 


A 4 
L 2n tan 7K] 


As we measure standing wave ratio along the line, equation (11) can be expressed 
in terms of S. 


_ a, | VS 
L = Zn tan~! ESI m (12) 


This is the length of the stub which is short circuited to be placed 'd' meters 
forward to the load, from point at which voltage minimum exists before the 
connection of the stub. Then the stub succeptance cancels the succeptance of the line 
at point d, so that the line appears as a smooth line terminated in Ro from generator 
to the point at which the stub is placed. 


The stub can be placed d meters towards the source from the voltage minimum. 
The sign of the reactance then reverses with respect to the sign for the location nearer 
to the load. 

Then the stub length is given by, 

TP 
L' = 2 L ... (13) 

Let us summarise the result. For a short circuited stub the point of location of the 

stub on the line and the length of the stub are given by 


= $*z-ee (KD A, p À 3-4? 


s L=— tan! |+ 
i 2n 


n 4’ 2| K| 
eme (KD X QA J-K? 
si = -= ; L=— tan! |- 

x 4 2n 2|K| 


mm» Example 2.5 Determine length and location of a single short circuited stub to produce 
an impedance match on a transmission line with Ro of 600 Q and terminated in 
1800 Q. 


Solution : Given 
i Ro 
Zn 


600 Q 
1800 Q 
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The reflection coefficient is given by, 


K = 


Hence od = 


2-37 Transmission Line at Radio Freq. 
Zr -Ro _ 1800-600 1200 _ " 
Zg +Ro 1800+600 2400 dd 
0 |K|205 


Calculation for the location and length of stub : 


Case (1) : S = 


But B 


S1 


Case (2) : Sı 


Li 


$ * 1- cos"! (IK]) 
2p 


2n 
À 


$ * x-cos (IK) 


0.1135 A 

$ *x-cos (|K]) 

wi eee ea a E) 
4n 


04 -1(0. 
T COS (0 3). 
4n 


0.3333 2 


A ae 


2 A 
25 9 | TK 


A tan 
2n — 2(0.5) 
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À E 
E tan ^! (— 0.866) 


- 2 (x- tan"! 0.866) 


= 0.386 X 


ump Example 2.6 Design a suitable transmission line for properly matching a load as 
shown in Fig. 2.22 (a), to a transmission line of Ro =400 Q. Also carry out the design 
if load is changed to the condition as shown in the Fig. 2.22 (b) 


Rp = 4000 og fr Rp = 4000 m pem 
(a) (b) 


Fig. 2.22 


Solution : Consider the circuit shown in Fig. 2.22 (a). 
For proper termination, the reactance j500 © must be cancelled out by a 
transmission line impedance matching section of length s. 


A The length of the open 
circuited line i.e. s must be 
selected such that it presents the 


4002 j 
" meen reactance of — j500 Q at A-B 
terminals. The input impedance 
_ s —! for an open circuited line is 
, j iven by, 
Fig. 2.23 : T 
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s = 1.0732 


Thus for proper termination of a line with Ro =400 Q, an open circuited line of 
length 1.073 X may be used to cancell out +j500Q reactance in the terminating 
impedance. 

b) Refer Fig. 2.22 (b) 


For proper termination, the 
reactance -j600Q . must be 
cancelled out by a transmission line 
having its input impedance equal to 
+j 600 Q as shown in the Fig. 2.24. 


t 
pé—— s — Choose a short circuited line of 


length s which cancells out -j 600Q 
load reactance. 


B 


Fig. 2.24 


The input impedance of the short circuited line is given by 


won jX=j Ro tan{ 5) 
j 600 = j 400 tan (5) 


2n tan! 600 
400 


0.1564 2 


[7 
i] 


Thus a line with 400 Q characteristic impedance appears as a properly terminated 
line for the given load conditions by connecting a short circuit line of length 0.1564 2. 


2.13 Circle Diagram for Dissipationless Line 


In general, the design of dissipationless line can be simplified significantly by 
drawing circle diagram which is useful in simplifying the impedance equation. This is 
also called impedance circle diagram which facilitates rapid calculations for the 
transmission line. 


[A] Constant S-circles 


Consider the expression for input impedance of a dissipationless line given by, 


1+|K| m 
.— Z = Ro ———— sal 
Zs = So E / -2ps i 


fhe normalized impedance is given by, 
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Zs _ 1+|K] 2 -2ps 


SS = DACORT ..(2) 
v  1-|K]Z6-2Bs 


Equation(2) is valid for all the lines irrespective of their characteristic impedances. 
In general Z, is complex in nature consisting real and imaginary terms. Let it be 
denoted by r, + jx,; where r, and x, are the resistance and reactance expressed per 
unit of Rp. Hence we can write, 


Z _ _ 18|K[zà - 28s 


= = (3 
Re  *'P^^1i-|lK[ze -2ps e) 
Simplifying above equation, using componendo and dividendo method. 
N+D _ fa * jx. 41 * (1 +|K|/ - 28s) * (1-|K]/ $ - 2fs) 
N-D nr*jx-1 (1 *|K|/$ -285) - (1*|K]| / 6 - 28s) 
(ra +1) + jxa » 2 z 1 (4) 
(Ta 71) +jxa 2|K|/o-2Bs |K|/ 9 -2fs 2 
(ra +1) +jxa [IK] /> ~ 28s] = (ra -1)+jxa 
Equating magnitudes on both the sides, we get, 
ig +1)? zJ |K] = (Ta +1)? «x 
squaring both the sides, we get, 
[6 +1) +x3] K? = [( -1)? +x] 
~K? [rf +2ra +1 *x2] = [r2 -2ra +1+x3] 
r?(K? -1) + 2r,(K? +1) + x3(K? -1)+(K? -1)=0 ..(5) 
Dividing by factor (K? -1), we get, 
r2 +n = }: x2 +1 = 0 .. (6) 
; f 5-1 
We have already derived expressions as | K|*2- 
2 5-1 i +1 
IK +1 (S41 _ S?-2941«S?42841 — 2(S* +1) 
|Kf -1 era S?-25+1-(S?+2S+1) -45 
S41 
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K? +1  Í[(S-* 
K? -1 — 25 


Substituting above value in equation (5), we get, 


2 
r2 ex - St es 4120 


2 
ges [ER Les 2-1 -. (7) 


2 
2 
To have complete square term on L.H.S., adding term [E] on both the sides, 


25 
2 [ea] ent [guy 
a BS 25 T 


we get, 


.. (8) 


Comparing above equation with equation of circle, whose center shifts c units 
from origin on positive x — axis given as,, 


(x- 9? +y? = r? 


Equation (8), thus represents a family of circle with raidus equal to, 


.. (9) 


... (10) 


A family of circles drawn with radius r given by equation (9) and with center, 
shifted by c on positive real axis r, given by equation (10) is as shown in the Fig.2.25. 


Please refer Fig. 2.25 on next page. 


Note that the magnitude of k ranges from 0 to 1 and thus value of S ranges from 
1 to ». The radius and the location of center along the real axis both are functions of 
5, the family of circles may be drawn for different values of S. 
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L a e a 


Fig. 2.25 


The S-circle makes two intercepts along the r,-axis (real axis); with one intercept 
located near origin while other far away from the origin. The intercept near origin is 


located at 3 while that far away from origin is located at S. 


For minimum value of S i.e. unity, the radius r =0, while the center is located on 
the positive real axis at (1,0). Thus for S=1, the circle is the point located at (1,0) itself. 
All the remaining circles for different values of S surround this point. When the line is 
open or short circuited then the value of S is maximum i.e. œ. Thus for S = 0, i.e. for 
extreme case, the imaginary axis x, represents circle a because as value of S increase, 
the radius of the circle also increases. At the same time, the center shifts towards right 
along the positive real axis i.e. r, axis. 

Hence, from above discussion, we can conclude that, for given = normalized 
impedance, a given constant S-circle represents all possible values of the resistive 
part r, reactive part x, A line drawn from origin to the point on the S-circle 


indicates normalized impedance = with real and imaginary component i.e. r, and 
0 


jx, respectively. 


Downloaded From :'‘www.EasyEngineéritg.net * ` 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-43 Transmission Line at Radio Freq. 


The two intercepts made by the given S-circle indicate the location of voltage 
minima and voltage maxima. We have already studied that the input impedance at 


the voltage minima is =, while that at the voltage maxima is s. Thus the intercepts 


e 
made near origin by different S-circles indicate the minima points. Thus, the voltage 
minima points are located in between 0 and 1 along the real axis near the origin. 
Similarly the intercepts, made far away from the origin, indicate the voltage maxima 
points. Thus, the voltage maxima points are located between 1 and o. along the real 


axis, away from the origin. 
[B] Constant fs circles 
Consider equation (4), 
(ta *1) + jx +1) +jxa z 1 
(ra (fa -1)*jxa. [K|Z$ -2ps 
(ta +1) + jx +1) +jxa 
(fa -1) + xa = 4) jx. 


[K|2o -28s 


Rationalizing term on L.H.S. and rewriting equation, 


we get, 
2 2 4i 
rà RT = |K|Z6 -28s 
(ra 41) +3 
2 —] 2 
(ri )*s +j 2Xa L [K|zó - 20s ...(11) 


2 2 
(r +1) +x2 Q -1) +x? 
Here angle p can be considered to be zero so as to start the Bs scale at 0" Equating 
tangents of the angles on both the sides of the equation (11) we get 


2Xa 
1)? «x2 
tanj tan~! cuc i = tan(-2fs) 
(1-1) *x$ 
(ra +1) +x2 
2Xa 
-——— = tan (-2ps 
(12 +1)-x3 (283 
j 2x, 
rn tan(—2D s) 
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2x 
2-14 = E ... tan (-0) = - tan 8 
i: ^s tan(2fs) C9) 
2x 
2—-14x24——32— = 0 
m Ea T an(s) 
2x 
24x24——4__ = 1 ... (12 
Ta txa tan(2s) (12) 
Adding term ——— on the both the sides to adjust for the perfect square on 
tan? (2fs) 


L.H.S., we get, 


2Xa 1 1 


"CX + nO) lanis) an 


... (13) 


2 
r2 +1X, + aes = 1 + LA. = ise 
3 *  tan(2fis) tan?(2Bs) sin? 2fs 


Equation (13) represents equation of circle similar to the equation (8). For above 


circle, the radius is given by, 
dr 1 
sin 2Ds 


The center of these circles shift downwards on imaginary axis i.e. x, axis given by, 


1 


The family of constant fis-circle is as shown in the Fig.2.26 


-.. (14) 


... (15) 


Note that equaiton (13) indicates a family of circles with each circle passes through 
the point (1,0). All the constant Bs are orthogonal to the constant S-circels. 


When the value of fs lies in between 0 and S the constant fs-circles lie in the 


positive region of the imaginary axis i.e. x, axis. While when the value of fs lies in 


between 5 and x, the constant fis-circles lie in the negative region of the imaginary 


axis i.e. x, axis. 
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m / 30° 120 1 
E t \ 
-15 ^ ! M 
Fig. 2.26 


By superpositioning the constant fis-circles on constant S-circles, we get final circle 
diagram useful to calculate input impedance rapidly. 

The circle diagram is as shown in the Fig. 2.27 

Please refer Fig. 2.27 on page. 


In the circle diagram it is necessary to specify the direction of travel between load 
and generator. If the travel is in clockwise direction along the circle diagram, it 


indicates travel from load to the generator along the uniform transmission line. 
Similarly if the movement along the circle diagram is in anticlockwise direction, then 


the travel is from generator to load along the line. 
Another important point is that using the circle diagram, along with per unit 


impedance i.e. normalized impedance, it is possible to represent normalized 
admittance also. The normalized admittance can be written as, 


Y% i i 


2 nod. N a 
Go Zs| Ta+jxa rf +x 
Ro 
Ys Ta | Xa : 
Iis 2|. __j/_™ || gib " 
Go Ez [5] BT Ps de 
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Fig. 2.27 
From equation (16) it is clear that positive inductive reactance x, becomes negative 
susceptance b,. 
From equation (1), we can write, 
Ys . 1-[K| Z6 - 28s 
I. = -b. = —__ —— will? 
Gu o0 1+|K| Z6 - 28s e 
Equation (17) can be considered as the equation (1) itself with r, replaced by 
B, X, b, - b, and +K| by - |K[ So we can similarly make changes in equation (8) so 
as to get following equation given by, 
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... (18) 


Hence it is clear that the circle diagram used for impedance (z), resistance (r) 
reactance (x) can also be used for admittance(Y), conductance (g) and susceptance (b) 
by simply changing r, scale to g,. It is observed from equation (18) that the 
substitution of -b, for x, is not necessary since the term in equation (18) is squared 
term ie. b2. 

In normal circle diagram, the inductive reactance is plotted upwards from the real 
axis while that for capacitive reactance plot is downward form the real axis. When the 
same chart is used for the susceptances, the positive inductive reactance changes to 
negative susceptance and hence plotted downwards to the real axis. And the negative 
capacitive reactance chnages to positive susceptance, so it is plotted upwards to the 
real axis. Note that both the types of the susceptances are plotted with the same scale 
used for x,. 


2.14 The Smith Chart - The Smith Circle Diagram 


The main drawback of the circle diagram is that the constant S-circles and 
constance fs-circles are not concentric which makes it difficult to interpolate these 
circles. Moreover the circle diagram can be used for the limited range of the 
impedance values with reasonable, practical chart size. 


P.H. Smith of Bell Laboratories, developed a new chart, similar to the impedance 
of circle diagram chart, in which the drawbacks of the circle diagram were removed. 
The modified chart is named as the Smith chart after P.H. Smith and it is extensively 
used for the analysis of the transmission line problems. 


The Smith Chart is a valuable graphical tool for solving radio frequency 
transmission line problems. Under the matched impedance condition the value of 
reflection coefficient is 0 and that of VSWR is 1. In almost all the transmission line 
problems, the main objective is to match the impedances of line to that with load. 


2.14.1 Construction of the Smith Chart 

Basic difference between the circle diagram and the Smith Chart is that the values 
of resistive and reactive components are represented in the rectangular form which are 
extended to infinity. But in the Smith Chart, the infinite resistive and reactive 
components are transferred to an area inside a circle. As the resistive and reactive 
components are in circular form, the smith chart is also known as circular chart. 


The smith chart is basically a polar plot of the reflection coefficient K expressed in 
terms of the normalized impedance. 
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The input impedance of the line can be expressed in terms of the characteristics 
impedance of the dissipationless line is given by, 


K| Zo - 
Zin = aer] TSIEN opa .. (1) 
1-|K| 2 - 28s 
The normalized impedance is defined as, 
Zin _ 1+|K| 2 - 28s (2) 
Ro 1-|K|Z$ - 28s i 


Basically the normalized impedance in a complex quantity which can be 
represented in rectangular from as r;*jx,. 


Zin _ rud _1+|K|¢ - 20s 


Ry ^ 5* 571-[K[$ 285 e 


Let |K| 2 —2fs be represented in rectangular form as u + jv. Then equation (3) 
can be written as 


Z in 


1+(u +jv) 
Ro 


1-(u*jv) see 


= Tj + JX; = 


Rationalizing denominator term R.H.S. of equation (4), we get, 


(1+u)+jv (1-u)+jv 


“tP 7 Gru-jv ü-u-jv 
ne (1-u?) +jvfl'-u+1+u]-v? 
(1-u?)+v? 
—u2 -y2 M 


(l-u)? +v? 


: 1-u?-v? 2v 
r+ JX; = — z —— 
(1-u) «v? (l-u) +v? 


sa (5) 


Equating real and imaginary terms , we get, 


... (6) 
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and 
€ 2v 
^ (l-u? ev? - V) 
A. Constant Resistance Circles 
From equation (6) we can write, 
n[a - vy? *v?] = (1-u?-v?) 
at -2u +u? +v?] = (1-u?-v?) 
u?(r *1)-2ur, +v?(n +1) = 1-7, 
Dividing both the sides ot the equation by factor (r; + 1) 
2990 Tj 2 s 1 = Ti 
u ^u egt c 
: 2L f 2 1-r 
i.e. u a(: E V Wi. .. (8) 
To complete the square for the term on L.H.S., we get, 
2 2 
2_ fi n 2 = l-r; Ti 
p a(l) y l-r, (13) 
_l-rê+r 1 
- EN . S29) 


(+5) (+n) 


Equation (9) represents a family of circles having equation of the form 
x? +y? =r?, The actual radius for the circles is given by, 


1 


ET -.. (10) 
and the centre in located at the point given by, 
z|. B 
€ = (13.0) -~ (11) 


The constant (normalized) resistance circles are as shown in the fig. 2.28(a). 
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B. Constant Reactance Circles 


Form equation (7), we can write 
Xi [0-4 +v?] 


x[1-2u*u? +v?]-2v = 0 


2v 


(u? - 2u+1) x; * v?xi -2v = 0 


Dividing all the terms by x, we get, 


(u? -2u+1)4+v2-2% = 0 
Xx 
(u-1) «v2 -2*. = 0 ww (12) 


To complete the square term on L.H.S., adding term = on both the sides of the 
x? 


equation. 


-.. (13) 


Equation (13) also represents a family of circles called constant reactance circles. 
The actual radius of the circle is given as, 


r-2— we» (14) 


... (15) 


The constant reactance circles are as shown in the Fig. 2.28(b). Practically, the 
presently in use Smith chart is the superposition of the constant resistance circles and 
the constant reactance circles as shown in the Fig. 2.28 (c). 


Downloaded From : www.EasyEngineering.flet * '.-!' 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-51 Transmission Line at Radio Freq. 


(c) Basis of the Smith circle diagram 


Fig. 2.28 Smith chart circle diagrams 
C. Constant S-circles 
Consider equation (2) 


t 2 1 h 
- ii 2. = 
(» ix] did Fea 


Assume v = o, such that the centers of all S-circles lie on the horizontal real axis of 
the Smith chart. Then we can modify above equation as, 


Ti 2 1 ? 
u- = 
ltr l-r 
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ce Yi +1 ör T -1 
~ n+l n-4l 
ie. u= 1 ge s 
r + 1 
consider pa Ta 
n +1 
l+u r +l+r -1 


But 


= — G rOn oes -dividend 
1-u r *1-(ri -1) by componendo-dividendo 


l+u 2ri E 

l-u 2 ' 

u+jv = |[Klz6 -2gs We have assumed v = 0. 
u = |K] 


Substituting value in above equation, we get, 


Thus the constant S-circle can be drawn with radius equal to distance between 
center of the Smith chart and point r; = s. The constant S-circle cut horizontal real axis 


at point r; = s to the right hand side of the center while at point r; = : to the left hand 


side of the center. 


2.14.2 Properties of the Smith Chart 
1. The Smith chart may be used for impedances as well as for admittances. 


2. The Smith chart consists constant r;circles and constant x,-circles 


superpositioned on one chart. The values of r; and x, are normalized and they 
are given by. i 


r = = and jae where Zp = Rg + jxp 


X; = Jj— 
: Ro , IRo 


The constant r,-circles have their centres on the horizontal axis i.e. u-axis and 
constant x,-circles have their centers on the vertical axis i.e v-axis. 


3. The Smith chart is based on the assumption that, 


|K|Z6-28s = u + jv 
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The maximum magnitude of u + jv is the maximum value of |K] i.e. unity. 
Thus, in the chart, it is possible to locate all possible values of impedances 
inside the outer circle of unit radius. 


4. The impedance of a line of any length can be read at any point on the given 
S-circle. For properly terminated line and any length, the impedance is 


represented by the point (1, 0) which acts as the centre of the Smith chart as 
shown in the Fig. 2.29. 


Fig. 2.29 The Smith Chart properties 


5. The horizontal line passing through the centre of the smith chart represents 
real axis or r,-axis for impedance plot or g,-axis for admittance plot. 


To the extreme left of the chart, along the r,-axis, r, = 0 and x = O ie. 
Z, = 0 + j0. This indicates zero impedances at load point or the short circuit 
condition. Similarly, to the extreme right of the chart, along ryaxis, r; =œ% and 
xi =% ie Z =% jo. This indicates infinite impedance at load point or the 
open circuit condition. 
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6. The outer rim of the chart is scaled into either degrees or wavelengths with an 
arrow. This arrow indicates the direction of travel along the line. The outer 
circle is called Bs scale of the chart which indicates the electrical length of the 
line. 


7. A complete revolution of 360° around the center of the chart represents a 


distance of > on the line. The clockwise movement along the outer rim 


indicates the travel towards the generator from load along the line. Vice a 
versa, anticlockwise movements along outer rim indicates the travel towards 
the load from the generator. Both these directions are indicated by the arrows 
G and L in the Fig.2.29. 

The distance x on the line corresponds to a movement of 360° on the chart. 
Thus the distance X corresponds to a 720° movement on the chart. 


à = 720 


8. On the periphery of the Smith chart, three scales are provided. Eventhough 
there are three scales, they serve the same purpose. These scales are useful in 
determining the distance from the load or generator in dégrees or wavelengths. 
The three scales are as shown in the Fig.2.29. 


The outermost scale may be used to calculate the distance from the generator 
in wavelengths, along the line. The next scale is used to determine the distance 
from the load in wavelengths, along the line. The innermost scale is used to 
determine the angle of the reflection coefficients. The innermost scale is in 
` degrees. 
9. If the Smith chart is used for impedances, the inductive reactance are above 
rPaxis or u-axis while the capacitive reactance are below u-axis. 


Similarly if the Smith chart is used for admittances, the r, axis becomes g, axis 
while x, axis becomes b, axis. Then the extreme left of g, axis represents zero 
conductances or open circuit, while the extreme right of g.axis represents 
infinite conductance or short circuit. 


10. The voltage maxima (Vmax) occur where Zin (max) is located while the voltage 
minima(V min) occur where Zin is located. Thus voltage minima occur to the left 
of the centre of the chart, along r,-axis while the voltage maxima occur to the 
right of the centre of the chart, along r,-axis as shown in the Fig. 2.29. 
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2.15 Applications of the Smith Chart 


Let us consider few applications of the Smith chart through an example. 


Consider a 30 m long lossless transmission line with the characteristic impedance 
of 50Q operating at 2 MHz. If the line is terminated in impedance (604510) 
calculate the reflection coefficient, the standing wave ratio, the input impedance, if the 


velocity on the line is v =0.6c (c=3x108 m / s} 


The reflection coefficient is given by, 


K = Zk +Zo ^ Za*Ro O+j40+50 ^ 1107j40 
| 41.231275.96° 
^. 117.0469719.98? 

K = 0.35234 56° 


The standing wave ratio is given by, 


1+|K] _ 140.3523 _ 1.3523 _ 5 ogg 
1-|K] 1-0.3523 0.6077 ~ 


Sz 


The velocity on the line given by 


v2.9 ie. p22 


p v 
But the electrical length of the line is Bs where s = 30 m. 


O= 2xnxf as 2x mx 2x 105 x 30 
v vo 0.6x 3108 


= (0.6666) x = 120° 


Then the input impedance is given by, 


B Zg *jRotanps 
Zin = E -jZg tans 
" (60 + j40) +j50tan120° 
= 50 — j(60 + j240)- tani 20° 
Za = 24.0123.22°Q = 23.97 + j 1.359 
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1. Plotting an Impedance 
Any complex impedance can be represented by a single point on the Smith chart. 


: : : : Rr. 
This point is nothing but the intersection of constant r, circle i.e. r, TR circle and x; 
0 
, R . Xe OS 
circle i.e. x; =j * circle.. 


Consider above example 
Zk = Raj Xp = (60 +j40)Q , Ro 2500 
ZR 60+ j40 


-. The normalized impedance Zz "UR ^ 50 


=12+j08 


Locate a point P on the the Smith chart as shown in the Fig.2.30, where r, = 1.2 
circle and x, = 0.8 circle meet together. The intersection of the two circles is 
represented by the dotted lines and the point P indicates the normalized impedance 
on the chart. 


2. Measurement of VSWR 

After plotting thc normalized impedance, we can determine the value of VSWR by 
drawing constant S circle with center of the chart fie. point (1,0) on the u-axis) and 
radius equal to distance between centre O and point indicating the normalized 
impedance. Then the point of intersection of S-circle with the real axis at the right side 
of the centre indicates a VSWR for given line. 


Consider above example. Select a centre of the circle as point O(1,0) Take a 
distance from O to the point P indicating normalized impedance and then draw a 
circle. The circle cuts the horizontal real axis at point Q(2.1, 0). This indicates value of 
the VSWR for the line considered as shown in the Fig. 2.30. 


From the Fig. 2.30 the value of VSWR is 2.1. approximately. 


3. Measurement of reflection coefficient K [magnitude and phase] 

The angle of the reflection coefficient K can be obtained by extending a line from 
center to the outer rim of the chart through the point which indicates the normalized 
impedance. The point at which the extended line cuts the outer rim gives directly the 
value of angle of the reflection coefficient K. 


In the commercial Smith chart, the K-scale is provided at the bottom of the chart. 
Then by selecting point center on this Scale draw an arc just intersecting the straight 
line of voltage reflection coefficient, with radius equal to distance between the centre 
of the chart and a point indicating normalized impedance. Then the distance from 
center to the point of intersection on the horizontal K-scale gives directly the 
magnitude of K. 
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For the transmission line considered in above example, draw a straight line 
starting form center and extending upto the outer rim through point P. This line 
intersects outer rim at point M, which indicates angle of k, as shown in the Fig. 2.30. 
At point M, angle of k = 4 = 55.5 (approx.) i 


Similar on the K-scale, at the bottom of the chart as shown in the Fig.2.30, the arc 
draw with radius equal to OP, intersects with horizontal line at N. At N, | K| = 0.35. 


4. Measurement of Input Impedance of the Line 


To find the input impedance of the line, first locate the load point by plotting 
normalized load impedance and extending upto the outer rim of the chart. As we 
have to find the impedance at the generator, move along the outer rim in clockwise 
direction, towards generator, with a distance equal to the length of the transmission 
line. This is the point which indicates the generator side. Mark the point on outer rim 
and draw a line from point O to the generator point. This line cuts the circle drawn 
corresponding to the SWR of the line. This point of intersection indicates the generator 
point. This point gives the normalized input impedance and the actual input 
impedance can be obtained by multiplying this normalized impedance by Ry. 


For the transmission line in above example, the total length is 30 m. Let us first 
calculate length, interms of X or degrees. 


v Q6c | 0.6x 3x108 
L-T uda a a 
But S=30m = a= hm or T2 = 240 w(K =720") 


Now in the the chart, the line OP extended upto outermost scale cuts at point E 
say. The distance corresponding to point E is 0.1734. Then move from point E, a 
distance equal to 0.33334 in clockwise direction to reach generator point F as shown in 
the Fig. 2.30. Now the total distance to be travelled is 0.33334. From point E to the 
extreme right point corresponding to 0.25A is given by 0.252 — 0.1734 = 0.0774, Then 
from extreme right point on the chart to the extreme left point the distance of travel 
equals 0.254. Then to reach point F from extreme left point corresponding to 0 or 0.34 
is given by 0.3334 — (0.077 + 0.254) = 0.00634. The point of intersection of line OT and 
constant S circle is represented by point T, which is the intersection of r; = 0.48 circle 
and x, = 0.035 circle. As point T is above horizontal axis, the reactance is positive. 
Hence the normalized input impedance represented by point T is given by 


Zin = 0.48 + j 0.035 
Hence the actual value of the input impedance is given by, 


Zin = Ro (4in) = 50 (0.48 + j 0.035) = 24 + j 1.752 
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ItH CHART FORM B2-BSPR(9-66) 


IMPEDANCE OR ADMITTANCE COORDINATES 


LIHAN 
LCEGHUSE HUS 
LIII 


' IN 


v dom): LLLA i 


Fig. 2.30 
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5. Impedance to Admittance Conversion 

Consider that the impedance is represented by point P on the Smith chart as 
shown in the Fig. 2.30. To find the admittance of the impedance located at point A, it 
is rotated through the constant S-circle by a distance equal to 0.25 A. Let the point p' is 
located on the diameter exactly opposite to P. 


For above example, the terminating impedance is given by, 


Zp = 60+ j 40 
Hence the terminating admittance, by calculation is given by, 
Ye = ee oe = = 0013862 - 33.69" 


Zr  603j10 72.111233.69 


0.0115- j 7.688 x10 3 U 


Now trom the chart point P' placed diametrically opposite to P can be obtained by 
moving point P exactly a distance equal to 0.25). 


Point P is the intersection of g= 0.58 circle and -b; = - 0.4 circle. Hence the 
normalized at pint P' is given by, 
Yr = 058-j04 


Hence the actual value of the admittance is given by, 


Ya =Golyr] = gU n= sq = 0016 - 58x 10° 0 


2.16 Single Stub Matching using Smith Chart 


When the high frequency line is terminated in its characteristic impedance Rẹ it 
operates as a smooth line. Under such conditions reflections are absent. But practicallv, 
the load connected to the line may not be equal to R, giving rise to reflections. In 
order to overcome this difficulty, impedance matching technique is used. The section 
used for the impedance matching can be realized by using a open or closed stub lines. 

In single stub matching technique, a stub of suitable length is connected in parallel 
with a line at certain distance from load. Using such stub line, antiresonance is 
achieved providing impedance at antiresonance equal to Ry. The stub to be connected 
provides susceptance equal in magnitude but opposite in phase as compared with that 
of the load. 


We have discussed the numerical method for the analysis of single stub matching 
of a line. Let us now study the same analysis using the Smith chart. 
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Firstly, the stub is connected in parallel with a line hence it is convenient to work 
with admittances. Following are the steps to be followed while using Smith chart of 
single stub matching analysis. 


Step 1 : 


Step 2 : 


Step 3: 


Step 4 : 


Step 5 : 


Step 6 : 


Step 7 : 


Step 8 : 


First locate the normalized load impedance point on the Smith chart, 
say point p. 

Draw a constant S - circle with centre of the chart as the centre of circle 
and distance from centre to point P as radius. This circle cuts the 


horizontal axis at the right of the centre. This indicates SWR value 
before the use of stub. 


Locate a point Q on the constant S-circle drawn, exactly diametrically 
opposite to the point P. This indicates normalized load admittance. 


Locate the point of intersection of the constant S-circle and the chart 


circle corresponding to L i. The circle for Be" is the locus of 


Go Go 
points with real part of line admittance i.e. line conductance is unit. Let 
the point is denoted by R. 


Measure the distance along Bs scale from point Q to R by moving 
clockwise i.e from load to generator. This distance corresponds to the 
distance from the load at which the stub is to be connected. 


The susceptance at point R ie. at point of intersection of constant 


S-circle and gi = 1 (iege) circle indicates the susceptance of the 
0 


line at the point of stub connection. When such point R is located 
below the horizontal axis, the susceptance is negative indicating 
inductive susceptance. And if the point R is located above the 
horizontal axis, the susceptance is positive indicating capacitive 
susceptance. Assume that point R is located above the horizontal axis 
indicating capacitive susceptacne of positive value is jb. This 
susceptance must be resonated by the stub line having negative 
inductive susceptance of value -jb. 


The input admittance of the short-circuited stub line with inductive 
susceptance equal to -jb say can be marked at the intersection of K = 1 
ie. $2 c circle (outer rim of the chart) and -jb susceptance circle. Let 
the point be denoted by T. 


The length of the short circuited stub can be calculated by moving from 
extreme right point on the horizontal point (ie. short circuit point) to 
the point T. 
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. The analysis of the single stub matching to the line using the Smith chart is 
illustred in the Fig. 2.31. 


a 
X 


K = 1(ie.S = x)circle 


24h. Y Lu 
9,z tee = ‘circle 


Open circuit Short circuit 


Constant 
S circle 


: normalized load impedance point 

: normalized load admittance point 

: Intersection of constant S-circle and 
g; = 1 circle 


: instruction of k = 1 and b, = -b circle 


: Distance of stub from load 
: Length of short circuited stub 


Fig. 2.31 Illustration of single stub matching to the line using Smith Chart 


2.17 Double Stub Impedance Matching of a Line 


By using single stub impedance matching technique, the reflection losses are 
reduced considerably. But the main disadvantage is that this technique is suitable for 
fixed frequency only. So as frequency changes, the location of the stub will have to be 
changed. Anotehr disadvantages is that, for adjusting the stub for final position, along 
the line, the stub has to be moved or repositioned. This is possible for open wire 
conductor transmission line. But in case of co-axial cable it is difficult to locate Vmin 
point without a slotted section. 

To overcome these disadvantages, a double stub impedance matching technique is 
used. In this technique, two different short circuited stubs of lengths /, and l, are used 
for impedance matching. The practical set up for the double stub impedance matching 
of a line is as shown in the Fig. 2.32. 
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(Input admittance) 


Fig. 2.32 Double stub impedance to a line with termination Yp 


Let stub1 be located at point A — A’, a distance d, from the load. Let the length of 
the stub-1 be |. Similarly let stub-2 be located at point B — B', a distance d, away from 
the stub-1. Let the length of the stub-2 be L. 

The input impedance of a dissipationless line at any point distance s away from 


load is given by, 


Zs = A 2 ST) 


Zo +jZ, tan Bs 


1 


1 1 
But Z; = Y.’ Zo = Yo’ Zr rh me 


Hence equation (1) can be written as, 


1 
Ys Yo} i1..1 
n Yeo 
. YR 
Yo - rip ten ps 
Ys Yr 1 itan Bs 
Yo 
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Taking reciprocal on both the sides, we get, 


Yr. 
Ys Yo +jtan Bs 
Yo = ENCORE Ys ...(2) 
1 thy m Bs 
Ys : : ; 
Let s normalized input admittance and 
0 
K = yg = normalized load admittance 
ü 
Substituting values of normalized admittances in equation (2), we get, 
_ Yr *jtanfs 
Ys = T+] yrtanps 2 (3) 
Rationalizing R.H.S. of equation (3), we get, 
T (yr +jtan B s)(1 -jy r tanps) 
Ys 1+ y 2 tan?fs 
yn *jtanfs-j y2 tan Bs ya tan? fis 
YS emASyTJGWnan?füs ———— 
*yg tan? fs 
A yn * yn tan?fjs -j tan Bys- jy 2 tanfis 
m. 1+y2 tan? fis 
yn(1*tan?Bs) | (1- y )tanfs 
_ yelin? ps) (1-72) dh 


^ (1* y2tan? fs 17 y2 tan? fs 
YR YR 


Now the stub-1 is located at point A — A’, at a distance s = d, from the load. Hence 
substituting value of s as d, in equation (4), we get, 

y x (1 + tan? Bd, ) .(1- y &)tanBdi 

=z —————————————— 4 ————— 

ds (1*yàtan?Bd?) "(1*y$ tan? pdi) 


-Bi ibi ..(5) 


When a stub-1 having a susceptance + jb; is added at this point, the new 
admittance value will be 


ys = gi *jbi (6) 


Since the input admittance of a short circuited stub is purely imaginary, the 
conductance ie. real part of the new admittance ys will remain unchanged. Here 
b; 2b; £b;. Now the input admittance of line at points B- B’ should be equal to Gy 


Downloaded From : www.EasyEngineetihg‘net 


Downloaded From : www.EasyEngineering.net 
Transmission Lines and Waveguides 2-64 Transmission Line at Radio Freq. 
SO that line appears to be terminated into its characteristic impedance. This point 


B - B' should be located such that the normalized admittance at this point is given by, 


yh = cl +jb2 (7) 


Then finally the length of stub-2 is adjusted such that susceptance of the stub-2 
+jb2 resonates with susceptance jb, at point 2-2' and the desired admittance is 1 at 
B-B’. 

Generally there is restriction on the spacing between the two stubs. Practically the 


: À 
two stubs must be separated by a distance not move than or equal to > Because the 


input admittance repeats after every > distance. Typically the two stubs are separated 


by fixed distances i ; = =, E etc. The most commonly à ro A separation between 


two stubs is preferred. 

The important point to be noted is that the matching takes place between the 
points B-B' and the generator. So there are chances of having reflection loss after 
points B-B'. In order to minimize these losses, the stubs are located very close to the 
load. Sometimes the first stub is located at load itself. But the common practice is to 
keep distance of 0.14 to 0.157. between load and the first stub. 


2.17.1 Double Stub Impedance Matching with Spacing between Two Stubs 


à 
Equal to 4 


SMITH CHART 


Stub-2 Stub-1 


(a) (b) 


Fig.2.33 Double stub impedance matching with 1 separation between stubs 
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mee 


Consider that the two stubs are separated by a distance T The main requirement 


is that the input admittance looking toward load at point B-B' must be Y, = Go. Thus 
at this location the normalized admittance should be 
Ys ; 
=~ = 1+ bi 
Go 


The locus of all such points on the chart is given by a a circle passing through 
0 


gi=1. This locus is nothing but a circle P as shown in the Fig. 2.33 (b). All the points 
on this circle resonates with the stub-2 of susceptance +jb; so as to give normalized 


input admittance at B — B' equal to = =1. 
0 


The portion of the line between B - B' and A - A' is of length 3 Hence it serves a 


quarter wave line as transformer. This portion transforms all the admittances on the 
locus circle P into the new admittances an another locus circle Q. This locus circle Q 
can be obtained by shifting each point on circle P in anticlockwise direction by 180° 
rotation or quarter wavelength on the chart. 

When stub-1 also transforms the input admittance of the line to the right of A-A' 
into the admittances represented on the locus circle Q, the transformer between two 


stubs further the admittances in anticlockwise direction on the locus circle P at B-B'. 


This gives the admittance at B-B' as cul jb,. Then the susceptance of the the 
0 


stub-2 can resonate with the line susceptance at point B-B' representating the line to 


the left of B-B' with a proper termination indication = =1+j0. 
0 


2.17.2 Double Stub impedance Matching with Spacing between Two Stubs 
Equal to 


When the spacing between the two stubs equal to > is not suitable for particular 


application, stub spacing equal to t is preferred. The procedure used for : spacing 


between the stubs can be used for 3 spacing but then we get a different locus circle 


Q. As the distance between the two stubs has increased to A the locus circle Q can 
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be obtained by rotating the locus circle P in anticlockwise direction through = 


: 72 
wavelength i.c. 200) = 270" as shown in the Fig. 2.34. 


SMITH CHART 


GENERATOR 


Ys * Go 


(à) (b) 


Fig. 2.34 Double Stub impedance matching with 2 separation between stubs 
Examples with Solutions 


mæ Example 2.7 A line having characteristic impedance of 50 Q is terminated in load 
impedance (75 + j75) Q. Determine the reflection coefficient and voltage standing wave 
. ratio. 


Solution : The reflection coefficient is given by 
_ Zg-Zo _(75+j75)-50 254575 


K ^ Za *Zo (/5*j75)*50 1254) 75 
79.056 Z 71.56* 
K = 145773823096» - 09334 406 


The voltage standing wave ratio is given by, 


1«|K| 1405423 
i-|K] 1-0523 


VSWR 


SWR-S- 


S 3.369 
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ma Example 2.8 A line with characteristic impedance of 692 -12° is terminated in 
200 Q resistor. Determine K and S. 


Solution : Civen 


Zo 
Zn 


692 < -12° Q = 678878 — j 143.87 
200 Q 


The reflection coefficient is given by, 


Zr *Zo 200+(678.878 -j 143.87) 878.878 — j 143.87 


_ 498.1 Z 163.21 
~ 890.57 Z- 9.29 


K = 0.559 Z 172.5° 


Then the standing wave ratio is given by, 


1+ [K] | 1+0.559 


id oon 


6 


mm» Example 2.9 A load of admittance 7B -125« j025. Find the length and location of 
0 


single stub tuner short circuited. (April-98) 


Solution : The normalized load admittance is given as, 


=— = 125+ 50.25 
(em } 
1l/Zn _ : 
LIRE S (1.25 + j 0.25) 
Ro Í 
The reflection coefficient is given by, 
-Bo 
K = Zk -Zo_Zr-Ro__ Zr 
Zg + Zo ZR + Ro Ro 
1-—-— 
Zn 


_ 1-(1.25 +j 0.25) 
^ 14+(1.25+j 0.25) 
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_ -025-j025 
~ 2254j025 


0.3535 Z -135? 


~ 22638 Z 634? 


= 0.1561 Z-141.34* 
= 0.1561 < -2.466° 


Calculating value of cos"! (|K|), 
cos? (K|) = cos! (0.1561) =1.414 
Calculation for the length and location of the stub : 


Case (D : 


Length of the stub, 


Case (2): 


81 


$1 


_ $6 *n-cos"! (IKI]) 
LI Og 


$  1-cos*! (IK]) 
2n 
(x) 
-2466+ n-1.414 


4n ^ 


= —-00587 2 


_ A, | yt -(0.3535)? 
2x ^" | 203535) 


= 0.14692 


-1 
$ * r1 cos! (IK[) E 
4n 


-246643.14241414 | 
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Length of the stub, 


et dee [e 


= tan |-————- 


2n -2|K| 
pe Jh -(0.3535)? 
= 2n ^" | 2203535) 


A n- 
= 5- tan (- 1.3231) 


= à [x- tan~! (1.013231)] 


= 0.3532 


ma Example 2.10A lossless transmission line with Zg =75Q and of electrical length 
12034 is terminated with load impedance of Zg =(40+ j20)Q. Determine the 
reflection coefficient at load, SWR of line, input impedance of the line. [Oct - 96] 

Solution : Given 
Zo 


Zr 


Ro =75 Q 
(40 +j 20) Q 
The reflection coefficient is given by, 


_ Zr-Ro 
K ZR + Ro 


_ (40+j20)-75 
~ (40+j20)+75 


_ —35+j20 
^ 115+j20 


_ 40.311 729.74? 
~ 716.726 79.86? 


0.3453 219.88° 


The standing wave ratio is given by, 

1+ |K| 

1- |K| 

_ 140.3453 
1— 0.3453 


Sz 
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= 2.0548 


The input impedance of the line is given by, 


Zr +j Rg zs +)Ratan( 275) 


J 
"mE 
GSagsa m) 


Zin 


Ro 


2nx e 


| eem tan 75+ (40+ 20) tan( 225027) 


a * j 20) 4j 75 tan 
À 


E 40 + j 20 + j(— 230.82) 
a. ICH Cir) +(—j 123.1) «(4 61 2] 


| 40-j21082- 
136.55 -j 123.1 


75 


= 75 [214581 2 -79.25° 
183.84 Z - 42.03° 


75 (1.167 2 -37.222°) 
(69.7 - j 52.95) Q 


ma Example 2.11 A lossless RF line has Zo of 600 €? and is connected to a resistive load 
of 75 Q. Find the position and length of short circuited stub of same construction as 
line which would enable the main length of a line to be correctly terminated at 
150 MHz. ; [April - 98] 
Solution : Given 


f = 150 MHz 
Ro = 6002 
Ze = 75 2 
Calculating 2 first, 
fA = ¢ 
8 


Downloaded From : www.EasyEngineerihgfet 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-71 Transmission Line at Radio Freq. 


The reflection coefficient is given by 
Zr -Zo _ Ze - Ro 


Ae ZR *tZo ZR TRo 
75-600 -525 
AUS msa m a 


K = 07777 Zn* 207777 Z180? 
The two possible locations of stub are as follows. 


= ] 
Case (1): g s Demo UR 


But B = — 


S = 


n+ x— cos! (0.7777) 
SO t=) Ser 


= 0.8918 m 
The length of the stub is given by 


2 
_ A -1 1-(K]) 
L = Js tan TIKI 
1 -(0.7777)" 
2n 2(0.7777) 
= 0.1222 m 
-1 -1 
Case (2) : $1 = peara (ED. = aereos 077, 2 
4n Axm 
= 1.108 m 


The length of the stub is given by 


J-K? 


M v mw Ji - (07777)? 
L^ gan [L—3qKp |^ 2x 7" | 72(0777) 
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= 2 tan“ (-04041) = 1 (n-0384) 
2n x 


0.8777 m 
Selecting a point located nearest to the load. Hence the stub location nearest to the 
load is calculated in case (1). 


The stub must be located at a distance 0.8918 m from the load and the length of the 
stub required is 0.1222 m. 


ma Example 2.12 Design a quarter wave transformer to match a load of 200 Q to a 


source resistance of 500 Q. Operating frequency is 200 MHz. [Oct - 97] 
Solution : For a quarter wave transformer, the input impedance is given by, 
2 
Zn = 25-5% 


The source impedance Zs =500Q 
load impedance = Zp =200 Q 


R2 
= 20 
E 200 
R2 - (500) (200) 
R2 = 100000 
Ro = 316.22Q 


The frequency of operation is 
f = 200 MHz 


Hence the wavelength is given by, 


f.A =c 
c_ 3x108 
= = — = 1. 
f ~ 200x106 - |? 
~- The length of quarter wave line is given by, 
A 1.5 
S 1 = EN = 0.375 m 
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Hence the quarter wave line is as shown below in the Fig. 2.35 


[7 Zg-2000 


Fig. 2.35 


mx» Example 2.13 Determine a length and impedance of a quarter wave transformer that 


will match a 150€ load to a 75€ line at a frequency of 12 GHz. Derive formula used. 
[April-97] 


Solution: Given: Zr -1500, Ro =75Q, f= 12 GHz 


For a quarter wave transformer, the input impedance is given by, 
R2 
-S - O0 i= 5 
Zin = Zs=z^ (or Ro=yZs:Zr ) 


2 
"MP ek) 
Zin = Zs= A-2350 


Thus Ro of the matching section is 37.5 Q 
The operating frequency is 12 GHz. 


-. The wavelength can be calculated as, 


FSN k= EC 
8 
iata a mae 
f^ 12x10 


Hence the length of quarter wave line is given by 


A 0025 _ 
2 a = 6.25 cm 
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Thus the quarter wave transformer is as shown in the Fig. 2.36. 


Line with 
Ro 2750 The quarter wave line 


24-1500 


Rp = 37.52 
Fig. 2.36 A quarter wave matching section 


mæ Example 2.14 A slotted line experiment performed with the following results : 
Distance between successive minima is 21 cm, distance of first voltage minimum from 
loud is 0.9 cm. SWR of line is 2.5. If Zo =50 Q, determine load impedance. — [Oct - 96] 


Solution : The distance between two successive voltage minima is given by, 


X 
? = 2l 
À = 42cm = 42x10? m = 0.42 m 
The frequency of operation is given by, 
fà =c 
c_ 3x108 
f = = = ———— = UY, 7 
^ ox 102 0.7142 GHz 


The standing wave ratio S = 2.5 


The load impedance interms of S and s' (i.e. distance of first voltage minimum 
from load) is given by 


1 -{(25)-tan( 575 
Zi = Roya Ze 


T2 mus 2nx 09 
Stan =| 25-jtan( 2) 


= so[1-3(025)(01355)] _ „ [1 -40.033875 
2.5 — j(0.1355) 2.5 -j 0.1355 


ui 1.9401 


Soha = 50 [04 2 1.1622*] 


20 £1.1622° Q 
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mæ Example 2.15 VSWR on a lossless line is found to be 5 and successive voltage 


minima are 40cm apart. The first voltage minima is observed to be 15 cim from load. 
The length of a line is 160 cm and the characteristic impedance is 300 Q. Using Smith 


chart determine - (i) Load impedance (ii) Sending end impedance. [Oct-97] 
Solution: Given S-5 and 2-40 ~. }=80 


Then first draw a S-circle with radius equal to 5 and chart centre (1, 0) as centre of 
it. 

This circle cuts real axis in two points one at right hand side of centre while other 
at left hand side. 

The point on the left hand side of the centre, where S-circle with S = 5 cuts the 
axis, is the point of voltage minimum. Let us denote this point as A. The co-ordinates 
are (0.2, 0). 

The last minimum is 15 cm apart from load. But the total length is 160 cm. 


Hence the distance between the voltage minimum nearest to the load and the load 


e 15 ^ 4 
is = 30 À = 01875 A. 


So move from point A, from generator to load ie. in anticlockwise direction, a 
distance of 0.1875 2 to get point B which is nothing but load point. 


The co-ordinates of B are (1.05, — 1.9) 


Hence normalized load impedance is given by, 


Z. Zt ; 
ZŁ = Se =1.05-j1. 
Zo Ro d 


Z = Ro(105-j19) 
= 300(1.05 - j 1.9) 
= (315-j 570) Q 
Now the total Iength of the line is 160 cm 


Please refer Fig. 2.37 on next page. 


So if we travel a distance x À 2 2X from a point B (i.e. load point) we reach a 


point C which is a generator or sending end point. But it is clear that the distance 24 
travelled from point B will reach the same point after 4 revolutions each of 0.5 A. 


Zn = Zs=Zp =(315-j570) 2 


Hence the line repeats its terminating impedance at the input. 
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IMPEDANCE OR ADMITTANCE COORDINATES 


A 


e 


C? 
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a, 


$ 
i gus 5 
E ee Š 
i aAA H 
P se 
2 E 
í 5 


9 
Neo 
XO 


L 
6j 

? f 
t4 


Mr E, = AN Ye ^4 
ay Ar. mca do von z Coe & 
- 
0.1875 4 = From A to load point | 
RE 
ar 


s- parts CO MPALOR 


4 t r H 
ELITR mS 
my ) 885 om © 


Oly eee V 


oz . ac ce Ud e» 


om eet mee ee ae AI 


Fig. 2.37 


Downloaded From : www. EasyEngineéritg.net * ` 


Downloaded From : www.EasyEngineering.net 
Transmission Lines and Waveguides 2-77 Transmission Line at Radio Freq. 


yep Example 2.16 Find the input impedance of a co-axial line having Ro 295 Q. The line 
is 20 m long short circuited at far end and operated at 10 MHz. Neglect line 
dissipation. Verify answer by solving the problem using Smith chart. 


Solution : 


[A] Let us first calculate i. 


f.A =e 
Ry=952Q : uw 3x10* = 30 
I GS f^10x10 ^" ™ 
^^ ore—20m —9 
` Input impedance of a line which is shorted at 
Fig. 2.38 the end is given by, 
Zin = j Ro tanBs 
: 2 
Zin = jRo es 
^ 2 20 
Zi = j95tan (5) 
Zin = j95 tan (4.178€) 
Zin = j95- (1.732) 
Zin = j 164.54 Q 


Thus input impedance is inductive. 


(B] Let us solve problem by using Smith chart 

The line is short circuited. 

Zu = Z =0 
Hence the normalized value of A =0 
v 

Locate this point as A point on Smith chart. This will be on U-axis (real axis) at 
extreme left hand side. 

The line is 20 m long and wavelength is 30 m. 


-. Length of line in terms of wavelength = = à =0.667 A 


Please refer Fig. 2.38 on next page. 


Hence from point A travel a distance 0.667 X. along the extreme circle (for which 
R20) in clockwise direction (from load to generator). 
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IMPEDANCE OR ADMITTANCE COORDINATES 


OLR 
KZ OY 


? 


‘A 
ASS A 
eo 


Fig. 2.39 


Downloaded From : www. EasyEngineéritg.net * ` 


Downloaded From : www.EasyEngineering.net 


Transmlsslon Lines and Waveguides 9-70 Tranamiseion Lin t Q8di8 Frag, 


If we travel a distance = X= 05 À, we will be again at point A. So move in 


clockwise direction from point A a distance = 0.667 A —0.5 X =0.1672 to get point B 
which represents input impedance. 
The co-ordinates of point B are (0, j 1.73) 
Hence input impedance is given by, 
Zin Ro (0 +j 1.73) 
95 (0 +j 1.73) 
j 164.35Q which is purely inductive. 


Note : As input impedance is inductive in nature for the line, we got the point in 
the upper half of the real axis. 
mw» Example 2.17 Determine the length and location of the stub to produce an impedance 
match on a line of Ro 2600 Q terminated in 200 709 Q. The stub is short circuited at 
the other end. Verify result by using Smith chart. 


Solution : [A] The reflection coefficient is given by, 


Zr -Zo 200-600  —400 


Za «Zo 2000600 ^^ 800 ^ 09-054m 


K z 


Then the location of stub can be calculated as follows. 


_ o+ntcos!( Kl) o+2+ cos! (|K 


81 2p Am -À 
B -1 
Case (1): 81 = $ *n- cos (IK]) -À 
ån 
n+ n — cos~! (0.5¢ 
= x+n ~ cos (05°) r x 
4x 
= 0.41662 
€ 
2X o a VAKP 
-. Length of the stub, L = T tan [er 
2 
Z A ani J -(0.5) 
2n 2(0.5) 


0.1135 2 
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+7 + cos! (|K 
Case (2) : sı = eee A 


T KG COS! (0.5¢ ) 
án i 


0.0833 X 
Here 2x* are added to cos~' (0.5) ; so angle is not changed. 


Hence we can write, 


-1 
sı = £08). = 008333. 
4n 
_A -1 J1- IKI? 
The length of the stub L = = tan E 
-(0.5)* 
E tan"! 1:00 
2 - 2(0.5) 


= + (n- tan“ 0866) 


= 0.386 2 
[B] Using Smith chart : 
Normalized load impedance is given by, 
Zu _ Ze _ 600 
Ro Ro 200 
S = 3 


Locate load point A (3, 0) on real axis as shown in the chart. Then draw S-circle 
with radius 3 and centre of the chart as centre of the circle. 


This S-circle cuts unity conductance circle at points B and C as shown in the chart. 
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First Case : Consider point B 

1) Draw radial line OB. 

To get location of stub, travel along S-circle towards generator from OA to OB 
Hence location of stub = s; 

Radial distance between OB and OA 

0.333 4 - 025 X. 

0.083 2 


2) At point B, the line susceptance is -j 1.2 Hence to cancel this, the stub should 
offer susceptance of + j 1.2. Find the point on the outer rim where the + j 12 circle 
cuts. 


From the chart, the circle of j 1.2 cuts outer rim at 0.14 A. 


3) Now starting from SHORT CIRCUIT END move towards generator (in 
clockwise direction) 


-. Length of the stub = [0.5 - 0.25] + 014 X 
= 039A 
Second Case : Consider point C 
1) Draw radial line OC. 
2) To get location of stub, travel along S-circle towards generator from OA to OC. 
Hence location of stub = s; 
= 0.25 À + 0.168 2 
0.418 X 


3) At point C, the susceptance of line is +j 1.2 To cancel this susceptance the stub 
should offer —j 1.2. 


Please refer Fig. 2.40 on next page. 
Find point on the outer rim where -j 1.2 circle cuts. 
From the chart, the circle of —j 1.2 cuts outer rim at 0.36 A. 


4) Now starting from SHORT CIRCUIT END move towards generator (in 
clockwise direction) to get length of the stub. 


-. Length of the stub = [0.362. -0.254 ]=0112 
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IMPEDANCE OR ADMITTANCE COORDINATES 
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mæ Example 2.18 A transmission line is terminated in Z. Measurements indicate that 
standing wave minima are 102 cm apart and the last minimum is 35 cm from the load 
side. The value of S = 2.4 and the characteristic impedance Ro 2 250 Q. 
Find : (i) Zy (ii) Frequency of operation. 
Using Smith chart verify the results. 

Solution : [A] The successive voltage minima or maxima are separated by distance 


L always 
3 ; 


102 cm 


rol ~ 
Ul 


À 204 cm = 2.04 m 


Hence frequency of operation can be calculated as, 


EX SSc 
_ € 3x10? m/s. 
f> x Fives: 147.058 MHz 


The load impedance in terms of standing wave ratio S and distance of first 


minima s' is given by 
n 2ns' 
1-j stan( 5) 


: 2ns' 
S-jtan{ X 
Here Ro = 250, S = 24, s' = 35 cm, à = 204 cm 


. 2xnx35 
1 -ig4) e ( 5} 


2xnx35 
204 


Zy = Ro 


Zu 


250 
24- jtan{ 


Zt 


s 1 —j(2.4) tan(1.078°) 
24 -j tan(1.078°) 
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1-j4469 
fico E -j Ls 
4.5795 Z — 77.38? 
= 250 em 
^t 250| 3.0377 Z — 37.8° | 
Zi = 37688 Z- 39.58? 


Zı = (290.47 -j 240.13)Q 
Please refer Fig. 2.41 on next page. 
[B] Let us solve using Smith chart. 
S 2 24 
First draw a circle with chart centre (1, 0) as centre of circle and 2.4 as radius. This 
is S-circle with S = 2.4. 


This circle cuts real axis on right hand side of the centre at a point whose 
co-ordinates are (2.1, 0). This circle cuts at point A on left hand side of centre on the 
real axis. This point A is the point of voltage minima. Co-ordinates of the point A are 
(0.42, 0). 

The last minimum is 35 cm away from the load. 

The total length is 204 cm. 


Hence the load is à = 017164. away from last minimum. 


So if we travel a distance 0.1716 X from the point A, we will get a point B which 
is nothing but the load point. Note that we are moving from a voltage minima to load 
i.e. from generator to load, hence move in counterclockwise direction. 


The coordinates of B are, (1.15, - 1.0) 
Hence normalized load impedance is given by, 


= = (1.15-j10) 

Z, = Re(L15-j1.0) 
Zi = 250(115-j 1.0) 
Z, = (2875-j250)0 
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IMPEDANCE OR ADMITTANCE COORDINATES 
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The input impedance is given by, 


uH Zr +j Ro tanBs 
Zs = Ro pes eis 


S = total length of line = 1.183 4 


1832. 
(115 + j 75) + j (55) tan aS) 


Zs = 55 
: 22x 11834 
À 


55+j(115+j75)tan 


115 + j 75 + į(55)(2.233) 
7 E +(115 +j 75)(j 58] 


_ gg [ 105*j75*j 122815 
55 +j 256.795 — j 167.475 


55 |115 +j 197.815 
X - 112.475 + j 256.795 


55 [ 228.8138 Z 59.82° 
280.346 7113.653° 


= 55 [0.8162 Z — 53.837] 
= 55 [0.4816 - j 0.6589] 
(26.488 - j 36.24) 22 


[B] By Smith chart : 
Zn _ 1154) 75 


Normalized load imped = 
N rmalize aa mpe ance Ro 55 


ER = 2094j1.3636 
Ro 
First locate point with co-ordinates (2.09 +j 1.3636) as load point A as shown in 
Smith chart. 
Then joint point A and centre of the chart O. And with centre as origin draw a 
circle with radius equal to distance OA. The circle cuts real axis at two points namely 
B(3.1, 0) and C (0.33, 0) 


Please refer Fig. 2.42 on next page. 
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IMPEDANCE OR ADMITTANCE COORDINATES 
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The standing wave ratio is given by the co-ordinate of point B on real axis, i.c. 
S=3.1. 
At the point C we get the voltage minimum nearest to the load. 


To get distance of the nearest voltage minimum from the load, let us calculate 
distance from point A to C moving from load to generator in clockwise direction. For 
this extend lines OA and OC upto the extreme rim on fs scale. Distance between 


extreme right point M to extreme left point N is 4 i.e. 0.25 4. Distance from a line OA 


to point M on fs scale is given by 
d = (025) -(0.214)A 200362. 
Adding both distances together, the distance of first voltage minimum from load is 
given by 
s' = (0.036%) +(.25A) - 02862. 
Now the distance between the voltage minimum and voltage maximum is 
)/4-2025. 


" s = distance of voltage maximum from the load 


= s — È = (0286 7.) -(025 2) 0036 A 


The distance between the generator and load is nothing but the length of the line 
which is given as 1.183 4. To get source point travel distance 1.183 X along the 
extreme rim in clockwise direction from load to generator or source. From point A if 
we complete one revolution to come again at point A, the distance travelled is 1A. 
Now travel remaining distance of 0.183 X as shown in the chart. Mark the point on the 
extreme rim and join centre to this point drawing a linc. 


The line cuts S-circle at point D which gives source or generator point and its 
coordinates are (048, — 0.65). 


Hence the normalized value of the input impedance is 


Zin Zs S 
m ee E E .65 


Zs = Zin = Ro (0.18 -j 0.65) 
55(0.48 — j 0.65) 

55 (0.808 -53.55*) 
44.441 Z —53.55* 
(264 -j3575) Q 
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mm» Example 2.20 A load impedance of 70 Z30? is connected to a line of 50 Q. Calculate 
resulting standing wave ratio and location of the voltage minimum nearest to the load. 
Verify the result solving the same problem using Smith chart. 


Soution : [A] Zr = ZL =702 30° = (60.62 +j 35) Q 
Zo = Ry =50Q 
Hence the reflection coefficient is given by, 
k-Zr -Ø _ (60.62 + j 35) - 50 


— Zę+Zo  (60.62+j35)+50 


_ 10.62+j35 
^ 710.62 +7 35 


. 36.5757 Z 73.12? 
116.0249 Z 17.55? 


0.3152 755.57? 


Hence the standing wave ratio S is given by, 


14 ÍK] a 14 0.3152 = 1.92 


5 = 1- |K| 1-03152 


The maximum imput impedance occurs at 


Lee 
2p 
where $ is the angle of the reflection coefficient. 
22$ Q8 LA. 
2 2n án 4m 
XA 
_ 55.57° (0.96987) 
s TL iM -(0971)3 


Now the minimum impedance occurs at À / 4 distance after maximum impedance 
point. This is the point of voltage minimum i.e. s'. 


, A 
s = se^ = (00771) à « (025) à = 03271 à 


Please refer Fig. 2.43 on next page. 
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IMPEDANCE OR ADMITTANCE COORDINATES 
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[B] Using Smith chart : 
From given impedances first find normalized impedance as follows, 


Zu _ Ze 70230 


Zo Ro 50 


214 230*-(1.212 + j 0.7) 


As imaginary part of the normalized impedance is positive, it indicates inductive 
reactance. Thus load point must be located in the upper half of the real-axis. 

First locate point A as an intersection of two circles as R = 1.212 and X = 0.7 on 
Smith chart. So the coordinates of A will be (1.212, 0.7). 


Then draw a line from centre of the chart, O to point A. Then draw a circle with 
O as centre and radius equal to distance OA. 


[he circle is actually S-circle which cuts the real axis in two points B and C. 
Then the distance between O and B gives the standing wave ratio S. 
From Smith chart, S = 1.9 


The point C, the intersection of S-circle and the real axis, is on the left hand side 
of the centre and represents a voltage minimum nearest to the load. To get the 
distance of voltage minimum from the load, measure distance (on fs scale) from point 
A to point C. 


So the distance from A to C on extreme rim is the distance from extended point A 
on extreme rim to M plus distance between M and N. 


The distance from M to N is the half revolution is equal to Z i.e. (0.25) X. 


Then distance from A to M is given by location of 
(M- A) =(0.25)A -(01765)2. - (0.07354. 
Hence distance of nearest voltage minimum from the load is 
= (0.25)A € (0.0735)2. =(0.3235)2. 
mm» Example 2.21 : A transmission line 52 cm long has a characteristic impedance of 50 
Q. It is terminated in a load of Zg. The VSWR is 2.5. The voltage minima occur at 


18cm and 38cm from the load end. Using Smith chart, determine load Zp and input 
impedance of the line. 


Solution : VSWR = 2.5 
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First draw a circle of radius 2.5 and centre (1, 0) of the chart as the centre of the 
circle. This S-circle cuts real axis on left hand side of the centre of the chart at point 
A. The co-ordinates of point A are (0.4, 0). This represents a voltage minimum nearest 
to the load. 


The distance between successive voltage minima is given by 


x 
5 = (38-18) = 20 cm 
A = 40cm 


Now the first voltage minimum is 18 cm apart from load. So from point A moving 
in anticlockwise direction (i.e. from generator or source to load) the total distance of 


184 
1 — — z(45 2. 
8 cm or 40 0.45 X. 


The load point is indicated as a point B (0.43, 0.28). 


Hence normalized load impedance is given by 


Eds na 
Zt = FE = (043+) 02.8) 
Total length of the line is 52 cm = 22 1-132. 


This is the distance between load and sending end. Hence travel a distance of 13 A 
from point B in clockwise direction (i.e. from load to source) along S-circle and mark 
point C as the sending end point. 

While travelling two complete revolutions, from point B, total distance travelled 
will be 1A. So move the remaining distance of 0.3 à as shown in the chart. The 
co-ordinates of the point C are (0.9,—0.9). Hence normalized input impedance is given 
by, 

Zs 


Re = (09-09) 0 


Please refer Fig. 2.44 on next page. 
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IMPEDANCE OR ADMITTANCE COORDINATES 
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Examples from Univesity Question Papers 
mm» Example 222 For a lond of 25-084 j1.2 design a double stub tuner making the 
0 


distance between the stubs 2. Specify the stub length and distance from the load to the 


first stub. The stubs are short circuited. Verify using Smitch chart. (Dec.-2005) 
Solution : Let us first find normalized load admittance 

Zr _ 
Z = 0.8 +) 1.2 

Fin = OR FID 

R Ro = . J . 

Zn -Gp = 08 +j 1.2 

TA na l o 

Zn GA 0.8 +j 1.2 
Yr _ 08-j1.2_ R 
Go = zog ^04 j0.6 


Hence locate point P having conductance of 0.4 and susceptance of — 0.6. 
Circle A is the locus of all points for which E =1. 
0 


3 
8 
each point on circle A counterclockwise by 0.375 X or the diameter of circle B projects 
downwards from centre of the chart. 
Stub-1 should change c to a which will lie on circle B. Stub-1 is shorted. 
0 0 
Hence it can not add any conductance. Hence travelling along constant conductance 
circle, from P towards generator we meet circle B at point 1. 
Eo 
Go 
Hence stub-1 should add + j 0.4. The constant susceptance circle of 0.4 cuts outer 
rim of chart at 0.06 A. 


Hence length of shorted first stub is given by 


The distance between stubs = = A = 0375 À, the circle B is obtained by displacing 


Ati: 0.4 —j 0.2 


Lı = Distance between extreme right hand end to the point at which + 0.4 
susceptance circle cuts outer rim in clockwise direction. 


Please refer Fig. 2.45 on next page. 
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Lı = (0.5-0.25)A «0.06 X 
= 0.314 


As the distance between two stubs is a he 0.375 X. Hence starting from point 1 
and going a distance equal to 0.375 A along S-circle, we get point 2 on circle-A. 


At2: —2=1-j1 


The stub-2 should provide + j 1 susceptance. 

The constant susceptance circle cuts the outer rim of chart at 0.125 X 

". Length L2 of stub-2 is given by 

Lz = Distance measured from extreme right hand side end upto the point on the 


outer rim when + jl constant susceptance circle cuts the outer rim, in clockwise 
direction. 


H 


[0.5- 0.25] . + 0125A 
0.375 2 


mb Example 2.23 An R.F. transmission line with a characteristic impedance of 

300Z0"Q is terminated in an impedance of 1007 —45°Q. The load is to be matched to 

the tranmission line by using a short circuited stub. Wtih the help of Smith chart 

determine the length of the stub and the distance from the load. (May-2005) 
Solution : Given: Zp = 1002 — 45°Q = (70.71 -j70.71) Q 

Zo = Ro =30020° = 3000 
1. The normalized impedance is given by, 
Zr _ Zp  70.71-j70.71 


Zk = Zo =u a0 02887 - j 0.2357 


2. Locate point A on the Fig. 2.46 as the intersection of r = 0.2357 circle and 
x = - 0.2357 circle. As the imaginary component i.e. reactive component of the 
impedance is negative, the point A is located below the horizontal axis. 

3. Draw a circle with 0 (i.e. centre of the chart) as origin and OA as radius. This 


is constant S-circle. It cuts real axis at 4.6 to the right of point O. This is the 
value of s before stub connection. 
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4. Draw line from point A to O and extend to reach other end on constant S 
circle. In the chart-A, this point is represented as B at which the normalized 
admittance is y, = 2.1 + j 2.1. Extend line AOB to the outer rim upto point B'. 


ó. Travel along the constant S-circle in the clockwise direction from load to 


generator to reach a point C at which constant S-circle intersects a =1 circle. 
0 


Draw line from O to C and extend line to point C' on the outer rim. 


7. Now are B'C' gives the distance of the stub from the load. 
d = arc BC = 0.322 - 0.2134. = 0.1071 


8. At the point C, the normalized admittance value is 1 + j 1.65. This is the point 
at which stub is to be connected. Thus the stub must provided susceptance of 
-j 1.65. 

9. The point D' represents a susceptance of — j 1.65 and is located above real axis 
as shown. 

10.Now the movement from extreme right point on the real axis upto the point D' 
(on the outer rim) in clockwise direction (from load to generator) indicates the 
total length of the stub required. 


See Fig. 246 on next page. 


So point D' is at 0.163. from extreme left point on the real axis. And the distance 
along the outer rim from extreme right point to the extreme left point corresponds to 


^ i.e. 0.25 X. Hence the length of the stub is given by, 


4 


ju 4 +0163 = 0.254. +0.163À = 0.413) 


mæ Example 2.24 The charcterisitic impedance of a high frequency line is 100Q. It is 
terminated in an impedance of 100 + j 100 Q. Using Smith chart find the impedance at 
one eighth wavelength away from the load end. (May-2005) 
Solution : Given Zp = 100 + j 100.2, Z, = R = 1009. 
1. The normalized impedance is given by, 
Zn T ZR z 100 + j100 A 


Plot this impedacne on the Fig. 247 as point A which is the intersection of 
r = 1 circle and x = j 1 circle.. 


2. Draw a constant circle with O as a centre and OA as radius. This circle cuts 
real axis i.e. horizontal axis at two points. The point of intersection to the right 
of the centre indicates VSWR value. 


Downloaded From : www.EasyEngineéritg.net * ` 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-99 Transmission Line at Radio Freq. 
——————M——— Mu DE M MAI SLUT M 


SMITH CHART FORM 82-BSPR(9—-68) 
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3. 


Draw line OA and extend it upto the periphery of the chart at point A' The 
point A’ is located at 0.1644 on the outer rim. 


. To find impedance of the line aa away from load, move clockwise direction 


from point A' through 0.1252, ie. 52] distance on the outer rim and locate 


point as B'. 


. Join O and B'. This line OB' cuts constant -S circle at point B. 


. From the chart, point B is the intersection of r = 2 circle and x = -j 1 circle 


approximately. Hence the normalized impedance at point B is given by, 
Z 


z= um E cu 


. Hence the actual impedance at aa distance is given by, 


Z = R (z) = 100 (2 - j1) = 200 - j100 Q 


See Fig. 2.47 on next page. 


map 


Example 2.25 Determine the input impedance of the transmission line of electrical 


length 28° with terminated load of Zr =2.6 + ji Use Smith chart. (Delidi 
o ec.-. 


Solution : Given : Zę = normalized load impedacne = 2.6 + j 1 electrical length of 


line = 


1. 


K 


6. 


28° 


Mark point A as the intersection of r = 2.6 circle and x = +1 circle. This 
represents load point on the chart-C. 


. Draw a circle with centre of the chart i.e. O(1,0) as the centre and radius equal 


to distance OA. 


. Draw a line from O to A and extend it upto the point A' on outer scale as 


shown in Fig. 2.48. 


. Now length of line is 28* which corresponds to length expressed in wavelength 


i] 


as 360° à = 0.07777 À = 0.0782. 


. Next move along fs scale, 0.0784 distance from A' to locate point B' on outer 


rim at (0.227 + 0.078) X = 0.305. 


Draw a line from point O to B'. This line intersects constant S-circle at point B 
which is nothing but the source point. 
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SMITH CHART FORM 82-05PR(9-66) 


IMPEDANCE OR ADMITTANCE COORDINATES 
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7. The source point or generator point B is the intersection of r = 1.58 circle and x 
= — 1.4 circle . Note that we are working with impedances. Also point B is not 
located on real axis which indicates input impedances consists real as well as 
imaginary part. Moreover point B is located below the real axis. That means 
the imagingary part or reactive part of input impedance is negative capacitive 
reactance. Hence the value of normalized input impedance is given by, 

Zs 


= 1.58 -j 1.4 
Ro J 


See Fig. 2.48 on next page. 


mm» Example 2.26 The transmission line has standing wave ratio S = 2.5 and voltage 
minima exists at 0.15 X. from the load. Find the load and input impedance for a line of 
0.35 X length. Use Smith chart. (Dec.-2004) 


Solution: Given $225 
Vmin at 0.15 A from load 
I = length of the line = 0.35 2. 


1. Draw a constant S-circle passing through point 2.5 on the real axis, with centre 
as O(1,0) as shwon in the chart -D. 


2. According to the property, the voltage minima occurs at a point on the real 
axis to the left of the origin at which the constant S-circle (s=2.5) cuts. Let it be 
denoted by point A. The point A representing voltage minima is at 0.4 


2 Bi. 
[ie t= 75704 | 


3. .Now the voltage minima exists at 0.15 2 from load. Hence to obtain load point 
from the voltage minima, we must travel toward load 0.15 A distance in 
anticlockwise direction. 

4. Moye from point A’ in anticlockwise direction to reach point B' through 0.154 


as shown. Draw a line from O to B'. This line intersects constant - S circle at 
point B which is nothing but load point. The point B is the intersection of 


r = 0.89 circle and x = - j 0.9 circle. As point B is below the real axis, reactance 
is capacitive hence negative. Thus the normalized load impedance is, 
Z 
zę = CR. -089-j 09 
Ro 


Sec Fig. 2.49 on next page no. 
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5. Total length of the line is 0.35 4. Hence to obtain source or generator point, we 
have to travel 0.35% from B' on the outer rim in clockwise direction (toward 
generator). 

6. The point on the outer rim 0.35 A away from load is represented by pioint C' 
Draw a line from O to C'. This line intersects the constant S-circel (S=2.5) at 
point C which is nothing but a source or generator point. 


7. Point C is the intersection of r = 1.68 circle and x= j 1 circle. Hence the 
normalized input impedance is given by, 
47 ZS =168 +j 1.0 
LI Ro 
Note that the generator point (i.e source point) C is located above the real axis 
which indicates the reactive part is positive and hence it is inductive reactance. 


ms» Example 2.27 A transmission line has a characteristic impedance of 300 Q and 
terminated in a load Z, = 150 + j150Q. Find the following using Smith chart. 


i) VSWR ii) Reflection coefficient (iii) input impedance at distance 0.1% from the load 
(iv) input admittance from 0.1 X from load (v) position of first voltage minimum and 


maximum from the load. (May-2004) 
Solution : 
Given Zo = Ry = 3002 
Z, = 150 +j 1502 


1. The normalized load impedance is given by, 


Zu Z, 1504j150 
= 5 => =— R = 0. 0.5 
^. Zo Ro 300 did J 
Hence locate pent A at the intersection of r = 0.5 circle and x = +0.5 circle as 
shown in the Fig. 2.50. Point A represents the load point. 


2. Draw a circle with point O(0,1) as center and radius equal to distance OA. This 
is constant S - circle. This circle cuts the real axis at 2.6. Hence the value of 
VSWR is given by , 


S = 2.6 


3 Draw a line OA and extend it upto point A’ on the outer rim. This line 
intersects the scale for the angle of reflection coefficient at 118°. This is the 
angle of reflection coefficient. 
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To get magnitude of K, select the linear scale shown at the bottom of the chart 
- E. Marks a point from certre at a distance equal to distance OA.This gives 
value of | K] as 0.42. Hence the reflection coefficient is given by, 


K = 0.42 7118? 


4. To find input impedance at 0.14 from load, move in clockwise direction from 
point A’ a distance equal to reach point B'. A' is at 0.0864. Hence B' will be 
located at (0.086 + 0.1) 4 = 0.186 X as shown in the chart E 


5. Draw a line OB' which cuts S-circle (S-2.6) at point B. The point B is 
intersection of r = 1.38 circle and x = 1.12 circle. Hence input impedacne 0.11 
away from the load is given by, 


Z, = 23-138«j112 
Ro 


Hence actual impedance at 0.14 away from load is given by, 
Za = Ro (1.38 4j 1.12) = 300 (1.38 + j 1.12) = (414 +j336)Q 


6. To obtain input admittance 0.14 away from load, draw a diameter through O 
and B. This will cut constant - S circle at point C. As this point is the 
intersection of g = 0.44 circle and b = — 0.38 circle. 


Hence input admittance is 


= 044-1038 = X4 
Ya = 0.44 -j 0.38 = z$ 


Hence actual admittance is given by 


. 1 . 0.44 -j 0.38 
Ya = Go(0.44 -j 0.38) = x-(044 -j 0.38) = — y 
Ya = (1.4667 —j 1.2667) x10 U 


7. The voltage minima occurs to the left of centre on real axis at 0.39 while the 
voltage maxima occurs to the right of centre on the real axis at S = 2.6. 


The find location of the votlage maxima from load, move in clockwise 
direction from point A' (load point) to point P (voltgae maxima point). Total 
travel is (0.25 — 0.086) = 0.1644. Hence the first voltage maxima is located 
at 0.1642 from the load. Now to find location of voltage minima from load 
move in clockwise to find location of voltage minima from load move in 
clockwise direction from point A' to Q (voltage minima point). The total travel 
is 0.252 € 0.1644. =0.04144. Thus the first voltage minima exists at 0.4144 
from the load. 
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mæ Example 2.28 A transmission line of 100m long is terminated in load of 
(100 -j 200)Q. Determine the line impedance at 25 m from the load end at a frequecny 
of 10 MHz. Assume line impedance Zo = 100 Q. Determine the input impedance and 


admittance using Smith chart. (Dec.-2003) 
Solution : (A) Calculate first normalized impedance. 
Zi . ZR 
Zo Ro 
100 - j 200 , 
po = 1)? 


Locate point A at the intersection of constant resistance circle of 1 and capacitive 
reactance circle of —2. 


Draw a circle passing through point A which represents standing wave ratio. 
For given line, A = 2 = — — 230m 


Now from load point A, move towards generator in clockwise direction. The 
distance to be covered is given by 


s = 2m= 2 = 0.8333 X 

hus locating point B at a distance 0.8333 X from point A. 

At point B susceptance is * 1.2 and resistance is 0.44 

Thus the impedance of a line at a distance 25 m from load is, 
Zs = Ro (0.44 + j 1.2) = 100 (0.44 + j 1.2) 
Zs = (44+ j 120 Q 


To calculate input impedance, travelling 100 m = 3.3333 A distance from load point 
A. It is observed that we reach at same point. Thus the input impedance is again 
same. 


Zin = (444+ j 1202 
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[B] To calculate input admittance, let us first calculate normalized admittance. 
E 
SR. gr Ze ana 108 oos 
Go 1  Zę 100-j200 1-j2 
Zo 
Yn 1+ J 
=— = = 0.4 
Gan 5 02 4j 


Locate point L as shown on the Smith chart. It is a load point. Travelling 100 m 
i.e. 3.33334 distance from point L we reach at input point M. 


At point M conductance is 0.28 while susceptance is - 0.75. Hence the admittance 
at the input is given by 
Yin Go (0.28 - j 0.75) = (0.28 — j 0.75) 
Yi = 28x10? -j7.5x103 U 


(Fig. 2.52 See on next page) 


ma Example 2.29 A load (50 — j 100)Q is connected across a 50Q line. Design a short 
circuited stub to provide matching between the two at a signal frequecny of 30 MHz 
using Smith chart. (Dec.-2003) 


Solution : Zr = 50 — j 100, Zo = Ro = 50 Q 
The normalized load admittance is given by, 


1 
Ye Ze Zo _ 50 
o 1 Zp 50- j 100 
Zo 
=- l 
1-j2 
| 14j2 
| 5 
- 024j04 


Locate point A on the chart indicating the normalized admittance. 


Draw constant S circle through point A. It cuts the ra axis at 5.8 which indicates 
standing wave ratio before the use of stub is 5.8. 

Locate point B at the intersection of S circle and unity conductance circle. Now 
this point is nearest to the load, At B the susceptance is + 2.0 which is capacitive in 
nature. This point gives the position at which the stub is to be connected. 


Downloaded From : www.EasyEnginééritg.net * ` 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2-111 Transmission Line at Radio Freq. 


IMPEDANCE OR ADMITTANCE COORDINATES 


N) 


e; 


"i '" 
; 

IIR RS IA 
I2: eem 


Fig. 2.52 


Downloaded From : wwW.EasyEnginferitig.net * ` 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2 -112 Transmission Line at Radio Freq. 
ee E 
Voc AMORE | 50 E AUN 
Lo MRNA 


IMPEDANCE OR AOMITTANCE COOROINATES 


Sone 
N RRI 


ES 
HIE 
1t: 


Fig. 2.53 


Downloaded From : www.EasyEngineeftihgmet ' 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2 - 113 Transmission Line at Radio Freq. 


Extending line through point A and B from the centre of the chart upto the 
outermost rim of the chart, we get Bs = 0.062 X for point A and Bs = 0.188 A for point 
B. Travelling from load to generator in clockwise direction, the distance from the load 
at which stub is to be connected is given by, 


sı = [0.188 à — 0.062 A] = 0.126 à 


As the line susceptance is capacitive, the line must provide inductive susceptance 
of —2.0. Locate point C at the intersection of — 2.0 susceptance circle with the outer rim 
of the chart. Thus at C, BS = 0.322 X. As the stub is short circuited at other end, 
measuring distance from extreme right hand point on the real r, axis i.e. from short 
circuit point (BS = 0.25 A). Thus the length of the stub required is given by, 


L = (0.3224 — 0.25 à] = 0.0724 


For matching load of (50 — j 100) Q with 50 Q line, a short circuited stub must be 
located at distance 0.126 à from the load. The length of the stub required is 0.072 A. 


(Fig. 2.53 See on next page) 


Review Questions 


1. What are the standard assumptions made for radio frequency line ? What is small dissipation linc 
and zero dissipation line ? 


. Derive the expressions for voltage and current at any point on the radio frequency line terminated 
in Ze. Obtain the expressions for the same for different receiving end conditions. Support with the 
graph of voltage and current on a line for all conditions. 


. What are the standing waves ? Define node and antinode. 

. Explain briefly standing wave ratio. 

. Derive relationship between standing wave ratio and the magnitude of reflection coefficient (|K |). 
. Derive the relationship between standing wave ratio and the reflection coefficient. 


. For a radio frequency line terminated in Zp prove that 


=R Zr + j Ro tan Bs 
~ "| Ro + jZrtanßs 


. Derive the input impedance, of open circuited and short circuited line and sketch the variations of 
the normalized value of reactance with distance s. 


. Explain method of power and impedance measurement on the line. 
. Find the expression for input impedance of the cighth-wave line. 


. Write a note on quarter wave line. 
. Write applications of quarter wave line. 
. Show that “the half-wave line repeats its terminating impedance". 


. Explain in detail single stub matching on a line. 


. Derive the conditions for the location and the length of the stub used for matching on a Tine. 


Downloaded From : www.EasyEngineetihe net 


Downloaded From : www.EasyEngineering.net 


Transmission Lines and Waveguides 2 - 114 Transmission Line at Radio Freq. 


Write a note on Smith chart. 
. Explain briefly properties of Smith chart. 
. Explain applications of the Smith chart. 
Write a detailed note on a double stub matching on a line using Smith chart. 


. A transmission line has characteristic impedance of 50 Q and terminated in load impedance of 
(75 + j40) Q. Calculate reflection coefficient and VSWR.  [Ans.: K =0.359 Z 40.25° VSWR = 2.12] 
. A lossless line of 300 Q characteristic impedance is terminated in a pure resistance of 2002. Find 


value of standing wave ratio. [Ans. : SWR = S = 1.5] 


Write a uote on circle diagram. 
. Explain the significance of circle diagram using appropriate diagram. 


Qoo 
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